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FRE FAS I 


TH E following Book conſiſts of ſeveral Articles, in 
divers parts of the Mathematics. 1. The Laws 
of Chance ; the principles of which are delivered in 
a ſhort method, and is preparatory to what follows, 
2. Of finding the values of Annuities on Lives; 
here the principal Problems concerning annuities and 
rever/ions are ſolved. 3. The inſtituting or forming 
Societies; à thing much in vogue now. Here ſeveral 
of thes« caſes are calculated upon true principles; by 
which it will appear, that hardly any of theſe Societies 
now in uſe cs ſtand for any length of time upon the 
principles they have been calculated. In theſe three 
Articles, to avoid long calculations, I have frequently 
uſed approximations, which in moſs caſes may ſerve 
well enough, for ſuch an incouſtant ſubjet# as Chance. 
4. Of the Moon's Motion, where ſeveral of ber ir- 
regularities are calculated. 5. The Conſtruction of 
Arches ; here are laid down ſeveral methods of per- 
forming this. 6. The Preceſſion of the Equinoxes; 
which is univerſally ſolved upon all ſuppaſitions. 7. 
The Conſtruction of Logarithms, by the roots or 
indices of powers. 8. Interpolation of Quantities, 
the beſt methods of doing this. 9. Of finding ihe 
Longitude at Sea; #his method is the ſame as that 
which 1 gave a ſhort account of in page 304, of my 
Aſtronomy ; wwhich took up but a ſingle page; and yet 
I got myſelf abuſed for it, by an anonimous ſcribbler. 
I never knew before, that it was any crime to ſeek for 
new methods for ſolving difficult Problems. If I bad 
failed in it, there was but one page of the Book loſt. 
But here I have improved the method, and compleated 
A 2 it; 
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IV 


THE PREFACE. 


it ; and have ſhewn, that it will anſwer the purpoſe 
as near as there can be any occaſion for. Indeed, I have 
conſtrutted no Tables to eaſe the calculation, For 


though it requires a. little more time, I ſhould ſooner 


chuſe to go along the common high road, rather than 


. go over bedge and ditch for the ſake of a little gain. 
Aud this method J deſign only to be uſed occaſionally ; 


as the common known methods are ſufficient in moderate 
weather. For certainly no body can be ſo filly as 10 
think, that any methods by the Moon ought to be prac- 
tiſed every day. Theſe that are reckoned the beſt me- 
thods, have'ſo many calculations attending them, that 
there is infinite danger of making miſtakes, and there» 
fore ought to be uſed ſparingly. 

10. The computation of Intereſt upon all manner of 
Juppoſitions., 11. The Figures of Sines, Tangents, 
Sc. and ſeveral things depending thereon. 12. For- 
tification, @ ſhort tract, laying down tbe general rules. 
13. Gunnery, ſhewing the principles of that art. 
14. Architecture, or the Art of Building, containing 
the rules and practice of this art, 15. Mulic, the 
nature and principles laid down. 16. A general Me- 
thod of Philoſophiſing, or rules 10 be obſerved in 
Philoſophical Enquiries, with Examples. 17. Op- 
tics; 1 bave bere tranſlated ſeveral papers of Sir J. 
Newton's Optical Lectures, Part Il. which never 
was tranſlated into Engliſh. The Phenomenon of the 
Rainbow is here computed in a way ſomething different 
from what it is in his Optics, he.ng here illuſtrated 
and wrounht out in numbers, and therefore will be 
more intel igible,. I wonder this latter part of the 
Optical Lefiures bas never been tranſlated. For tho? 
the ſublance of it is contained in the Optics, yet bgre 
are a great number of curious experiments not _ 
tioned there, which deſerve to be made public. 18. A 
collection of curious, uſcful, and important Pro- 
blems, mam of. them net; and thoſe that are not, 
have new Solutions. | 


J have 


THE PREFACE. 

TI have dene all I could to keep clear of errors, but 
among ſo many things, ſome may poſſibly eſcape, for I 
have no pretence to infallibility ; and if my Readers will 
not excuſe me in this, they muſt not read my Book, 

But I cannot diſmiſs this affair, without taking no 
tice of a certain obſcure Critic, who inſulted and abuſed 
me in the Gentleman's Magazine, for ſome trifling nu- 
merical errors in the Aſtronomy, that any body, with 
the leaſt ſmattering of Mathematics, might refiify. 
Yet this Drawcanſir kept barking at me out of bis 
bole, in ſeveral of the Magazines, and pretended to 
criticize my Book, though he acknowledged be did not 
underſtand it. A fine ſort of a Critic indeed, to rail 
at me for. bis own dulneſs. Yet this deughty Author, 
when he came to be unkennelled, proved to be no more 
than a little paltry Schoolmaſter, who did not ſo much 
as underſtand his own native Language; nor (by re- 
port) ſcarce ever writ a line of Mathematics in his 
life, This mighty Hero, in the laſt paper (which bis 
truſty friend, the Compiler of the Magazine, put in 
for him) has inſerted no leſs than a ſcore if falſboods, 
either direfily ſuch, or ſtrongly inſinuated. Yet this 
ſame impan tial Compiler refuſed to do me the juſtice to 
put in my Remarks, which expoſed theſe enormous lies, 
becauſe his Friend and Favourite was going to give up. 
So that my paper is ſtill in the hands of Mr. Nourſe, 
where any body may ſee it that pleaſes, 

Therefore my Keaders may pleaſe to take notice, 
that if any envious, abuſive, dirty Scribbler, ſhall 
hereafter take it in his head to creep into a bole like an 
Aſſaſſin, and lie lur king there on purpoſe lo /candalize 
and rail at me; and dare not fhew his face lize a Man 
TI ſhall give myſelf no manner of trouble about ſuch a 
Animal, but lock upon him as even below contempt. 


W. EMERXSON, 
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Garen 


POSTSCRIPT. 


2 Since Mayer's Tables came into my hands, I bad 4 
mind to try their exatineſs, by comparing them with 
Dr. Halley's Obſervations. Accordingly 1 found them 
to come very near in moſt caſes, but not in all, For in 
many caſes Dr. Halley's Tables come nearer ; and ſo do 
ſome other Tables that I tried. And in making theſe 
compariſons here and there, I found ſometimes an error 
of 2 minutes or more, and ſeveral not much ſhort of 2 
minutes. For example, Dec. 21jt, 1725, the error 
is — 2 45". Jan. 31ft, 1726, the error is +2' 21”, 
And Apr. 15th, 1728, the error is +2' 30. Sa that 
it may be truly ſaid, that no Tables extant can be 
depended upon to give the Moon's place true to tub 
minutes; contrary to the confident aſſertions of our lit- 
tle A, B, C, Critic, who bas been ſo bot upon the matter. 

And here I call upon this fiery Zealot, this boaſting, 
upſtart, nominal Aftronomer, that among the many 
ſtrange poſitions be has laid down, be will explain to 
the public the following particulars. | 

1. How he can make it intelligible, or even ſhew its 
polſibility; that in taking the diſtance of two objects, it 
is only neceſſary to obſerve or look at one of them, 

2. How he can make it appear, that the depriving 
a luminous body of its light, is an abſurdity, 

3. 7 hat he will point out theſe Corollaries (being 
near half in the Book of Aſtronomy) that have no de- 
pendance upon the Propoſitions they are placed under. 

4. How be makes it out, that I have calumniated 
and condemned Mayer's Works ; and wilfully and 
wickedly calumniated the Nautical Almanack. 
And particularly to ſhew what atiions 1 bave com- 
mitted, which he ſays are worſe than robbing the 
Widow and Fatherleſs. 


5. How 


POSEFTSCRIP T. 


5. How it comes to be a fundamental principle in 
Philoſophy, to aſcribe the properties of a ſolid body 
fo a mere image. 

6. That, for the public good, and to keep men qut 
of error, be will acquaint them with, and expoſe, the 
ſeveral abſurdities be has lately found, and is always 
finding in my Book, 

7. To afſign a reaſon why the Eclipſes of Fupiter's 
Satellites are not viſible till long after the time expected, 
perhaps a quarter of an hour. 

8. By what authority be perverts the meaning of 
my words, and impoſes his own ſenſe upon them, di- 


rediy contrary to mine. 

This aſtronomical Confuror will eafily find his way 
into the Magazine; when he has fully explained 
and cleared up all theſe Articles, men will be able to 
form a judgment of his mathematical abilities, as well 
as of bis moral charatter, and, doubtleſs, the impar- 


tial world will judge accordingly. 


J W. E. 
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LAWS or CHANCE, 


HOUGH Chance may ſeem a fickle and lu- 
dicrous ſubject to treat upon, becauſe there 
is no certainty or conſtancy in it. Yet all the events 
that happen have ſome certain degrees of proba- 
bility for their happening orgfot happening; and 
theſe degrees of probability come — a mathe- 
matical conſideration. Although it is impoſſible 
to determine with certainty how an event ſhall hap- 
pens yet it may be determined mathematical, what 
ikelihood or degree of probability there is for its 
happening or failing; and this 1s all that is in- 
tended by the calculation. For ſcarce any thing 
falls out as it is determined by calculation, except 
there be made an infinite number of repetitions, 
and then one with another will always bring it to 
the ſame thing as the calculation makes it. 

The Doctrine of Chances, therefore will be very 
uſeful to ſuch perſons as engage in play; for by 
this means they may know what advantage or diſ- 
advantage they have on their ſides; and how to 
manage things to the beſt advantage in the play. 

It is likewiſe a fit ſubject fer the exerciſe of rea- 
ſon, for many problems about Chance; though 
they ſeem to be very ſimple, are attended with a 
long train of conſequences, before we come at the 

'B con- 


LAWS OF CHANCE. 


concluſion, which is often quite different from what 
one would expect. And thus it corrects ſuch miſ- 


takes as we are apt to make in our judgment. 


DEFINITION I. 
Chance is an event, or ſamething that happens 


without the deſign or direction of any agent; and 
is directed or brought about by nothing but the laws 


of nature. 
Therefore Chance has a natural, but not a final 


cauſe. It is che very nature of Chance to be in- 43 


conſtant. 
3 


The probability or improbability of an event hap- 2 


pening, is the judgment we form of it, by com- 
paring the number of Chances there are for its 


failing. 
DEF. Il. 


Erpeclation in play, is the value of a man's 8 


pening, with the number of Chances for its 1 


Chance; that is, of the thing played for, conſider- 3 
ed with the probability of gaining it; and there- 


fore is the product of its value multiplied by the 


probability of obtaining the prize. 
And the advantage = expetation — the tate. 


DEF. IV; 


Riſks the value of the ſtake confidered with the 4 4 
probability of lofing it; and therefore is the pro- 
duct of its value multiplied by the probability of 


loſing it. 
.. 


Events are independent when they have no man- 


ner of connection with one another; or when the 


happening of one neither forwards nor obſtructs the 


happening of any other of them. 


Ar. I. LAWS OF CHANCE; 


hat 8 Thus if A undertake to throw an ace at two 
niſ- throws with one die; the firſt throw he has 1 Chance 

to win and g to loſe; and the ſecond throw he has 
alſo the very ſame, viz. 1 chance to win and 5 to 
loſe; and the like as often as he pleaſes, and there- 
fore theſe events are independent, 


DEF. VI. 


An event is dependent when the probability of its 
happening is altered by the happening of ſome 
other. 

Thus if A undertakes to draw the ace out of 12 
cards of a ſuit, at two trials or more. At the fr 
trial he has 1 Chance to win and 12 to loſe , at the 
ſecond trial, a card being now taken away, he has 
1 Chance to win and 11 to loſe ; and at the third, 
1 Chance to win, and 10 to loſe, &c. therefore 
theſe events are dependent, 


AXIOM I. 


In computing the number of Chances, it is ſup- 
poſed that all Chances are equal, or made with 
equal facility. | 


AXIOM II. 
The whale expectation for any prize, is the ſum 
of all the expectations upon the particulars. 
AXIOM III. 


The value of any Chance or expectation is what 
would purchaſe the like Chance or expectation, in a 
fair game. 


FRO 3.» 


Putting 1 for abſolute certainty, @ for the number 


of caſes (or chances) for the happening of an event. 
| B 2 b for 


LAWS OF CHANCE. 1 
b for the number of caſes for its failing. Then 
1 lity of its happenin + ; 
=p is the probability of its happening ;, and 3 is 
the probability of its failing : and the probabilities of 
happening and failing are as à to b. 

For ſuppoſe 2 and & to be equal; no reaſon can 
be given why ſuch an event will not as often fail 
as happen. And therefore the probability will be 
equal for both. And if à be greater or leſſer than 
b, the probability will accordingly be greater or 
leſs for happening than for tailing, and that in the 


i 4 ws 3. 
ratio of à to þ, or o —— 0 2 


Cor. The probability ſubtracted from 1, gives the 
probability of failing. 
For 4— . = $3 = +_ the probe- 


a+b ab a+b 

bility of failing. And here 1 repreſents the ſum 
of all the caſes or chances, for and againſt happen- 
ing. For it is a certainty, that ſome out of the 
whole muſt happen. 


EXAMPLE. 


If I undertake to throw an ace with one die; 
it is plain I have but 1 chance out of 6 for its hap- 
pening ; and 5 out of 6 for its failing; therefore 


. I I . 1 ; A l 
my chance is _ or r, being the probability of ⁵ 
= = 


6 
its happening; and 2 is the probability of its 
failing. 

SM HOLIU M. 


As 1 repreſents a certainty, or when an event 
has an infinitely great probability of happening. 
So + will repreſent an equal probability for happen- 
ing or failing. For 1— 2 . 

PROP. 


= . 

= 9 * 4 * 2 1 4 a 7 7 a 

_— hs -— _ 2 * 8 <> LL 1 n 
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Ar. I. LAWS OF CHANCE, 

2 _ 

3 PROP. II. 

5 be the number of chances for happening, and b 
"8 tbe number of chances for the failing, of one event. 
1 And c the number of chances for happening, and d 
IF be number of chances for failing of another event in- 
"= 9ependent of the former. Then 

1 The product a+bXc+4d or ac+ad+bc+bd will 


Tm 
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be the number of all the chances, or of all the poſſible 
caſes of the happening and failing of theſe events. 

For a+6 denotes all the chances in the firſt e- 
vent, and ſince a+4 may be connected with every 
one in c+84, therefore the ſum of all the caſes will 


be TY cd. 


2 
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Cor. 1. By the ſame reaſoning, if a, c, e, &c. be 
the chances for bappening ; and b, d, f, Sc. thoſe for 
failing, in 3 or more independent events. Then 
a+bXxc+dxe+f, Sc. will be the number of all the 
chances or poſſible caſes for all theſe events, to happen 
or fail. | 


n 
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Cor. 2. If there be propoſed two events, the num- 
ber of caſes for the happening of the firſt, is ac ad; 
for its failing, bc d. That both ſhall happen, is ac; 
for the contrary, ad bc Id. That one ſhall bap- 
pen; is ac+ad+bc; for both failing, bd; that the 
firſt ſhall happen and } ad, for the contrary,ac+bc+6d. 
the latter fail, is and ſo of others. 1 9 


Cor. 3. And by the ſame way of reaſoning, if three 
or more events be propoſed; the number of caſes of 
their happening or failing, in any manner, will be had 
by multiplication only. So that by taking one or more 
terms according to the nature of the queſtion, any pro- 
blem about chance will eaſily be anſwered. 


B 3 PROP. 


LAWS OF CHANCE. 


P R O P. III. h 
The probability of happening of ſeveral indtpendent 


events ( 8 Ge.) is the produtt / 


a+b +0 A 
the ſeveral probabilities taken ſingly, K 


For in one event, 23 is the probability of hap- 


| pening, by Prop. I. and in two events, where the 


a a c — — 
n he 

probabilities are = and 2 n is t 
number of all the caſes or chances, and ac the num- 
ber of caſes where both events may happen; there- 


- 


fore === = probability of both happen- 


a+bXxe+4d 
. . ace , 
Ing. In like manner a+bxc+dX e+f — proba- 


bility of three events happening. And the Prop. 
holds in reſpect of failing, as well as of happening 
of events, 


Cor. 1. If x, Y, 2, &c. denote the probabilities of 
ſeveral events happening as A, B, C, Sc. then 1—x, 
I—y, 1—2, Sc. will be the probabilities of their 
failing. Then 

xyz = probability of their all happening. 
I- Xx I—y Xx I—z = probability of their all 


failing. __ 
I—1==xX1—yX1I—z = probability of ſome of 
them happening. 


*YX1—2 = probability of happening of A, B, and 


failing of C. 
And fo of others, 


Cor, 


Ar. IJ. LAWS OF CHANCE. 


Cor. 2. What is ſad about the probability of bap- 

IE pening, is equally true about the probability of fal- 
u. viz. that it is equal to the produft of the proba- 
bilities of failing of the ſeveral particulars. 


Cor. 3. To determine the probability of happening 
ſeveral dent events; diſtinguiſh them into firſt, 
econd, third, &c. Then the probability of the firft 
muſt be looked upon as independent, the probability of 
the ſecond's happening, muſt be determined on the ſup- 
pofition of the firſt having happened ſome way or o- 
ber; and the probability of the third"s happening, is © 
to be determined from the ſuppoſition of the firſt and 
ſecond having likewiſe happened ; and ſo on. And 
then the probability of the happening of them all will 
be the — of rhe ſeveral probabilities as thus de- 
tormined. 


PROP. IV. 


If a be the number of chances for happening, and 
b for the failing of an event; the probability of hap- 
pening at leaſt t times in n trials will be 
* 4+19*—b + n.1—19%*b* + Oc. till & 


— — —. . 
a ＋ 
3s, till the index of a be t. 


For by Prop. II. and its corollaries, if a, 5, and 
c, d, and e, f, &c. be the chances for happening 
and failing of 3 or more events A, C, E; then the 
terms (of the multiplication) where à is concerned, 
will be the numerator of a fraction, ſhewing the 
probability of the firſt event happening. And the 
terms where @ and c are concerned, give the nu- 
merator of a fraction where the firſt and ſecond 
events both happen, and ſo on; and whoſe deno- 
minator is &+6 x c4-4 x &c. 

4 Now 


LAWS OF CHANCE. 

Now let c +4, e+ f, 5 Kc. | be the ſame event as - 1 
a+6, and then a+bxc+dxe+f, &c. SA, 
a+bxa+b & c. aN; and c, e, &c. being 
az; the happening of à and c is aquivalent to 
the happening of à twice, and the happening of 
a, c, e; is equivalent to the happening of à thrice, 
and ſo on. And therefore the terms with à relate 
to the happening of the event once, and where aa 
is concerned, relate to N twice; and a to 
happening thrice, Therefore all terms with à as 
far as a', muſt be taken into the numerator for 
happening # times, and the denominator will be 
ars; and the fraction, ſhewing the probability 
of happening z times, will be that above laid down. 


Cor. 1. If @ and b be the mw for happening 
and failing of an event; then 1— 


"a+ 7 is the * 
bability of its happening, and = the probability 
of its failing once in 1 trials, — 

For is the only term in which à is not found, 


and therefore bow is the probability of its fail- 


ing, which taken from 1 gives the probability of 
happening. 


Cor. 2. The probability of happening preciſely t 
times in n trials is = where T is that term, uber: il 
the index of a isi. J * 


of. . 
If a perſon has an equal chance for the two prizes 


A, B; the value of his expefation is a. 


Far | ; 


5. 
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Ar. I. LAWS OF CHANCE. 
For ſince there is no reaſon for one chance hap- 


pening ſooner than another, in an equality of 


chances; therefore (by Prop. I.) the probability of 
the happening of each of the two is 2; and there- 
fore the expectation for A is + A; and the expec- 
tation for B is likewiſe B. And if I would pur- 


chaſe the whole, 1 mult give the value, which is 


i3XA+B. 

For the ſame reaſon, the probability of taking 
any. one of 3 things A, B, C, (by equality of 
chances) is + (by Prop. I); whence the expectation 
of A is 3 A, and of B, 18 + B, and of C, 4C; 
and the whole value = 5X A+B+C, whence this 


Cor. If there be an equal chance for 2 prizes A, 
. _A+B+C 
B, C; the expectation . And for 4 


3 8 
things A, B, C, D; the expectation is ERS 3 
and ſo on. as 


Schol. The two laſt propoſitions are very ſer- 
viceable for ſolving many problems of Chance. 


PROP. VI. 


If there be a chance for the prize A, and b chances 
for the prize B; and all the chances happen with 
equal eaſe ; then the value of the expectation is worth 
A+3B | 


For (by Prop. I.) the probability of the happen» 
ing of any chance for A is 2 3 and for B, is 


at 
b F . GA 
— Therefore the expectation for A is rw 


and 


9 


LAWS OF CHANCE. 
and for Bis REN Therefore if I would putchaſe 
theſe expectations, I muſt give the value of the 
whole, (by Ax. 2.) which is + _þ 
And by the ſame reaſoning, if there be 3 prizes 
A, B, C; and the chances for each be a, , é, re- 


ſpectively. Then the probability for A is 8 


hb c 
and for B, IF: and for C, pr And the 


. SES i 2 | 
expectation for A * for B 77 
for C = . Whence this 

a+b-+c 
Cor. F a, b, c, be the chances for A, B, C, reſpec- 
tively ; the value of the expefiation = A428 


a+6b+c 
and ſo on. 


TROF.: YL 


if 4 and b be two numbers of particular eaſes re- 
lating to A and B. And p be ſome number of chances, 
alike related to a and b. Then the ſhare of p belong- 


. 3 , b 
ing io A is 753325 and RT "a 


For fince p is promiſcuouſly and alike related to 
the whole à and h; it muſt be divided between 
them, in proportion to the numbers a and And 
the greater number muſt have the greater ſhare, 
and the leſſer number the leffer. Therefore if 


a+b=5s, it will be as 3: :: 4: L. = A's ſhare; 
4 


and 5: p:: 5: = B's ſhare. 
Cor, 


whoſe numbers are a, b, e, d, Cc. And the number 
of chances or things p be alike related to them all, 


Aar. I. LAWS OF CHANCE: 
Cor. If there be ſeveral ſubjefts A, B, C, D, Sc. 


x Ma the ſhares of A, B, C, D, Sc. are reſpciively 


ad „„ 
> # —5 | , 4 Se. 
3 5 4 s os , 
ScHor, 


What is meant here by A, B, C, P, &e. is any 
ſpecies of beings z and by a, b, c, d, the like ſpe- 
cies of beings under particular circumſtances; and 


which may belong equally to any of them. 
PROP, VIII. 
If there be n equal chances in all, and 1 for an event 


given; that event will happen once in u trials, taking 
one time with another. | 


For taking an infinite number of trials, that e- 
vent in the whole will happen once in every z trials, 
becauſe all chances fall out with equal facility or 


difficulty. And conſequently the more trials the 


more it will approach to that ratio. And in an in- 
finite number of repetitions, it approaches infinitely 
near a certainty, to fall out once in # trials. And 
therefore at a medium we ought to reckon, that this 


one chance will fall out in trials. 


Cor. 1. F there be n equal chances in all; it is an 
even wager that a given chance will fall out in ⁊ u 
trials. Or, there is an equal probability for its hap · 
pening or failing in 2 n trials, taking one time with 
another. | 

For in a great number of repetitions of n trials, 
one chance will fall out for every repetition of x 
trials, or in every 2 repetitions of + * trials. There- 


fore in theſe 2 repetitions one will happen and 2 
WI 


It 
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will fail continually z and therefore it becomes e- 
qually probable, whether it will happen or fail in 
2 u trials, 


Cor. 2. Hence, to know how any event will fall 
out at a medium; it will be proper to conſider what 
the reſult will be, by an infinite number of trials, 

For innumerable trials take away all irregulari- 
ties, and ſet all things in due proportion, 


PROP. IX. Pros. 


If a be the chances or number of caſes for happen- 
ing, and b the number for the failing of an event. To 
find at how many trials, it is equally probable to hap- 


pen or fail. 
Let x be the _— of trials. Then (Cor. 1. 
Prop. IV.) 1— — = probability of happening, 


which therefore is = 5, whence a+4* = 24*, And 

x X log. a ＋ = log. 2+x X log. 5; therefore 

* X log. a+b— x X log. þ = log. 2 = .3010%, 
30103 230103 

log. a+6b — log. log: —— 

Cor. . , 108 X=1. 


For log. — = log. -- = log. 2 = .3010%, 


"ads = 


and therefore x = 39193 = x. 
30103 


Cor. 2. If b is very great in reſpect of a, then 
b 


ME = 
= = * - FE 7 nearly. 


Far 
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For log: *#2 = log. 1 ＋ 4 where © is a 


b 
very ſmall quantity; and therefore by the nature 
of logarithms (Alg. Prob. 84. _ 1.) putting 


v= 55 log. 1 + v = 4343 Xx v— = &c. that is, 


log, 1 + 5 = 4343 5 &c. therefore x = 


-30103_ _ 30103 — £30103 „ — 
log. 1 + - 4343X— +4343 © 


== = x2 nearly. 


Cor. 3 2 If b is very ſmall or o, then x becomes very 
ſmall or not 


Thus if 1+ 5 = 10, 100, 1000, 10,000, &c. 
then will x = .3, 2, 5 2. 2. &c. reſpectively. 
3 14 


Por. Sek 


F there be a chances for happening, and b chances 
fer. failing of an event at 1 trial; to find in how ma- 
ny trials it is equally probable or improbable for hape 
pening t times. 


If the trials be continued ad infinitum, the event 
will happen @ times, and fail & times in every a 
trials. And therefore one time with another it will 


happen once in every oy trials, and conſequently 
a 


fomy times in — 1 X — trials. To this add the 


number of trials, in which there is an equal chance 
for happening once, which (by Cor. 2. Prop. IX.) 


is = when & is large, and the number of trials 


for 


13 


14 
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for happening u times will be 2 + t—1 x 432 
a 


* 


„ 


10 8 
Therefore in {— 3 xt þ.d + t trials, it is an 
10 2 


equal chance whether the event will happen ? times 
or not. But if @ and & be nearly equal, the num- 


ber of trials will be - + j—1: 


This method is the more exact as & is greater. 


Otherwiſe, more exactly. 
Put x = number of trials, then (by Prop. TV.) we 
ar TA u + x.*1G*—bb. + &c. 
ſhall have | 2 = 
a+b* 
the ſeries to be continued till the index of a be equal 
* +exb—a-rx*——?aa + &c. 
2 
4. ＋ 
= +, continuing the ſeries till the index of à be 
#—1 ; and from either of them find the value of x. 
The former to be uſed when ? is great, and the 
latter when 7 is ſmall. But when x is a large num- 
ber, this will prove a very difficult calculation, 


Tf A and B play together, and A bas à chances 10 
win, and B has b chances. The probability of A's 
3 is to the probability of B's winning, as 4 
40 6. | 

This is the foundation of all gaming ; for the 
more chances the greater the probability of win- 
ning; and the greater the probability the greater 


the ſucceſs, taking one time with another, gy 
the 


to . Or elſe make 
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the probability of A's winning is ©, and that of 
b 
@-+6 


B's winning, ; and theſe are as à to 5. 
Cor. 1. Hence: the odds in any wager laid upon a 
Sou ſhould be as the chances; that is, the money 
d on A, to the money on B, ſhould be as a to b, in 
@ fair game. And the ſtakes ſhould alſo be in the ſame 
ratio, ; 


Cor. 2. Hence alſo, one time with another, A will 
win a games, for B's winning b games. 


PROP, XI. 
To reſolve a Problem by the Laws of Chance, 


1. The firſt thing to be done in any problem re- 
lative to chance, is to find out how many caſes 
there are in which the event will happen or fail; 
and likewite the number of all the caſes poſſible. 
So you will have the number of chances for and 
againſt you; this gives the probability of the event. 
But great care mult be taken to allow no more nor 
fewer chances for an event, than really there are; 
for it is a frequent error to allow too many, 

2. Oftentimes the probability of the failing of 
an event, or the number of caſes that fail, may be 
more eaſily found, than thoſe for the happening. 
Therefore find theſe firſt, and from thence thoſe for 
the happening will be eaſily found. 

3. When ſeveral conditions are contained in the 
problem, cach of which requires its proper degree 
of probability; then theſe ſeveral probabilities muſt 
be ſeparately found, and all added together for the 
total probability. 

4. In 


15 


is LAWS OF CHANCE. 


4. In many complicated problems, there will be 
ſo many caſes for the happening and failing of an 
event; that it will be a very tedious piece of work 
to count them up. In ſuch caſes, recourſe muſt 

be had to the doctrine of combinations and permu- 
tations, to obtain a complete ſolution. 

5. Many problems require the help of Prop. V. 
and VI, eſpecially for two things A, B. In apply- 
ing them, we muſt find the expectation, both when 
the event happens and fails, and take the ſum as 
the Prop. directs; and fo proceed from the ſimple 
caſes to the harder. 


SCHOLIUM. 


Having laid down the foregoing propoſitions, 
containing the foundation of the Doctrine of 
Chances ; I ſhall now give a few problems, to ſhew 
the uſe and application thereof in ſome ealy caſes, 
as an introduction to that art; referring the reader 
to that excellent treatiſe of M. de Moivre's, for the 
determination of problems of greater difficulty, 


FEEDER L 


If I have fix equal chances for 2, 3, 8 8, 10, and 
11 ſhillings (and 4 chances for nothing) what is the va- 
lue of my expectation. 


[] 
. 
F 
is 
N 
T7 
l 
. 
/ 
. * 


— — 


— 


The probability of gaining each of theſe prizes, 


is , therefore the ſum of my expectations is L x 
10 


— = _ GOO. 


- — 
WOT . —Uü! ———«»ꝗ—(Ve % — — 


10 
2+3+5+8+10+11 = 15 = 3.9 ſhillings the 


value required. F 
Or thus, 2+3+5+3+10+11 __ 39 3-9, by 


10 10 * 
Prop. V. 


— 


PR OB. 


nnn ˙ ü 
— wU— — —— — 
oy 


— — 


— 
© 


Aar. IL LAWS OF CHANCE. 


PROD I 


If I have 3 chances for 4 ſhillings, 6 chances for 8 
ſhillings, and 5 chances for 5 ſhillings ;, what is the 
value of my expettation, theſe 14 being all the chances 
poſſible. 


By Prop. VI. A, B, C, are reſpectively equal to 4, 
8, 5, ſhillings; and a, 6, c, equal to 3, 6, 5. There- 


fore my expectation is worth 3 x4+6x8+5x5 


14 
* 12346+25 6. ſhillings, 
14 14 14 
FROR 


To find the probability of caſting an ace in three 
throws. with one die, or at one throw with three dice. 


By Prop. VIII. the ace will be caſt in 6 throws, 
taking one time with another; and in 3 throws it 
will be an equal chance whether it be caſt or not. 
According to this the probability of caſting it in 3 
throws is 2, nearly. 


Otherwiſe. By Prop. IV. put a=1, 5=5, n=3, 
a3 + 3a*b + 3abb 


=1; then — _ probability ; that is, 
1+154+75 __ 
216 216 
N = = = = probability of failing; and 
125 91 


therefore 1— is the probability of 


216 — 216 
happening, as before. 


C PRO 
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PRO B. IV. 


To find the probability of caſting an ace in 6 throw: 
with one die. 


Though this event will happen in 6 trials, tak. 
ing one time with another (by Prop. VIII.); yet in 
barely 6 trials it cannot be depended on. For in 
an infinite number of repetitions it continually ap- 
proximates to a certainty of throwing an ace in 6 
throws; yet in one repetition only, it has but a cer- 
tain degree of probability, To find which, 

k FaCa=t; F=3, #=6; 1=7. f 1 IV.) 
— 11 1 
2 * probability of failing 67. 5656 and the 
4 1 15625 31031 
probability of happening = 1 76856 © 48656 


2 
nearly: 


3 


Otherwiſe. 


Let 1" be the prize. At the 1ſt throw there is 
1 chance for me and 5 againſt me, (and the like 
every throw). - Theretore (by Prop. VI.) I have 1 
chance for 1", and 5 for o; therefore my expecta- 
tion = 2 25 — == for 1 throw, 

For 2 throws. If I hit the firſt time ! gain 1, if 


I miſs it, I have 1 throw remaining = 5. There- 


fore I have 1 chance for 1, and 5 for 55 and my 


expectation = 152 — 4 
6 36 


For 
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For 3 throws; my expectation —— — 255 
. . 1 
as in Prob. III. 


Proceeding thus to 6 throws, we get +5X5775 


6 


— 3 = as before. 
46656 


PRO B. V. 


In how many throws may one undertake for an even 
. wager to caſt an ace with one die? 


Let x = number of throws, 4 = 1= chance to 
hit, 5 = 5 = chances to miſs. Then (Cor. 1. Pr. 


b* 
IV.) _ probability of failing, which (in an 
even wager) is _ to _ probability of happen- 


ing; therefore == ==, and 2. 


Whence log. 2 + log. 5 = log. a a J or 
log. 2 2 + x x log. 6 = x x log. a+d; and x x log. 
a+b—x log. 5 = log. 2. Therefore # = 
log. 2, — 30103 


ꝶꝶꝙ6— — . 
— — — — — — —— 


log. 2 b log. 6 —log. 5 07918 
= 3.82, that is, between 3 3 and 4 throws; or near- 
ly at 4 throws, one may undertake to throw an ace. 
Otherwiſe, proceed (by Prop. VI.) as in the laft 

= a 


example, till the expectation be = 
PROB. VL 


In how many throtos with one dit, may one under- 
take to throw an ace 4 times ? 


(2 Let 


19 
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Let x = number of throws, a=1, b=5, t=4, 
then proceeding as before, we ſhall have (by 
Prop. IV.) 

* +xa*—'b . 1 &c. 


* = I, or &*+x4a—'b 
a+06" 2 


— 
+ x,=14*2þb &c. till az = — x ax = 23+, 


2 
To find x, the eaſieſt way is to take it by gueſs, 
and add 1 every trial, which will increaſe a term 
of the ſeries every time.; proceed till you find the 
two ſides of the equation nearly equal, and then 
you have the value of x nearly. But to ſhorten 
the work, proceed thus. Since an ace may be 
thrown every 6 throws, taking one time with an- 
other for a great many repetitions ; and by Prob. 
V. at one turn only, (or a few turns) it will happen 
once in 3.82 throws; therefore the ace to be thrown 
times, requires at leaſt 4 times 3.82 throws, or 
5. a8 throws; but to be thrown at 6 throws al- 
ways, requires 4 times 6, or 24, throws at moſt, 
Therefore x will probably be between 15 and 24. 
And therefore I ſhall ſuppoſe it, at a mean, to be 


19. Then we have a'9+ 194 b+19. 5 4 &c. 


19 
= 5 But ſince here will be a great number 


of terms before we come at the index 44; therefore 
it will be ſhorter to take the other end of the ſe- 
ries, for the failing; ſince in an equal wager, they 
are of equal value; and then we have #+xþ—'9 
+ x 22 Lx. i. -: = ©+0, and thus 
2 2 2 
we have but 4 terms to add up. In the preſent 
ſuppoſition 59 ＋ 19 X 518 — 171 X 577 + 90% x5" 


— — = = 


- 
— 
- . — - 
—ͤ—ũ4—ñ—h .: . 22 :! 4 * * 
- —— — - . —— — — 
— . — — 
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| 
if 
: 
3 
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1 
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3 
T3 
| 
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- 
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14 
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1 
by - 
: 
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= — where a is =1. Theſe put into numbers 
2 
by help of logarithms, will give 517, which ſhould 
be 305, negleCting ſuperfluous numbers or places, 
Again, taking x = 20, we get the ſeries 297, 
which ſhould be 183, therefore x is ſtill roo little; 
therefore, 


Take x = 21, then the ſeries is 115, which is 


nearly =109, or = = Again, 


Take x=22, and the ſeries is = 642, which is 
ſomething more than 656, the 22d power of 6 di- 
vided by 2; therefore here x is too great. | 

Whence we find x between 21 and 22, being 
very little more than 21, the number of throws re- 


quired. 


Cor. 1. Hence in this example, the number of throws 
required is nearly ſo many times 6, abating one, 
+3.8=18+3.8=21.8, And probably is nearly the 
ſame in other like caſes. 

As if it were required to find how many throws 
are required to throw an ace 6 times; the anſwer is 
5X6 + 3.8=33.8, or near it. 


Cor, 2. And hence may be collected, at how many 
throws, the ſame may be dove with ſeveral dice. 

As if it be required to find in how many throws 
one may undertake to throw 4 aces with 6 dice, 
Having found the number of throws with one die, 


21; divide it by the number of dice; fo 6 = 35 
the throws required with 6 dice. 


SCHOLIUM, 


Many queſtions. in chance of this ſort, require 
ſuch an infinite deal of labour in calculating, that 
4 few 
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few people can have the patience to go through it. 
And therefore it is better in ſuch caſes to he content 
with ſuch approximations as come near the matter, 
ſince chance is but chance; or, in other words, 
ſince chance affords nothing certain; hardly any 
thing ever falling out as it is calculated, 


LEMM A. 


To find the number of caſes to throw a given num- 
ber, with any number of dice. | 


Let the given number of points = p +1, 
n = number of dice, 


Then the number of caſes is 


'+ * * * &c. (to x — 1 terms) 


1 
OD „EM, &c. X: = 
I 2 3 I 


N 


2 3 I 2 
WE Cx: inn 
I 2 5 3 
+ &c. 


Which rows of ſeries muſt be continued down- 
wards, till ſome of the factors in each become © or 
negative; taking » —1 factors in each. 


This is demonſtrated by Mr. D' Moivre, but I 
have no room for it in this place. f 


Arr. IJ. LAWS OF CHANCE. 23 


nt Ex A M. 
Tb How many chances are there for throwing 16 
p with 4 dice. 
/ Here p=15, n=4, whence 
23x04 22:22 — 
+ n 1 
n > an 
j- 37 3 7 
nA 
ir 


Sum 125 


And the whole number of chances is 64 or 1296. 


PRO B. VII. 


What is the probability of caſting 15 points with 
6 dice? 


Here p= 1475 n=6, whence 


1 x 2 x = = + 2002 
| n 17 

1 e e * 6 = — 336 
e 


Numb. points 1666 


——— ——j— 


But 65 = 46656; therefore the probability is 
1666 
46656 


PROD ' YE 


A undertakes to throw 10 with 3 dice, before B 
throws 12 with 4 dice. What is the odds of the 


game ? 
C 4 Firſt, 


24 
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Firſt for the probability of caſting 10 with 3 
dice; herep q, # = 3, then 


+ 2'x 2 = + 36 
I 2 
12 1 9 


Number of caſes 27 


— — 


But the whole number of caſes is 80 _— 216, 


therefore the probability at one throw is _—— — 2 for A. 
21 


Secondly, for the probability of caſting 12 with 
4 dice, Here p = 11, g 4, therefore 
$4120.40 


ea gn i hacer” = +, 165 
24 Ya | Hot rt — 40 


Number of caſes 125 


But here the whole number ot caſes is 64, or 
1296, therefore B's probability at one throw is 


758 Whence A's chance is to B's as 8 55 775 to 
2 2 12 162 12 
— or as to = or t 0 2, that is, as 


162 to 1253 ſo that A has the better of the wager, 


. 


Any number (n) of dice being given; to find the 
probability of caſting 2 faces of a ſort, at one throw, 


In two dice, to avoid having 2 faces of a ſort, 
the 6 faces of one die can only be combined with 
5 faces 
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5 faces of the other, and this number of combina- 
tions will be 6 X 5 = 30. 

In three dice, the 30 throws of 2 dice, which 
have no two of a ſort, can only be combined with 
4 of the third die; for being combined with 5, 
there would be ſeveral times two of a fort. And 
the number of theſe combinations will be 6 x 5 X 4 
= 120. 

Again, in 4 dice, to avoid 2 of a fort, the 120 
of 3 dice can only be combined with 3 of the 4th 
die; and theſe combinations are 6X5X4X3= 
360, and ſo on. 

Therefore there will be had the probability of 


failing; which will be, for 2 dice, 0 - Z; for three 


, 6bx5x4 . 6XgX4X93 
dice 1 for four dice ä 5+ &c. and 


; . 6X8X4 (to terms) 
univerſally for x dice, TX6 3G (wo f terme) 


cauſe 6X6X6 to n terms is the whole number of 
chances. Whence we have the probability of hap- 


pening =1— 3 9 (to x terms.) 


ExamPLE l. 
What is the probability of caſting 2 faces of 8 ſort 
with 4 dice. 


Here 5-4-2 3 the probability of failing, 


6.6.6.6 1296 
1296—360 936 = 
d — — — — 
an 3 the probability of hap 
pening | 
Exam. II. 


What is the probability of throwing 2 faces of a ſort 
with 6 dice. FARE 


Here 


I 
— 


25 


26 


rily be two of a ſort. 


faces is ©. And at the 4th, 5th, and 6th throws, 
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6.5.4.3.2.1 120 
— cc 


ing, and 7776 the probability of happening. 


the probability of fail. 


ExamM. III. 


To find the probability of throwing two faces of a 
fort with 7 dice. 


6.5-4.3-2.10 © 1 
Here — B . the probability of 
40656 


failing, and = 1 the probability of happen- 


46656 
ing, which is a certainty. _ 
Therefore in 7 dice or more, there muſt neceſſa- 


EOS X: 


In how many throws may one undertake to throw all 
the faces of a die. 


It is impoſſible to perform this in leſs than ſix 
throws. And taking one time with another, the 
old faces are as likely to come up as new ones, 
which will require twice the number at leaſt. There- 
fore to throw all the faces, will require at leaſt 12 
caſts. | 


Otherwiſe. 
At the firſt throw ſome of the faces muſt neceſ- 
ſarily be caſt. At the 2d throw the probability of 


caſting a different face is 2, .At the 3d throw, 


| 6 
the probability of caſting one of the remaining 


the 
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| the probability of till caſting one of the remaining 
" faces will be 2, =, and 65 reſpectively. Then 
to find the number of throws requilite for each. 


The probability — requires i:; throws, 


The probability = requires—1+ throws, 


The probability ＋ requires —2 throws. 


of 6 
n- The probability = requires==3 throws. 


* The probability = requires—6 throws. 


in all 13.7 
for the firſt add 1.0 


+> 


2 


Therefore in 14 throws all the faces will probably 
be caſt. 

Mr. D' Moivre by a difficult calculation finds 13 
throws for caſting all the faces, which doubtleſs is 
more exact than mine, which are only ſo many ap- 
proaches towards truth. 


PR O B. Al. 


A perſon undertakes with 4 dice to throw 12, 13, 
14, or 15 every throw, What is the odds? © 


By the Lemma (Prob, VII.) we ſhall find, 
The chances for i2 — 125 
The chances for 12 — 140 
The chances for 14 — 146 
The chances for 1x — 140 


All the chances for him 551 


All 
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All the chances on 4 dice = 45 = 1295. l 


And 1296 — 551 = 745 the chances againſt him. 
Then the odds againſt him is as 745 to 551. 


PROB. Al. 


To find the probability of caſting m aces only, at n 
throws with one die, or at 1 throw with n dice. 


Here » muſt be equal to, or greater than m. Let 
C = combinations of all the aces, taken by ones, or 
by twos or threes, &c. Then, 


1. Suppoſe only one ace to be caſt, then m=1, 
therefore ſetting aſide one die, the remaining dice 
will be a—1; and to avoid aces with theſe, only 
5 points of each muſt be taken. And the number 
of combinations of all theſe will be 5, which 
combined with all the aces in each ſingle die, will 
be Cx 5—!, where one ace is caſt. 


2. Suppole m = 2, then ſetting aſide 2 dice, the 
number of combinations without any ace in # — 2 
dice, will be * and theſe, combined with every 
2 aces in the remaining dice, will be Cx 552, 


3. If m = 3, the combinations without any ace 
will be s, and theſe combined with every three, 
will be C x 35 —3. | 

And in general, the combinations, without any 
ace, in # — m dice will be * and theſe com- 
bined with all the mn's out of * aces, will be 
C 5e for the number of caſes that m aces can 
be caſt, excluding all aces whatever, beſides theſe. 


Now by the doctrine of combinations, when 
m=1, C, and when m=2, C = 2. And 


when m 3, C n general, for 


„ 


M Accs, 
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m aces, C —1.—2.— 3 (to mterms). And 
$$ 


; : $- 2 
fince 6* is the number of all the chances on à dice; 


therefore — 2 (to n terms) x 52, is the 
£8 | 

number of all the caſes that m aces only can be 
2 tal 

caſt, and ers peg (to m terms) Xx * = Pro» 


bability of caſting them. 


EXAMPLE. 


What is the probability of _ 3 aces only, with 
10 dice; or with 10 throws of 1 die. 
Here m=3, #=10, and the number of chances 
10 8 


is · 2 7 * 51 = 120 X 78125 = 9375000. And 


619 = 60466156; therefore the probability is = 


2 
60466176 13 . 


P R O B. XIII. 


What is the probability of throwing both an ace and 
4 ſix, with three dice. 


By Prop. IV. the probability of caſting an ace 
once in three throws of 1 die, or in one throw of 
. . b3 a+b'—j 63— 3 
dice, is i 2 2 
an a+b* a+6* * 
N 2 25. And the number of chances = 
ns 
Set aſide the ſix, then for the ſame reaſon the 
number of chances for the ace is 53 — 43. 
Reſtore the ſix, and the chances for the ace to 
come up without the ſix, will be the ſame as if the 
fix was wanting. 


where 


Now 


29 


30 
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Ne from the chances for the ace to come up, 
with or without the fix (63 — 53), ſubtract the 
chances for the ace to come up without the ſix 
(53 — 43); there will remain the chances for both 
the ace and fix to come up (63—2 x 53+43, Con- 

03—2 X 53443 _ 30 5 


ſequently 65 === 36 is the pro- 
bability required, 
SCHOL. 
By the ſame method 64—3 X 5+ 75 2 X 44— 34 


will be the probability of caſting 2 given faces with 
4 dice. 


PRO: II, 
A, B, C, play with two dice, the higheſt number 


take all; and A bas caſt 8. What is the value of 


bis expectation for the prize S? 


The mean number on two dice is 7, which muſt 
be reckoned for B and C, without caſting. There- 
fore S is to be divided in proportion to the num- 
bers 8, 7, 7, for A, B, C. Whence A's ſhare is 


As 
e 


PRO B. XV. (L. Diary, 1741.) 


A perſon with fix dice undertakes to bring up four 
faces of a ſort at one throw, in ſeven trials. What ts 
the odas againſt him ? 


The number of combinations of 4 aces out of 6 


—. =15. And in any one caſe of theſe 
1.2.3. 4 „ 
, 
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15, any two left out are capable of 25 variations, 
where no ace is found; therefore 25 X15, or 375, 
is the number of caſes where only 4 aces can be 
caſt, But becauſe 5 or 6 aces may be caſt, the 
number of chances for theſe mult allo be added. 


Now the number of combinations of 5 aces out 
of 6, is 6; and ſince any one left out is capable of 
5 variations where no ace is found; therefore 6 x 5 
or zo is the number of caſes wherein only 5 aces 
can be caſt with 6 dice. Laſtly, there is but x 
caſe wherein 6 aces can be caſt with 6 dice; there- 
fore the ſum of all the caſes wherein 4 aces can be 
caſt with 6 dice is 375 + 30 + 1 = 406, 

Now ſince there is the ſame variety for duces, 
trays, &c. therefore 406 6 = 2436 is the whole 
number of caſes wherein 4 points of any ſort can 
be caſt, Put 5 = 65 = 46656, and 46656—2436 
= 44220 f; then (by Cor. 1. Prop. IV.) the 


, : q 7 [7 
odds againſt the thrower will be as L to 1 —£', 
5 5 
that is, as . 68 705 to. 31293, or as 2.1954 to 1, 


9 


PRO B. XVI. 


A undertakes with 5 dice, to throw 2 aces, a three, 
and a four at a throw; before B throws 2 duces, a 
five, and 2 fixes. To find their probabilities of 
winning. 


e 


All the chances on 5 dice amount to 65 = 7776. 

Let a, ö, c, d, e, f, ſtand for the ace, duce, 3, 4, 5, 

is and 6, Then A's chance is ascd; and B's chance 
15 is hefe, where the indices only ſne the repetitions 
of each letter. The number of permutations of 5 

1. 2. 3.4.5 
12.311 
ſe tations.) And the number of permutations of the 
5 things 


6 things a3cd is = 20 (by Prop. IV. Permu- 


31 
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1.2. 3.4.5 
1.2.1. 1.2 


5 things 62ef* 1s = 30. Therefore A. 


30 


chance of winning, is to B's, as — 
77786 7770 


as 2 to 3. 


1 


4 

* 

1 
* 


To find how many ways, three aces, two dutes, « 2 


tray, and a four, can be caſt with ſeven dice. 


Let a, b, c, d, e, f, ſignify the a þ c d 
ace, duce, tray, four, five and fix, a Bc d e fÞ 
of any die, And fince one face a Mc de 
of every die is to appear, ſet down a b c 4 
ſeven rows of them. Then a3Þ:cd a b c d 
will expreſs the numbers, a d 


Now the three g's will fall in 4 ( j [d ef | 


ſome of the ſeven rows, the two Z's in ſome of the 


— four, the c in one of the remaining two, 


and the d in the remaining one row, as they are ſt | 


off in the figure. 


The number of combinations of 3 2's out of 7, 
= = 35, and ſo often may 3 4's be combined 
with the remaining 4 #'s. 

The number of combinations of 2 #'s out of 4 
is 53 = 6; therefore the number of combinations 
of the 4's and Z's is 35 * 6. And ſo often may 


the a's and 's be combined with either of the 
two c's. 


The number of combinations of 1 c out of 2, 13 


2 : 
7 ν＋, therefore the number of combinations of 


the 
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the 478, b's, and Cs, is = 235 X 6X2. And laſtly, 
the combination of 14 is but 1; therefore the num- 
ber of all the combinations is = 35X6X2X 1, or 
7.6.5 x +3 „ 39 I. 2. 3-4+45-0.7 _ 4 
TX et © oe I 1.2.3 K Il. 2 X1 XI 
420, all the ways theſe can be caſt, or the number 
of chances. But the number of all the chances on 
7 dice is 67, or 279936. | 


Cor. Hence the probability of caſting 3 aces, 2 


duces, 1 three, and 1 four, with 7 dice, at a throw is 


e 2 roar. 

4 = 279935 1333 

7 | In general. 

Teta e d &c. be propoſed, where p, Qs 7. 
Kc. denote the number of aces, duces, &c. or of 
any other faces that are named. Let p+9-+r+s 
the &c. = » the number of dice, 


Then obſerving the proceſs that went before, we 
. 1.2. 3.4 (to x terms) | 


1.2.3(p terms) X 1.2.3 () X1.2.3 (r) &c. 
= number of all the caſes for caſting p aces, 4 


duces, &c. 


PRO B. XVIII. 
To find how many ways 3 faces of one ſort, 2 of 


ons another ſort, 1 of a third ſort, and 1 of a foarth, can 
be caſt with 7 dice. 
nay 
che Let 4342! at denote the quantities, where a,'b, c, 
1 d, ſtand for any four different faces; the indices 3, 


2, 1, 1, the number of each. 


5 of Set down the 7 rows as in the laſt problem. 
Then it is plain, the combination of 3 4's out of 
the D 7 = 


33 


34 
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7 = 7-65. and that of 2 #'s out of 4 = 43. tha 
1.2.3 2 


of 1c out of 2 = 2, therefore we have 72 & y 


„ <= cx4. But fince a, J, c, d, may ſtand i © 
1.2 I | 

for any ſort, there will be 6 variations for 4 (vi: Wt 
@&,Þ, c, di, es, f), and g variations for 52; 4 vs Wa 
riations for c, and 3 for d, and the combinations of 


c and 4 = 23. Then the whole number of combi 


2 
nations will be 28.5 x G N 5x<= x £3 =o 
$23.3 1.2 1 2 , 
* 05:43 — 420 x 180 = 75600, Ne: 
1.4.3 & 1.2 K 1 1.2 8 
Hence in general, let G = number of caſez 
when all the faces are named (as in Prob. XVI; 


I = number of quantities mentioned, and H = 


6.5:4 (/ terms) Then GH = number of caſt; he 
RX$SxT &c. 


ſought, where R = 1.2 when any index is twice u. 
peated, or 1.2.3, when thrice repeated, &c. and 


the like for S, T, &c. 


Ex a M. 


Suppole 43b*:d as before, then G = 420, and 
J=4, R=1,S=1, T =1.2, Therefore GH 


6.5.4.3 
_ — — 80 = 75600, 
99 I, 1.1. 2 ä 2 75 8 
It 
& 4 IE + > © 2 
E 
If A and B be playing together, and A has got im: 
the game; what advantage has he of the game! r 6 


Ar. IJ. LAWS OF CHANCE. 
hat If 2 be up, then A wants 1, and B wants 2; and 
therefore A's chance againſt B, is as 2 to 1. 

If they be up in 1000, 10,000, &c. then A has 
no advantage over B, and their chances are equal, 
or as 1 to 1. 

Therefore A's chance is always between 1 and 2, 
vir to B's 1. And the fewer games up, the nearer it 
approaches to 2 to 1, againſt B. 


Otherwiſe, more exattly. 
Let # be the number for being up, and A has 


got i, put „ (to #—1 terms) = #; then A's 
2.4.6. 


dvantage to B's, is as 1+x to 1—x; and if they 
leave off play, the money muſt be divided in that 
roportion. 


ales, a 

Exam. Suppoſe 4 be up, then x = £3:5 — 5 
* P = | 4 Ps 2.4.0 Th 
be hen A's ſhare 1s =, and B's 160 or rather 2 and = 
e te. 
* P R N + © 


A and B playing together, A wants 2 of being up, 
1d B wants 3 ; what is the advantage of either ? 


A's advantage or chance to B's chance, is as 3 
d 2 nearly. 


- and 


GH 


Or thns, more exattly. | 


It is evident the play will be ended in 4 games. 
ake all. the uncice of the 4th power of a bino- 
al, 14 4 ＋ 6 ＋4 ＋ I; take 2 of the firſt 
mms, 1＋ 4 = 83, for A; and 3 of the laſt terms 
rB=i+4+6=11; and A's chance is to 
$ reciprocally as 11 to 5. 

D 2 Or 


{19 


35 


36 
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Or thus, more generally. 3 
1. Let 11. be the ſtake; and ſuppoſe each perſon Wi 
wants 1 of being up, then the expectation ef each Wi 
(by. Prop. V.) is 2 x 14. 2. 4 
2. If A wants 1 of being up, and B 2. If A 
gets 1, he gets the ſtake 1; if B gets 1, then each 
wants 1 of being up, and they are in the ſame con. 
dition as in Art. 1. and A's expeCtation is 2. There. 
fore (before the game be played) A has an equi 
chance to get the whole or the half, and theretore 
A's expectation = : = : =3, And B's = 
4 4 | 
3. Let A want 1, and B 3. If A gets one hel 
up. If B gets 1 he will want 2 of being up; and 
they are in the ſame ſtate as Art. 2. therefore A 
expectation = 3, Therefore (before the play) 4 
has an equal chance for 1 or 3, and his expeCtation 
= I HE<"7 
5 | 
4. Let A want 1 and B 4; if A gets 1 he is up; 
if B gets 1, he wants 3, which is the caſe of Ar. | 
3. and A's expectation is then = {, whence A hs 
an equal chance for 1 or g; and his expectation = 
IF i. 5 
8: 0 
5. If A wants 1 and B 5; if A gets 1 he is up; 
if B gets 1, he wants 4, in which caſe (Art. 4 
A's expectation is 15. Whence (before the plaj 
he has an equal chance for 1 or 15. Therefore h 
. = 37, and fo forward. 
: 32 | 
6. Hence in general, if A wants 1, and B 


being up, then A's expectation = 8 
2* 


expectation = 


Again, a 
7. Suppoſe each wants 2 of being up; then {i 
expectation of each is = ; 


— 2 


8. So 


Ar. IJ. LAWS OF CHANCE, 


8. Suppoſe A wants 2, and B 3; if A gets 1, 
then he will want 1 and B 3, then (Art. 4.) in that 
caſe, A's chance is worth 3. But if B gets 1, they 


will both want 2, and then A's expectation = +. 


So that (before the play) A has an equal chance for 


L 7 
MW ns 34 


2 Ty 
9. If A wants 2 and B 4; if A gets the game, 
he wants 1 and B 4, as in Art. 4, where his exp. 


— 2, But if B gets 1, then A wants 2 and B 3, 


as in Art. 8, where his exp. = =, Whenct he has 


5 11 


I . . 
an equal chance for „ orig. And his expectation 


7 or z. Whence A's expectation is = 2 


2 916 | 
10. If A wants 2 and B 5; if A gets 1, he will 
want 1 and Bg; but if B gets 1, A will want 2 
and B 4. Therefore (Art. 5, 9,) A will have an 


6 . . 
equal chance for © or —, and his expectation = 


1 © 32 — 27. 

3 64 

11, If A wants 2 and B 6. If A gets 1, he 
will want zand B 6. But if B gets 1, A will want 
2and B 5. Whence (Art. 6, 10.) A has an equal 


chance for 2 or 41 and A's expectation = = 
Again, | =. 
12. If A wants 3 and B 4. If A gets 1, then 
he wants 2 and B 4. But if B gets 1, then A wants 
3 and B 3 (whoſe chances are equal = 2). There- 


fore (Art. 11.) A has an equal chance for 75 or >, 
and his expectation = at 28 


2 32 
you may proceed as far as you will. 


D 3 


And thus 


PROB. 
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PROB. XXI. 


A and B play together ; A wants 2 and B 3 of 4 
being up; and A's dexterity or ſkill is to B's, as 4 t1 I 
3; what is the odds of the game? 3 


Since the play will be ended in 4 games; involve 
a; to the 4th power, a* + 44 ＋ 6 4*bb + 40% 
+ 4+, where a = 4, 6 = 3. Then for A take all 
the terms where à is of 2 or more dimenſions a + 
44 b + 6 a* b* = 1888, and for B, thoſe where“ 
is of 3 or more dimenſions, 4 ab3 + 6+ = 513; 
then A's chance is to B's, as 1888 to 513. 4 


Otherzi/e. : 

Divide the ſkill, by the defect from being vp; 

for the chances of each. Thus A's chance is to 

B's, as + to 4, or as 2 to 1 nearly; but not ſo ex- 
FROM AXE 


act as the former. l 
Three gameſters A, B, C, play together, whoſe pro- 
portion of ſkill is as a, b, c; they play till A wants 1, : 
B 2, C 3, of being up. What are their ſeveral 
chances ? | | 
Here the play will be concluded in 4 games; 
therefore raiſe the binomial @ + 6 + c, to the 4th 
power, which will be a+ + 44'> + 6 aabb + 12abbi 
+ 46 + 4e. + 446 + b* + 40. + 124*bc + 
G + 12abce + bbbie + 4ao + .. 
Take all the terms for A, where à is of 1 ot 
more dimenſions, (where he wants 1) and where! 
and c are of fewer dimenſions than 2 and 3 (the 
numbers they want). So will A's chance be at + 
44% + 12aabc + 44% + 12abce + Gaacc. 
And B's b* + 46:c + 6bbcc. 
And C's 460) ＋ . The 
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The reſt of the terms muſt be divided among them, 
according as they favour one or another of the 


players. 
Otherwiſe. 


Take the proportion of their ſkill, which divide 
reſpectively by what they want of being up. Thus 


„the chances of A, B, C, will be — — _ nearly. 
Il ; „ 
5 P R O B. XXIII. 


A and B playing together, A has a chances for the 
gane, and B has b chances; alſo A ſtakes p, and B 
= ates q ; to find the advantage or diſadvantage of the 
players. 


Since A has à chances, and B has 5, in any 
game; therefore in playing a + “ games, A will 
win @ games, and B will win 3. Therefore, 

A wy XP +4, and wins a p + q—a + XP 
— 44 9 3 3 8 DFT SILLS 

B gets bxp+4, and wins bxp T- Ax 


— — 40. 


| Therefore the advantage of A is aq — p; and 


"S238 a6. 


£ 
* 


dl 
that of B, þp— ag. Therefore if a:b::p: 4. 
then aq = bp, and aq — bp, and alſo bp — aq = o, 
1 and neither of them has the advantage. But if 4 
th is greater, then A has the advantage; but if p is 
b greater, then B has the advantage. 
+ 


PROB. XXIV. 


- A and B playing together with n bowls a-piece; to 
1 id the * ob ability of A's getting all bis bowls at 
at end, 


Let a, b, c, d, e, f, &c. be all the bowls that both 
have, being equal to 2x in number; a, 6, c, being 
he D 4 A's 
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A's, and d, e, f, B's. The number of permuts- 
tions that they are all capable of is 1.2.3.4 (to 2y 
terms,) being the number of all the chances. The 
number of all the permutations, that the bowl; Wl 
d, e, f, (furtheſt from the jack) are capable of is 
1.2.3 (to y terms), when at the ſame time a, 5, «c, | 
are neareſt the jack. Theſe are the number of 
chances for any one poſition of the bowls a, 5, c, 
when d, e, f, are furtheſt from the jack. But ſince 
a, b, c, are likewile capable of the ſame number 
of permutations 1.2.3 {to » terms), theretore 
I.2.3 (to ꝝ terms) Xx 1.2.3 (to ꝝ terms) is the num- 
ber of all the chances for a, 5, c, being near. 
eſt, and d, e, /, furtheſt from the jack, Therefore 


1.2.3 (n terms) X 1.2.3 (# terms) 


1.2.3.4 (to 2 terms) 


. .2.3 (to # ter 
required; that is, 2.3 (to # terms) 


n+ 1.n+2 ur (to x terms) FE q 
probability. Or thus, = x -—— x f—2 
terms, = probability of all A's bowls being neareſt 
the jack. | 


4 
ho! 
p 

; 


- * e 4 
X We A 1 OT "I IJ 
OE LIN ONE TE are 


= the probability 


- . N 7 
— , 4 1 


(to 


PR OB. XXV. 


A and B playing together with n bowls a- piece, 15 
find the probability of A's getting m bowls at an end. 


The number of permutations of 24 — m bowls, 
(the number furtheſt from the jack) is 1.2.3 ... to 
z2u— m. Here are n bowls of B, and n — # bowls 
of A. But the number of combinations of n —n 


21 


things out of 1, is (to 2 — mm terms); and 


I « 2 
ſo many different ways, will theſe permutations be 


HH —[ 


varied, all which will become (to 2 —# 


terms) 


L 


3 
PIE" "7 


1 * 
tt TA 


* 

ho 
p- 
F 
f 
; 


R Ly F * 
_—_ 8 8 


n * * 
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terms) X 1.2.3... to 2 — n. Likewiſe the per- 
mutations of A's m bowls, will be 1.2.3... tom; 
and the number of permutations of 2 things be- 
ing 1.2.3... to 2#, therefore the probability re- 
quired 1s 

1.2.3 (to mterms)X1.2.3 . . . (to 22 —m) N = (n—m terme) 


1.2.3 S to 2n 
1.2.3 (m) 7.2.2 . « . 0 28 
1.2.3 (1—m terms) N 21u,2u—1 (u terms) X 1.n—1 (- terms) — 


7 7 


1. 4 « 00 


1. 2. 3 (m) K n —1 (- terms) __ 

1.2.3 (4 — mterms) 23. 21 — 1 (n terms) 
n. 1 1. O 0 

1.2.3 (in) 3 3 


1.2.3 (u - m terms) 23. 21 — 1 (m terms) 
N. 22 — 1 89 0 0 ro 1 


1.2.3 ( — m terms) X 21.28 — I (m1 terms) 
9. 1 — 1 . 4 * ro I 


"PL _— — 
u. 1 — 1 (m terms) X 2. 2 I ( terms) 


u. 1 — 1. 2 — 2 (to m terms) 
21.21 — 1. 21 — 2 (to m terms) 
lity of getting M bowls at an end. 


PRO B. XXVI. 


Any number (u) of things being given, a, b, c, d, 
Sc. out of which m things are to be taken one by one. 
To find the probability of their being taken in the order 
they are written. 


„for the probabi- 


The number of permutations of things taken 
mand m, is a xn — IX — 2 &c. to m terms. 
But ſince the taking a, 5, c, &c. in that order is but 
one caſe; therefore the probability of happening is 

I 


1. 1 — 1. 2 — 2 (to n terms) 


Ex AM. 


4 
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Ex AM. 


What is the probability of taking 4 letters out of 6, 
in the order a, b, c, d 


An. = © = the probability. 
F 6.5.4-3 360 . 7 


PROB. XXVIL 


Any number (n) of things a, b, c, d, &c. being I 
given; out of 'which m things are to be taken at once; 
zo find the probability of taking thoſe propoſed. 


The number of combinations of # things taken 


m at a time, is ZL< . m terms); but 


3 7 

the taking m things propoſed is but one caſe f 

theſe, therefore . (to m terms) is the 
. N — TH on 2 


probability required. 


Ex A M. 


What is the probability of taking the three d, e, f, 
out of the 6, a, b, c, d, e, f? : 


Anſ. Here n = 6, 2.3 = | is the probability. 
6.5.4 20 ; 


PROB, XXVIII. 


What is the probability of throwing the fix faces 
with 6 dice at a throw And in bow many throws may 
one undertake to do it ? 


Let-@ be the number of chances for happening, 
and þ for failing. The number of permutations of 
6 things, is the number of chances for happening, 
and that is 1X2X3X4X5Xx6. And the 

number 


ART. hk £ LAWS OF CHANC E: 
number of all the chances is 66; therefore the pro- 


* 2 OS. a>. 
bability of happening is 5.656.666 © Fazr” 


72 Here a = 5, and b = 324—5 = 319. Theres 
fore (by Cor. 2. Prob. XI.) 2 = 44.8; 


therefore in 44 or 45 throws, it is an equal chance 
for its happening or tailing, 


PROB., IAH. 
Three perſons A, B, C, draw Blindfold 1 counter 


at a time, out of a heap containing 12 counters, 8 
black and 4 white ones. They draw in the order A, 
B, C, A, B, Sc. till one of them gets a white coun- 
ter, and then wins. What is the probability of each 
for winning ? | 


A's probability at firſt drawing is , and his ex- 
pectation of the ſtake = *- x 1 = =, This being 
taken out of the ſtake, there remains 1 — 75 = LY 
B's probability is =, and his expectation of the 
* 
II 
ſtake is 3 2X = IF 


1 

C's probability is =, and his expectation = 

„ and the remaining ſtake = 5 

12.11. 10 12.11 
0 

10.12.11 12.11.10 


remaining ſtake is — * A; then the remaining 


Then A's expectation again is — and ſo 
12.11. 10.9 
on till the ſtake is gone. 


1 Hence 
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Hence we have the ſeries , . 8.7 i 
12 12.11 12.11.10 


48.76 e. or 4 I 8 PTT O R 
12.11. 10.9 11 9 
+ 28 &c. in which we muſt take 9 terms, in 


which a white counter muſt neceſſarily be drawn. 
Then take for A, the firſt, fourth, ſeventh terms; 
for B the ſecond, fifth, eighth. For C the third, 
ſixth, &c. And the ſums will be the reſpective 


probabilities; that is, for A, 237. for B, £59, 
495 495 


for C, — which are as 77,.53, and 35. 
4 
And it there be more gameſters, the ſame ſeries 
will anſwer all, 


+ WA + » CP 


& 


Threegameſters A, B, C, throw in their turns a ball 
with 4 white faces and 8 black ones. What are tbe 
reſpective probabilities of throwing a white face firſt, 
and ſo to be the winner ? 


Put a=4, 6 =8, # 12, Then A's probabi- 
lity at the firſt throw, is - = his expectation; this 


n—8& 6 


taken out of the ſtake 1, is 1 — © = 
n n 1 


Then, as the number of faces do not diminiſh, 


B's probability will be alſo =, and his expectation 


* and the remaining ſtake = 3222 
un n un It 


In 
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In like manner C's probability is and his ex- 
7 


pectation 2 and ſo on. 


Therefore we ſhall have the ſeries < 2 + 


= 
2 + ab? + an &c. Then take every third 


1 n+ 1 1 

term (beginning at the firſt, ſecond, third) for the 
reſpective expectations of A, B, C. But theſe 3 
ſeries, will be in geometrical progreſſion, which 


a ab abb 
therefore are to one another as —, —, ＋ or as 
u un un 


the numbers 9, 6, 4. 
And if there be more gameſters, their expecta- 


tions will be as n, 5, 2 Lack &c, reſpectively. 
n 


un 

If the rule of the play be, that each man throws 

twice together; then take the 2 firſt terms for A, 
the 2 next for B, and ſo on. 


PR OB. XXXI. 


There is a heap of counters, containing 4 white ana 
8 black ones. And A engages, in taking 7 out of the 
beap, that 3 ſhall be white ones. To find his chance. 


If 12 counters in all give 4 white ones; then 7 
counters will give 24 white ones. But as A was to 


take 3, his chance is 2T or Z. 
3 9 


Otherwiſe. 
All the caſes in which 4 black ones out of 8 can 


be combined will be .. = yo, and (in taking 
1.2.3.4 


out 
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out 7) 4 * 70 will be the number of caſes, where. 
in 4 black ones and 3 white ones (out of 4) can be 
combined = 280; becauſe the combinations of 3 
things out of 4 is 4. 

But 4 white ones and 3 black ones may alſo hap- 
pen; and the number of combinations of theſe is 
the ſame as the number of combinations of the 


three black ones alone, and that is 8.7.6 ＋ 36; 
1.2.3 


becauſe the number of combinations of 4 white 
ones out of 4 is but 1; and 56 X 1 = 56. 
Therefore the number of caſes for happening 
is 280 + 56 = 336. And the number of all 
the caſes that 7 out of 12 can be combined is 


12.11.10.9.8.7.6 
1.2.3.4. 5.6.7 : 
of winning is 507 and his chance of winning to 


= 792; therefore A's probability 


the chance of loſing, as 336 to 456, or as 14 to 19, 


PROB. XXXII. (L. Diary, 1736.) 


Suppoſe 12 half-pence thrown up, and thoſe that 
come up heads to be taken away; and the remaining 
ones thrown up again, and ſo on; till at laſt all the 
half-pence are thrown up heads. In how many throws 
is it equally probable for happening or failing. 


Since one time with another half will be taken 
away every throw; we mult proceed to biſect the 
number till we come at 1, then the number of bi- 
ſections + 1 = number of throws required. Thus 
12, 6 (1), 3 (2), 12 (3), + (40; whence between 
4 and 5 throws are required. 

Therefore take a ſeries of terms in geometrical 
progreſſion as 1 to 2, Viz. 1, 2, 4, 8, 16, &c. and 
take that term which is neareſt the number ns 
an 
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and its place in the ſeries will ſhew the number of 
throws. 


PRO B. XIII.. 


In a lottery where there are 13333 blanks to a prize 
what is the probability of geting 4 prize in $8000 


tickets ? 
8 | 
The probability is — = nearly, 
13333 13 


PRO B. XXXIV. 


In a lottery containing a great number of tickets, 
having 13333 blanks to a prize. How many tickets 
muſt be taken to make it an equal chance for getting 
a prize. 


Here a = 1, 5 = 13333, and = r, then (by 


Prob. XV.) —.3 x = + I—1=:7 X - _ 
$7 X 13333 = 9333 the number of tickets. 


SCcHOL, 


It may be obſerved, that in many of theſe pro- 
blems, to avoid more intricate methods of calcu- 
lation, I have contented myſelf with a more lax 
method of calculating, by which I only approach 
near the truth, For ſome problems require ſuch 
laborious computations, as no body can be able to 
570 through; and which is worſe, they often only 
erve for particular caſes. And theſe I have endea- 
voured to avoid, upon account of the uncertainty 
of chance, as not requiring any ſuch ſtrictneſs. For 
in a ſingle trial hardly any thing ever anſwers calcu- 
lation; yet being often repeated it comes nearer 
and nearer, 


Hence 


47 
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Hence we may obſerve, that altho* we may by an 
equality of chance, contend, that a ſingle event will 
happen in a certain number of trials; yet the ſame 
will not happen twice in double that number, nor 
thrice in tripple that number, &c. But the time 
will grow longer and longer; and therefore at long 
run, theſe events will not happen oftener than in the 
proportion of the chances they have for happening 
at firſt; but will keep conſtantly to that ratio. 

Hence we may ſee, that in a great length of time, 
chance very little diſturbs ſuch events, as were de- 
ſigned to happen according to ſome determinate 
law; for however irregular theſe events may be at 
firſt, or in a few trials, yet in time they continually 
converge to a certain regular proportion ; all irre- 
gularities continually correcting one another, ſo that 


theſe events continually tend to ſome determined 


rule. Whence follows this wonderful concluſion, 


that regularity ariſes out of irregularity, and order: 


out of diſorder, 


And as we find that the happening of all events 
continually approach to ſome rule or law, accord. 
ing as experiments and obſervations increaſe. 80 
on the other hand, when we find by multiplicity of 


obſervations, that theſe effects of chance ultimately 


converge to ſome determined law; we conclude 


that this is the very law,, according to which theſe 
events were originally deſigned to happen. 

And hence we may conclude, that all ſuch laws, 
by which the various effects and productions of 
chance are regulated, are the effects of intelligence 
and deſign ; and were inſtituted by ſome powerful 
agent, and intended to ſerve for ſome wiſe and uſe- 
ful purpoſes, which are neceſſary for preſerving the 
order and economy of the univerſe. So that the 
great Author of Nature can make even Chance exe- 
cute his deſigns, 


ART. 


0 


tat 


ES Cle II, 
ANNUITIES upon LIVES. 


HIS is a branch of the Doctrine of Chances; 

and beſides, depends on the laws of morta- 
lity of mankind, The former has been briefly 
treated on; and the latter depends entirely upon 
obſervation and experience. To proceed regularly 
in this affair, the rate of people dying every year 
muſt be extracted from the bills of mortality of ſome 
populous place or places, and put regularly into a 
table, which muſt ſtand as the baſis of all calcula- 
tions to be made for the purpoſe of annuities on 
lives. | 


NoTaT1oON. 


J. AB, ſignifies the joint lives of the two perſons 
A, B. And J. ABC, the joint lives of the three 
perſons A, B, C. 

L. AB, ſignifies the longeſt of the two lives A, B. 
1 L. ABC, the longeſt of the three lives A, B, C, 

c. 


FROP*S 


Suppoſing a number of children born in any year ; the 
decrements of life will be nearly in arithmetic progreſ- 
ion; or an equal number yearly will die every year, till 
7 be all dead, which will be about 87 or 88 years 
er. 


This appears from the following table, which is 
made by comparing four or five different tables with 
one 


ANNUITIES. 


one another; which tables were each of them made 
from the bills of mortality of ſo many differen 


places. So that this here being a mean among al| 


theſe; is likely to be more true, and more generally 


uſeful than any one of the reſt, 


From this table it appears, that from the birth 
to the age of 7 or 8, mankind die faſter ; for out 
of 1000 that are born, 151 die in the firſt year, 


108 in the ſecond, 52 in the third, &c. But from 
the age of eight to twenty-two the feweſt die, which 
is only 5 or 5 ina year; and afterwards 7, 8, or 9, 
till 80. And if 7 or 8 was to continue to die year- 


ly, all the lives would then terminate about 88. 


Now ſince theſe numbers, which are the differ. 


ences of the people living each year, are fo ſmall 


in reſpect of the numbers themſelves ; and conti- MW 
nue equal for large intervals of time; therefore the 


number of perſons living year after year, for theſe 
intervals, will then be exactly in arithmetic pro- 
greſſion; and through the whole from & to 88 maj 


be accounted ſo without any ſenſible error. 


A Tabl. 


0 
ſ 
ſl 


l 


bit 
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ATable of the people living at all ages; from the Bills 


of Mortality. 
|Age. livin. uit. (ag. |liv. dif. jag. liv. dit. |ag., liv. a 
born. | x 000 
1 54056 261500 , 510307 9 7688 
2% (271493) g | [521293] 8 7973 3 
3 | 689] 28 2858 „ [531290 78 708 
4 | 661 f 291478 3 | (54 281] 9 70 62 , 
_$ [642] 121 139479] 3 | [551273\ g | [$2.54] , 
6 | 627] 2 [311402 8 56 255 9 91047 - 
7 | 615 100 1321454] 8 3725908 82 40 6 
8 | bos| g 3344 3848 „ 83 345 
9 | 597] 737439859 39 g 84 29 
22 7] [351432] be g 8524 2 
It | 584 5 36423 - 6102229 86 19 5 
12 | 579] 5 7/416 8 621214 9 87| 14 5 
13 | 574) 5 [38/498 7 63205 g | 88 95 
14 | 569| 4 39% g | 64(97 9 89 44 
15 | 56s 5| [49393] g 65188 8 2 
16 | 560] 5 4103858 Fs 180 9 31710 
17 355 421377 216171 ſum of all. 
18550 - 43370 - 681162 3 * 
19 | 545] 6 43628 69/52 
[20 % 6 4% | [791143] 5 
21 | $33] 6| [40347] g | 7134/10 
22 | 527] 61 1471339 g | 72/1249 
23 | 521] -| 148331] g 73/1505 
24 | 514] -| [49,323] g | [74|106 9 | þ 
25 | 507) es [is or g 


This table needs little explanation; for the firſt 
col. is the age; the ſecond is the number of per- 
ſons (out of 1000) living at that age; the third 
ſhews their differences, or the perſons that die in a 
year, at that age, 


Cor. If a right line be drawn, and divided into 88 
equal parts, and at the ſeveral points of diviſion, per- 
E 2 pendiculars 


62 ANNUITIES. 


pendiculars be erected proportional to the numbers in the 

table, and a line be drawn through the tops thereof , 

this figure will repreſent the ſtate of mankind in all 

ages; and will be very nearly a triangle. 14 
If there be taken 78 children, each 10 years old, a 

then one will die every year, till they be all extintt, "ff 


PROP. II. Pros. 


To ſhew the uſe of the foregoing table, in matters re. 
lating to human life. 


1. To find how many people there are of any age, 
compared with the whole number of people in a nation, 
Suppole it be required to know how many perſons 
there are from 21 to25 years old (inclulive). Add 
up theſe g numbers, from 21 to 25, and the ſum 
is 2602. And the rv a number by the table is 


31710. Therefore * number of inhabi- 


31710 
tants, ſhews how e are of theſe ages. 

2. To find bow many years, it is an even waper, 
whether a perſon of a given age jhall live or die; as 
ſuppoſe his age be 38. Take the number againſt 38, 
which is 408, and half it, which will be 204; then 
ſeek it in the table, which will be at 63. There: 
fore it is an even wager that he lives till 63, that is 
25 years. 

3. To find the difference of inſurance upon different 404 
lives; as between 30 and 50. Here it is 470 to 8, 


— 


— 442 


or 59 to 1, that a man of 30 dies not in a year; ov 
and only 315 to 8, or 39 to 1, for a man of 50. pe 
The price of inſurance then ought to be as 59 to 39, ſor 


or as 3 to 2 nearly. 
4. To find the probability of a perſon of a given Li 
age a, living any number of years t. Let N = num- N. 
ber of perſons living at the age a, L = perſons Da 
living Ny 


Ir. nl. ANNUITIES. 
: living at the age 4 + t, chen — = probability of 


bis living # years. And N N L probability of 
his being dead in ? years. 


5G. To find the chances of two lives, A and B, whoſe 
ages are a and b. Thus by the table, let # = any 
time, and 
N = number of perſons living at the age 4, 
n S perſons living at the age 5. 


WL = pcrſons living at the age a + . 


] = perſons living at the age þ + ?. 

D = N — L = perſons dead in f years (after a). 

22 n — S perſons dead in t years (after 5). 
hen, 


5 = probability of both A and B living # years. 
Ds — probability of both being dead in / years. 


Nn 
1 — 85 or — = probability of one of 


them living f years. 


Ls = probability of A being alive and B dead in 


No 

years. 

6. To find the chances for three lives, A, B, C, 
whoſe ages are a, b, c. 

Denoting the numbers as in Art. 5. And more- 
over putting p = perſons living at the age c, m = 
perſons living at the age c ＋ , f =p —m = per- 
lons dead in F years after c. ; 

Then, 
Lim 


bw © probability of all three living ? years. 


Da 
2 = probability of all being dead in ? years. 


E 3 1— 


53 
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Daf Nnp — Ddf _ 


— Nap * probability of ſome 
of them living ? years, 

Laf 3 ; : 

Nap = probability of A being alive and the reſt 
dead in F years. 

— robability of A and B being alive, and 

Nudpd 4 7 S 5 


C dead in # years. 8 

7. To find the value of a ſum of money, due t years 
hence, for one or more lives. It is plain the purchaſer 
ought only to pay ſuch a part of the preſent value, 
as there are chances for the perſons living. There- 
fore (by Art. 4, 5, or 6,) find the probability of 
the perſon or perſons living t years hence, and 
multiply this by the preſent worth of 4/. and that 
product by the ſum given, for the value required. | 
As for example, to find the value of 100/. due 12 
years hence z upon the longeſt of two lives, aged 
40 and 5C, at 4 p. cent. Here (Art. 5.) t = 12. 
N = 393, #= 313, D = 393—298 = 95, d= 
315 — 214 101. And preſent value of 1/. = 


6246; and the probability = 2 = 
| n 
114200 


= 9225. Then. 6246 K. 9228 X 100 = 
123795 | 


57.62, the preſent value. 


8. To find the value of an annuity for one or mor! 
lives, or to continue t years, if the perſons live ni 
long. By Art. 7. find the preſent value of the an- 
nual rent for 1 year, for 2 years, for 3 years, and 
ſo on till you get / years; then the ſum of all theſe 
is the value required for f years. But if / is not WF 
given, this proceſs is to be continued, till the terms 
be o, or ſo ſmall as to be inconſiderable, which will 
be at the extremity of old age. This often * 4 
a la. 
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a laborious calculation, and therefore ſhorter me- 
thods will be ſhewn after, | 

9. Any number of equal ages being given; to find 
the value of the longeſt life. Take the number in 
the table againſt the common age given, and di- 
vide it by the number of lives. Seek the quotient 
(or the next leſs) in the table, and take the age a- 
gainſt it, from which ſubtract the given age; the 
remainder ſhews how long an annuity certain is to 
continue, which is equal in value to the longeſt life. 
Suppoſe 5; perlons, of 38 years old. Againſt 


8 ; 
38 is 408, and 27 = 812, and againſt 81 is 77; 


whence 77 — 38 = 39 years continuance for the 


value of the longeſt life. 

id 10. To find the value of the reverſion, after one or 
at more lives. Find the value of the annuity for the 
d. life or lives propoſed, by Art. 8; and ſubtract it 
12 from the value ot the perpetuity. 

ed 11. To find the complement of life for any age by 
2, this table, or any ſuch table made from the bills of 
= mortality. 

= Find the difference between the number of that 


age, and the number of 5 years difference. Then 
as that difference, to 5 : : ſo is the number of ei- 
2 ther age, to its complement. Or inſtead of 5 years, 
25 one may take any other difference of years. 
Exam, Take the ages 5 and 10; then 642 — 
590 = 52, and 32: 5 : : 590 : 57, the comp. life 
er 10. This makes the extremity of old age only 
67, fo that people dic very faſt at this age. 
nd Again, for the ages 20 and 25, 539 — 507 = 
32, and 32:5 :: 539 : 84 the comp. of life for 


8 20; which makes the extremity of old age 104, ſo 
ge that now people die very flow, 


vill Laſtly, take the ages 48 and 53, 331 — 290 = 
res 41, and 41: 5: : 250: 33, the comp. life for 53, 
JA. E 4 and 


55 
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and 35 + 53 = 88, the extremity of old age a if 
this rate. 

If this be done for every 5 or every 10 ages from 
8 to 88, by this table; the mean quantity for the 
extremity of old age, will come out 94. | 

12. Any number of equal lives being given; to f 
the time in which any number of them will fail. 

Let p be the number of all the lives, and 9 the 
number of theſe to die. Take the number againſ: 


Px the 


the given age in the table; and take 


number, and ſeek it in the table; againſt which is 
the age that q of them will be dead. The differ- 
ence of theſe ages ſhews the time. 


Exam. Suppoſe 12 lives of 40, and 5 to fail, 
Againſt 40 is 393, and 2 * 393 = 229, apainlt 


which is 60 nearly; then 60 — 40 = 20 years, the 
time required. 

13. To find the probability of a perſon of a given 
age (a) living t years; and afterwards dying in" 


years. 


Find the number p in the table againſt his age 
a, alſo the number q againſt a + t, and the num- 
ber r againſt a ＋ f + v; then the probability re- 
1 | 


quired is = 


Suppoſe the age a = 48, ? 13, v=5; then 
P = 331, q = 222, r = 180, then the probability 
222 180 2 42 | 
_ 
PROP. II. Pas. 


To find the expellation of a ſingle life, or the tim 
@ perſon of a given age, may reaſonably expe? to live. 
This 
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This has been reſolved by the table in Art, 2. of 
e laſt Prop. TI ſhall here reſolve it by calcula- 
ion, ſuppoſing the decrements of life to be equal. 
et, be the time ſought, à the perſons age, and 
Ws — n = the complement 1 life; then the 


Wprobability of living x years is = ==, and ſuppoſ- 
Wing it an equal _—_— for living or dying i in that 
ime, We have = — = = whence x = 2 u, or half 
W Exam. Suppoſe @ = 38, then 1 = 50, and 2 u 
6 
5 
. 


he complement of life. 


Z 25, his expectation of life. 


PROP. IV. Pros. 


: The ages of two perſons being given, to find the ex- 
1 pecbation of their joint lives; or bow long they may 
Wor co/onably expect to live together. 

Let n, m, be the complements of life, » being 
the leaſt, Then the probability of their j — con- 
— 


tinuance for 1, 2, 3, &c. years, will be = X 
f 
1— 1 — — — — 
— 22 df 3,5 3 
n mM u 
n to x terms; that is, 


I a 
— X into mu — Ixm-+n-+1 


+ m —2Xm-+n + 4 
+ mn — 3xXm-+nx-+9 


1 + nn - Ax 16 
&c. to n terms, 


But 
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But the ſum of all the firſt column = » x mn, 


mw 1 OO 


And the ſum of the ſecond column = — — 1 
n Xn | 
And the ſum of the third column = » X — x a: 
= A by the differential method, : 
- 
And the whole ſum 2 — = — 1 and | 6 
2 2 6 3: 


dividing by mn, the expectation will be = 


2 6m * 
But this may otherwiſe be ſolved by finding: 


321 1 —1 — 


mn 
terms of the ſeries — + 
mn m n in 


„ = &c. that is, 

— into mu — OXm+n-+0 
mn 

+ m—1xXm-+u+1 
+ un —2Xm+n+4 
+ un —3xm+n+9 

&c. 7 

And the ſum found as the foregoing, and divid- 
1 


ed by mn, will be Ln” . + , tha 
2 om 2 om 


n + 7; 


2 em 
taking the mean hetween this and the former, we - 


is, for the expectation. And 5 


ſhall have = — ., for the true expectation. 
2 6m 


And neglecting 75 as being very ſmall, the value - 
of 


Axr. II. ANNUITIES. 
of the expectation of the two joint lives will be 


Cor. If both the lives are equal, the expefiation 
will be zu, or + their common complement. 


PROP, V. Nes. X 
The ages of three perſons being given, to find the 
expeflation of their joint lives; or the time they may 


nd 
expert to live together, 


c Doin SS 


= Lets, n, p, be their complements of life, and 
the leaſt, Then the probabilities of continuing 


together for 1, 2, &c. years will be —— X 


n—1 wh =1 4+ m — 2 „ 21 P pP—2 4 
n -P m n P 


0 1 : 
&c. to terms; that is, — X into 
mnp 


mp —1XxXR+1XS—1 
+ mp —2XR+45—8 
+ mp—3R+9g9S—27 
+ mip — 4 R + 16S — 64 
&c, where R=mn+ mp + up. SS mA. 
Then by the differential method, 
The ſum of the firſt column = » x mnp. 


True ſecond columu = — * D e 
Inn = a. = — — 8. 
: The fourth column = — —ͤ—ͤ : 
; And the ſum of all, divided by mnp, will be 
Ss, = 3 2 — 1 B — 1 
- — — — . 
2 6 om 12mp 


But 


60 
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But if it be ſolved by finding u terms of the ſeries, 
mnp — O 
+ mp —1R+1S—1. 
+ mp —2R +4S—8. 
+ mp — 3 R4＋T 98S - 27. 
&c. 
Then the reſult will be [hs wh. — 8 a 
6p 6m 
8 — 1 5 
* 128 8 ꝗ 
And the mean between the two is 2 . 7 : 
1 — 1 HW — 1 0 24 
. _ n, for the expectation of 3 joint 
lives. Or leaving out ſome very ſmall quantities, 
: : 1 n* n* 
the expectation will be 22 


Cor. F all the lives are equal, then the expefatin 
will be u. 
SCHOLIUM. 


After the ſame manner the expectation of 4 joint 


in 2 
2 6m Op 69 12mp 
43 nu + . 
— — „where q is the com- 
12 1299 20 


plement of the 4th life. 

And if all the lives are equal, the expectation 
= un. And in general, if » be the number of 
equal lives, then the expectation of the joint lives 


will be 


1 7421 


PROP. VI, Pros. 


To find the expeclation of the longeſt of two or more 
lives whoſe ages are given. 1 
et 


— c Or TOTO 


iv 


At 


Let u, n, 4 q, &c. be the complements of the 
veral ages from the youngeſt to the oldeſt ; that 
s, m being the greateſt, » the next, and ſo on in 


r 


z 4 
„ 
? 2. 3m 3. amn 4. 5mnp 
&c. (continued to as many terms as there are 


For in one life the expectation will be + w; and 
n two lives the ſecond perſon has a chance to out- 
ive the firſt, which muſt be added to the former, 


nd this chance is _ ; being the ſame chance as 


he value of the ſhorteſt life was diminiſhed, for two 
dint lives (Prop. IV.) 
And in three lives, the third has a chance to out- 


we is ner two, which is =; "this mitt be 
12993 


dded to the former. 


And in four lines, the fourth has a chance to out- 
ive the other three, which is alſo to be added, and 


and ſo on. 


. c . 


20m 


®* 9 - 


Cor. 1. If all the lives are equal, and r their num- 
ber; then — 
A x 
For in two lives the expectation =+# + 3# = 
3 2. 

Ind in three lives, it is 2 En Tr 

222 2 *. ; 

And in four lives it is =: n +4n+{#n + 
10 = Ten = 2 , and ſo on. 


7 = expeflation of the longeſt liver. 


t Cor. 


xerſons) will be the expectation of the longeſt life. 


Gr 
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Cor. 2. If there be r equal lives; the time wherein 


g of the will fail will 8 E 


For if g = r, then the time = emma by Cor. 1, 


r +1 


; E ö 
and if g = 1, the time = 7 by Schol. 


Prop. V. and there is the ſame reaſon for the reſt. 
PROP, Vi 


The joint lives of two perſons + the longeſt life i | 


the ſame two perſons is = ſum of their ſingle lives. 
Let the two perſons be A, B. Their joint lives 


is the ſame as the ſhorteſt life; and which ever dic 
firſt (as A), being the ſhorter life; the other ( 


that remains) is the longer life; ſo that one alway 


makes up the other; and their ſum is the life of if 


A + the life of B. Therefore the joint lives d 
A, B + longeſt life of A, B = life of A + lik 
of B. 


Cor. The longeſt of two lives is equal to the ſun 
the ſingle lives — the joint lives, 


P RO F....vVIEL 


If ABCFGH ze ſeveral people, and L. a life equi 
to the longeſt life of ABC; and Y a life equal to ih 
longeſt of the reſi FGH. Then the value of ih 
longeſt life of ZY is = value of the longeſt life of it 
whole number ABCFGH. 


For the longeſt life of ABCFGH is the ver] 
ſame as the longeſt life of the two parts ABC and 
FGH, or of the two Z and Y. Conſequently tt 

preſent 


Auf. I. ANNUITIES. 


preſent values are equal; that is, value of 7. 
ABCFGH = value of J. ZV. Where J. ſignifies 
longeſt life. | 


Car. 1. If Z = longeſt life of AB; then longeſs life 
of ZF = longeſt life of ABF. Or l. ZF = l. ABF. 


IN 


I, 8 


d. 
Cor. 3. 1 Z = l. AB; Y =}, FG; tben l. ZV 
= l. ABFG, &c. 


PROF. 


= 7 ABCFGH Sc. be ſeveral lives, and Z @ life 
equal to the joint lives of ABC; and Y a life equal 
to the joint lives of the reſt FGH. Then the value of 
the joint lives of ZY = value of the joint lives of all 
WABCFGH. O,. ZY j. ABCFGH. 


= For the joint lives of any number of people, is 
che ſhorteſt life among them. And the ſhorteſt 
ie of ABCFGH is the ſame thing as the ſhorteſt 
ie of the two parcels ABC and FGH, or of the 
lie two lives Z and Y; that is, the Joint lives of 

ABCFGH = joint lives of ZY, and therefore their 
1d preſent values are equal. | 


Cor. 1. If Z = joint lives of AB ; then the joint 
lives of ZF = joint lives of ABF; or j. ZF =p. 
ABF. 

Cor. 2. F Z = joint lives of ABC ; then j. ZF 
= j. ABCE. | 
Cor. 3. If Z = joint lives of AB, Y = joint lives 
of FG, then j. ZY =j. ABFG. 

And ſo of others. 

Cor. 4. If A, B, C, be three lives, and Z =, 
and AB; ben j. CZ = j. AC + J. BC J. ABC. 


rhe : For 


Cor. 2. FZ = l. ABC; thenl. ZF = 1. ABCE. 
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For j. CZ =j. C and J. AB . Cand A+} 

— 7. As (Prop. VII.) . AC + J. BC —;, 
ABC. 


Cor. 5. If A, B, C, be three lives, and Z =j, 
AB; then l. ZC = l. AC + /. BC —1, ABC. 


For I. CZ =1. C and 7. AB =1.C and A+B—/.AB 
(Prop. VII.) = J. AC +. BC — J. ABC. And 
1o of others. 


” DP. ©. 


The value of an annuity for the longeſt life of an 
number of perſons ABCFGH — the value of tht 


longeſt life of any part of them ABC = value of th: i 


reverſion of the longeſt life of the reſt FGH after th: 
longeſt life of ABC. Or l. ABCFGH — J. ABC 
= rever. l. FGH after l. ABC, where l. fienifies th: 


longeſt life. 


For the intereſt or advantage that ABC have in 


the annuity, and alſo what FGH have in it, is e- f 


qual to the whole advantage that they all( ABCFGH) 
have in it, and that is for the longeſt life of 
ABCFGH. Therefore 
From the value of the longeſt life of ABCFGH, 
Subtract the value of the longeſt life of ABC, 
The remainder is the value of the reverſion of the 
longeſt of the lives of FGH after thoſe of ABC. 
That is, /. ABCFGH — J. ABC = rev. I. FGH 
after J. ABC. 


Cor. 1. The value of l. AF — life of A = revers, 
F after A. 


Cor. 2. Value of l. AFG — a = rever. l. FG of 
ter A, where « = life of A. 


Cor. 3. Value of l. ABF —1, AB = rev. F after 
J. AB. 
& c. PROD. 


kk}, a 1 


> 
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PRO P. XI. 


Fe value of. an annuity for the joint lives of FGH 
be value of the joint lives of ABCFGH = value 

of the rever/ion of the joint lives of FGH after the 
int lives of the refs ABC. Or j. FGH - . 
WABCFGH = rev. j. FGH after j. ABC. 


—- To 


= Put T. ABC, Z j. FGH; then j. YZ = 
==. ABCFGH. But z. YZ = is the ſame as the 
Whorter life, which here is V becauſe Z (j. FGH) 
Wis ſuppoſed the value of the whole. Therefore j. 
Z being the life of T. Z — j. Z = life of Z 


\BCFGH = rev. j. FGH after j. ABC. 


Cor. 1. Joint lives of FG — joint lives of AFG 
= rever. j. FG after A. 


WW Cor. 2. J. FGH— j. AFGH = rever. j. FGH 
ier A. 


Cor. 3. E J. ABE = rever. F after j. AB. 
Cor. 4. F —j. ABCF = rev. F after j. ABC. 


Cor. 5. J. FG = j. ABFG = rev. j. FG after 
. AB. 


SCHoOL. 


By help of the foregoing propoſitions, the value 
of annuities for joint lives, or for longer lives, 
. hen they are many, or for reverſions of ſuch 
lives, may be far eaſier found, than by the labori- 
. bin and intricate methods hitherto uſed for theſe 
purpoſes.” . And indeed many problems cannot be 
ſolved by that way, which are eaſily managed by 
dis new and ſhort method. 


P. 5 F PROP. 


after J; that is, (reſtoring the letters) j. FGH j. 
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PROP. XII. Pros. 


Suppoſing the decrements of life to be equal ; to fu 
the preſent value of 11. due t years bence, if a perſuM 
of a given age lives ſo long. 


Let # be the complement of the perſon's age 
then ſince the money is to be valued according uM 
the chance there is for the perſon's living, and tha 


— f 2 
is to be mull 


— f n 
; therefore 


chance is > 
plied into the preſent worth of 1}, due f years hence; 


which 1s L where R is the amount of 11. for a yen | p 


R* | 
Therefore the preſent value will be — . * 4 gl 
82 1 

"5: | | 
Cor. 1. FS is any ſum of money due t years bem n. 
for a life ; its value = _ 8. 


Cor. 2. F ſeveral ſums of money 8, T, U, bed 
on a life, t, v, w, years hence. The preſent value © 
1 — JH mm Y 1 — Yo) 
3 S + — 4 I + 2 V. 

| Ex AM, | 

What is the preſent value of 1/. due 10 year 
hence, if a — 40 years old lives ſo long; at 
per cent. ; 


By Tab, I. N = 6755, 1 = 88 — 40 = 4; 


and t 10, and x» — r 38, then 85 X 46755 
5. 4 P 


t. 
292 = 5 — 10. > of 


Are if ANNUITIES. 
PROP. XIII. Pros. 


= 7 find the preſent value of an annuity of 11. a year, 
„ears; if @ perſon of a given age lives ſo long. 
Wl But be does not, the annuity is to ceaſe at his teeth. 


Let # be the complement of the given age ; and 
WR = amount of 1/. for a year, r = its intereſt, 
uppoſe the ſeveral payments not to be at 1, 2, 3, 
&c, years diſtance, but ſooner by the time v; then 
1—vV, 2 — v, 3 — v, &c. will be the times of the 
yaments. Therefore (by Cor. 2. Prop. XII.) the 
| n+ O0—T 

n R 


Wpreſent value of the annuity will be 
ETA &c. to f terms; for 


| n R3— 
i t years the annuity is ſuppoſed to be ended. And 
his will be divided into the two ſeries, 6 


; „ 1 1 | | 
R x - X K . %%. 
| 


71 


e. 


FRY 3 
+ 1 + . &c. to t terms. 


1 ＋ RN 
nu 


The former ſeries = 


XXVI. proportion) and the latter 1 X* : 
. a | 
— N — K : (increments, Prop. XXX.) put 


P=5;, and the ſum of the two ſeries = R- 


* * + 24.2 
* * urr ur arr 
F 2 , + 
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»+rv—n+vp+i RY I? gt =w 


ar arr 


lue of the annuity, where p = 18 


Cor. 1. F the payments begin at a year's end, v0 


and then the value = . IL f R. 
| ur urr 


Cor. 2. F the payments begin immediately, add 1 
to the value found by Cor. 1. 


EXAM p. 


Suppoſe the age be 56, and the annuity be for | 


16 years, at 5 per cent. Here (by Tab. I.) p = 


458, and 1 —p = .542, » = 32, 8 = 16. Te 


by Cor. 1. 
1—p.n +7 __ 
A} = 15-42 
— R =- 40 


8.31 the value req, 


— — 


If the payments begin immediately, the value 
— 9.3 1. f 


PROP. XIV. Pros. 


To find the preſent value of an annuity of 11. far th 
Afe of a given age. 


1 Way. 


I ſhall ſuppoſe, as in the laſt Prop. that the fil 
ayment is not exactly at a year's diſtance, but 
doner by the time v; and that the decrements of 


life are equal, and that the extremity of old age - 
, J 


TS WH 


lue 


or 


Akr. II, ANNUITIES. 


88, as agreeable to my general table. Now the ſe- 
yeral rents being ſo many ſums of money payable 
at different times, all at a year's diſtance ; there- 
fore proceeding as in the Jaſt Prop. (according to 
Cor. 2. Prop. XII.) the preſent value of the an- 
: 8+ Y—1 - + V — 2 
nuity will be 2 + * + 


ED &c. to n terms; for in # years the life 

will be extinct. This conſiſting of two ſeries, the 

ſum will be found, as in the laſt Prop. to be R. x 

into #79 3 — R 4 2 + N: chat ig, 
n r nrr mr wr 

n + - — Vp . 


the preſent value of 


the value of the annuity = 


E 
arr 


s 
R* 
1, annuity due » years hence. 

Cor. 1. FP is tbe preſent worth of il. annuity to 
continue n years gartain ; then the value of the an- 
nutty for the life whoſe complement is n, is = 
Ae Re; or for R take 1 +7v. 

For (by Prob. XXXIV, Algebra) P = 


RI; where p = 


R. — 1 

'- 
I 1 

whence R N and N P p, 


which put for p. will give the rule as above. 
Cor. 2. If the payments begin at the year's end; 
I 12 - RP 


v o, and the value r R 


Cor. 3. F the payments begin immediately, then 
v=1, and the value A R — — 
A : r — 
Or elfe add 1 to the value, by Cor. 2. 
| F g EXAM, 


— 


ANNUITIES. 


Ex AMY. 


Suppoſe a life of 40, intereſt 4 per cent. # = 48, 
R = 1.04, 7 =.04z Þ = 162. Þ = 21.195, 


2 
Then by Cor. 2. = 
- — 25.00, i Or, R 
: R = 11.49. = 13.5: 
* a 2 
Annuity = 13.51 =. 
Or if the annuity commence at preſent 13.52 + 
1 = 14-52, the value. Otherwiſe by Cor. 3. N 
ar — 1 ＋ 7 1.115 
—f * 5768 14.52 : 
n — P 27,877 - 
oe. F "9-99 


2. Otherwiſe thus. 


Let the complement of life be 2, R the amount 
of 11. for a year, r its intereſt, then the probability 


of living I, 2, 3, &c, years is _ A — m 


2 


>” &c. and the preſent value of all the rents 


. 3 2 8 1 99 3 


R = &c. for # terms; 


but as R=1+r, R*=1+2x, R:=1+3% 
&c. very near, we ſhall have the preſent value 
aforeſaid, that is, the value of the annuity = — 
— — . &c. to n terms. 
u. 14 T n. 1 127 u. 1 T gr a 
And to find the ſum 8 by the method of incre- 
ments, 


tr. ll. ANNUITIES. 
| na—Zz +1 


nts, here 5, or the Z + 1 term = 


out v iT Z TI., thenz+1= , and 


gan +19 Fd I 
8 3 e 
— 1 ary ur 


1 . log-v 1 v 
tegral of _ — 


But v g =r, becauſe 2 = 1; therefore 


F nt, of — — 2. log. v log. — — 4 — — 2 &c. Alſo 
V r 2V 12 


by form 1, or Cor. Ex. 10,) the integ. of 555 or 


ene uy L273 

urv ur 

0 b. log. v 1 r 
r 


- 
2V I2UV 


— But when = o, 2 = o, and v=1 +r = 


* 


R, therefore 5 or 0 = ——— 2 
ur 2R 

. » Which ſubtracted gives s = 

12 arr 

OHH Ev, 

20 12vy arr 


— 


2R 12RKR ; 
=, Therefore put- 
ur 


— SR 
AXI+2zZ+1.7 


But by Ex, 12, Prop. XIII. Increments, the 


5 _— ting 
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me-= it. 
WG N 2R TzRN 
+ =; the value of the annuity = = 31 x int 


=. 24 I 3 F :— Q. 


r 29 12vv 
Ex A M. 
Suppoſe a life of 40 as before, 1 = 48 =z, 


mw +1 _ 


R = 1.04, 7 =.04, v 2.96, then 


2:92 2 1.5208, and = = 2 = 25; whence Q 
-— - | 


1.92 
= 25.755, and | 
wr awpv_ 1A r 2— Q = 
nr r 2 12 
40.996 — 25.755 = 15.24, for the value of the 


annuity ;; which is ſomething too great. 


3. Or thus. 

Let n be the complement of life, then ſum up 
1 — I terms in Table II, the ſum of which divide 
by n; and the quotient will be the value of that 
life whoſe complement is u. 

This is ſo eaſy it needs no example. 

To prove the rule; ſuppoſe there are # perſons, 
and that one dies every year, and each of them dies 
before the year be out. Then the firſt gets no- 
thing; but the reſt get the value of an annuity 
certain for 1, 2, 3, &c. years, to n — 1 years in- 


cluſive. ' The ſum of all which is #— 1 terms of 


Table II. And ſince the number of men is , there- 
fore that ſum is to be divided by u, for the mean 
value of a ſingle life whoſe complement is 2. And 
this exactly agrees with Cor. 2, before going. 


SCHOL 


[ 


£# Hs £@ wX© _ « R K4<>T > HG 


£2 -< AA « èò a dS aw 


2 


— * 


= 2 


"xo oo = = 
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Sonor. 


This Prob. may be ſolved near enough, without 

introducing R” into the computation, by finding 
n—1, #—2 , #—3 

terms, and multiplying the laſt reſult by Re or by 

1 + vr. 

From this Prop. and its Cors. tables may be con- 
ſtrued, to ſhew the preſent worth of an annuity of 
11. for the life of any age; and ſuch a table you' 
have farther on, for ſeveral rates of intereſt. And 
as the eaſieſt way of conſtructing ſuch tables, is by 
uſing p or P, that is, the preſent worth of 1/. or 
of the annuity certain of 1/; therefore I have alſo 
inſerted two tables for that purpoſe at the ſame rates 
ot intereſt, | 

I mult take notice that this Prob. may he ſolved, 
though not ſo exactly, by the expetzation of life, 
thus, Find the value of the annuity certain, for 
the time 2 u, which in this example will be 18.25 
but it will always give ſomething too much. The 
reaſon is, the former methods find the preſent worth 
of the annuity every year, and fo gets the mean 
value. But the method by the expectation of lite, 
only takes the preſent worth of the mean age, which 
is a different thing. But as the. difference is not 
very great, it may ſerve in ſeveral caſes for an ap- 


10 


proximation. | 
| It we ſuppoſe money to bear no intereſt ; then 
in the preceding calculations, R = 1; and then 
we have nothing to do, but to ſum up an arithme- 
tical progreſſion, which is 3 , or halt the comple- 
ment of life; which ſhews that when money bears 
no intereſt, the value of a life coincides with the 
expectation of life, being equal to an annuity for 
2 n years, without intereſt, But this method ap- 
plied to the foregoing example, would _— 
8 | value 
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ANNUITIES. 


value of ſuch a life 247. which is far from the truth; 
being almoſt double. Therefore in uſing the ex- 
pectation of life, we muſt allow intereſt, 


PROP. XV. Paos. 


The ages of two perſons being given; to find the 
value of an annuity of 11. for their joint lives; that 
is, till one of them dies. 


1 Way. 

Let the complements of life be m and u, u be- 
ing the leaſt, R amount of 11. for a year, r iis 
intereſt. Then proceeding as before, the probabi- 
mn — 2 1—1 


lity of each living a year being . 


therefore the probability of both ig 1, 2, 3 


— } — 1 Mm —- 2 


* —k 


&c, years, will be 


n — 2 M—_3 = — 3 


— — 
— — 
3 


&c. whence the value of 


x m | 
the joint lives will be — „ — .. 
e joint lives wWI — * + — X 
UH — 2 


een omen Kc. to n terms; for in 1 


years one muſt neceſſarily die. That is, 


— X into = Dy 
mn - Cs « R 
mn m + 1 4 
+ R* Rez R. 
mn mA n 9 
+ R3 3. R3 +- NR. 


But the ſum of the firſt column = mn x 


= mn X —_ (by Prop. XXVI. proportion) and 


the 


| zT. II. ANNUITIES, 76 
the ſecond column = EA 


R (by Increments, Prop. XXX.) 
Of, 1 * 


And the third col. = — — *: = + 


r 


— + — *D —.— : (ib.) and the whole divided by 


mn. Now the ſam of all theſe is = X into = 
R+r 


=_ 


m. R 1 
3 


p R; where p = = the preſent worth of 14. due 


# years hence, Therefore the value of the annuity 


— =  - - 


I my m+n—m—np = 
=— x into OPT - R —— 
„RKI p. If the payments begin 3 
than after a year, ſuppoſe ſooner by the time v 
then multiply the reſult by Ro, or by 1 ＋ vr. This 
1s the moſt exact way of any. 


Cor. I. If the 5. — are equal, the value of the 
—2R RR+R 
Xx 1— 2, 


„ unt 


; 
? 
| 
5 
. 
| 


Joint lives will be = 


exactly. 
2. Otherwiſe thus. 
Let M. N, be the values of the two ſingle 
lives, and put q = A SELI—P, I =EL—% 
x 


NMI x N+1 N+1 —RxMN 
= value of the j Joint lives; to find x. 
By 


=P? +1. And aſſume = 
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By the laſt Prop. M = > x 1— and ) 


= „ar 
= e 1 — e ind MTIXNT I= | 


And RUN = RN 1 — 25+ 7 R 4 
E rr mnr 


therefore MF x NF1—RMN = SRI 
RR -R Rr rs RR R 
ah rn of = 


is BN WA TR 
Therefore f N 
x 


iR = value of the annuity found the fit 


— — 


* murr 


And x = R rn, 
rr mur murr 


— — A, from which ſubtract 
mnr a 


8 rr 


MNR = RI A KR , RR. and 
rr mnr mary. 

we have v0 MIR d 
"53. og. OF mur 


RR + R RR R 
7 BY _ A, therefore MNR 


R + 


talls ſhort of the true value x, by — * into — 
"644 


2 ＋ 7 RTI -R MEE: 
mr * murr I} mur A — 9 hence 


MNR 


rn. ANNUITIES: 


þ R - 0 
| — "rae of dos 


=, oint lives. But ſince y is always very ſmall and 
afirmative, it may be ſet aſide, and then the value 
i f the joint lives will be — — 
„ r MTIXN +1 —MNR' 
— bbeing a ſmall matter too little, and is one of Mr. 
"11 8 Moivre's rules. 
1 It may here be obſerved, that ſince the correc- 
2 tion y is irregular, the rule is not genuine; that is, 
N BR not derived from true principles. 
7 Cor. 2. The value of the two joint lives is = 
4 ie” arly 
* MTN — 7MN' 
NR 
* rr 
MNR 1 
A. MNTMTNTLI— MN - TMN 
MNR oy MNR 


M+N+1—rMN NMT N<rMN 
for throwing out the 1 in the denominator, helps to 
correct it and bring it near the truth. Or as Mr. 


N anagh MN 

Moivre has it, MTN NN leaving out R. 
A very eaſy rule, but is ſomething too little. 

+ Cor. 3. If the lives are equal, then the value of the 


1 eee RM _ 
Joint lives will be W or rather — 


E x A M. 
Let the ages be 40 and 50, intereſt at 5 per cent. 
0 Then m = 48, » = 38, p. 1566; and . — 


r 


R m + 


nd 
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m+#—»—"/R = 36480 — 22:3 — "6448 


mnrr 0025 
RR +R, — 
7 


= 1017.92, and 


1017.72 + 14523 
mn = 1824 
joint lives. 


* 
* 


Or thus. . 


By Tab. III. M=1209, and N=10.68. When 
MN = 129.12, and M + N = 22.77. Ani 
MNR = 135.57, and MNr = 6.45; therefon 


35.57 — — 13557 = 8.30, the value, 
22.77 — 6.45 16.32 


3. Otherwiſe. 


The ſame may be alſo reſolved by the method | 


increments, another way, as in the laſt Prop. 


The value of the joint lives was -- 


aR* m R 
r LIES a 122 &c. 
mn n.1+r mM n. 1+ 27 


Then to find x terms or 2 — 1 terms of this ſeries, 


we ſhall have the 24 term or s = P 


f mn x1 27 
9—1 
r 
mw +1—vXrmm+l—Vv = Þ—vXq—2? (bj 

uind rrmnv 


ſubſtitution) = 222? — — 2 (putting / 


put 1 ＋ 27 = u, then 2 = , whence 5 = 


— 
— 


P 14523, 1 


— 8.25, for the value of the 4 


— | 1—1 5 


Je1 z« = % 


5 


Akr. II. ANNUITIES. 


—ůů 


v into v —f + 22 in- 
=7 +9) — into v f + 2 and the in 


1 a . —1 fo 
regral rrmn 4 2r r LR, Dh 


Tm RAP becauſe v = 7. Or 5= 


i 7 20 12 
1 „ ... K v + 04 X 2424 
27 7 2 


&c. but when 5 is = o, 2 — g o, and 2 t, 


r whencev = 1 +7 =R ; therefore the int. corree- 
* Wb = — xino n 
3 > 54” 
6. J. v — b. I. R I 7 
3 1 


Thus in the former example, my = 48, » = 38, 
. os; Z—1= 38, or 23 = 29, and v= 2.95, 
rm = 2.44.78 = 1.9, f = 6.3, pg = 9.86, and rrmn 
= 4.56, whence 


1 — 27 — l. R = — 164.35 
2 and pg X RK e. = 206.73 
* 42.38 
Sy And 22:35 = 9.19 the yalue of the annuity, which 
Z 4-5 
s ſomething too great. 


PROP. XVI. Pros. 


The ages of three perſons being given, to find the 
valne of an annuity of 11. for their joint lives. 


| 1 Way. ; 
Let the complements of their lives J. m, 1; n 


being the leaſt, R the amount of 1/. for a year, 
| 1 1ts 


t 


— 
— 
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ANNUITIES 
r its intereſt, Then by reaſoning as in the lf 
Prop. The value of the joint lives will be — 


11—2 
— * 


3 — &c. to x terms: that is 
(putting 8 = Im + In + mm, T = 1 + m + n) the 


value = < x into 
mn 


un 18 


4 N *** r r ERS . 


Then finding the ſum of each column (by the 1 
method of increments, Prob. XXX.) as in 1 lat 
Prop. we ſhall oY i : 
1 col. = Imn x <2 „where p = . 
r R* 


2mR + 2uR.R +1 Fa Ri+ 4R*+ R, and the 
rr F* 2 | 
whole ſum | — 


| 7. II. ANNUITIES. | 
la ETUI, RD 4 
. 1 rr rr 

15 r 
il 

: 7 2 Im . 3#—2T xpmR— SIR 
1) RAS 8 7 — 
Neben, 


7. And dividing by Inn, the value of the 


at lives will be = 
I | Imn 
2 * p R= RSX1I—p + m+ R * 


FF 


— 


en XRxX1—p. 


Cor. 1. If the lives are all equal; = value of the 


„ nuity upon three joint lives will be — — into: 5 — 

the 

lat R. Zy e RR TR K. T. AR +1 
„ 7 71 i 'R x 


— Pp b 
2. Otherwiſe thus: 


Let M, N, Q, be the values of the ſingle lives, 
pd Z a life equal to the joint lives M, N; then 
y * 1 Prop. Cor. 2. we ſhall find Z = 


TNT and by the ſame, the value of 


7 Wc joint lives Z and Q. Ix x Q. 


the 3295" "g will 


— 
— 


1J1üüͥ © 
„ 
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20 — 1 
in = NMTN AFN N 


"= 


_ N — = (multiplying by M+N—r My 
M +N — MN | 
| MNOQ 


MN T CN MT NF MN—rQxMN” 
MNQ 


of Mr. Moivre's, but is fomething too ſmall, pan 
ly by leaving out R. 


MN NCT NC- z NN c is ani 


Cor. 2. F all the lives are equal, the value f 


three joint livgs will be 


3 — 21M 


„ien 
Suppoſe the three ages 45, 56, and 68; whk 
complements are / = 43, m = 32, # = 20, l 
tereſt at 4 per cent. 
Here Imn = 27520, p = 44564, 1 —P = .54% 
R = 1.04, r =.04, S = 2876, T = 95. Th" 
Inn __ 27520 


— ſw = ' oo 68800 

r 04 
EET X pat — = — 1787000 
* — 2 * T— Tp + 3np = + 261970 
——+< 22 1. R = — 1378500 
+ 330710 
— 3 
142206 
Then 142299 — 5.16 the value of the annuity tc. 


27520 
quired, 18 3. Of 


1. l. ANNUITIES: 83 


3. Or thus. 
By Tab. III. M=12.68, N= 10.47, Q=7. 33. 


"MNQ= 973.05, MN 


My 77-84, MQ = 92.94 
NQ = 76.74 


MN + MQ + NQ = 302.43 
—2r MNQ = — 77.84 


224.59 


122095 


224.59 
Wint lives, which is too little; but if it be multi- 
ed by RR = 1.08, the product is 4.67 more 


WW. 
Ex AM. II. 


Suppoſe each life be 68; then 2 = 20, and 1 
doo, R = 1.04, r = .04. Then 


= 4.33 for the value of the three 


en 15 
— = -+ 200000 
0 r 
„ = — 780000 
00 „ . 
zu x RK A＋ R 
0 + _— = + 1989000 
R*+4R+1 — | 
a „ Rx1—p = — 1378500 
* ＋ 2189000 


— 2158500 


+ 230800 


ken 992 3557, the valve of the joint lives 
G 2 Or 


ANNUITIES. 


Or thus. 
By Table III. M = 7.333 7.27 


Then = = 3.04 the value of the joint lives, to 


little. 
ScCHOL, 


Mr. Moivre has given another general rule by 
the expectation of life, which is this. Add 1 
each age, and then find the expectation of thek 
Joint lives, by Prop. 3d, 4th, or 5th. Find tie 
complement of twice this number to 88, and take 
it as a ſingle life, which being found in Tab. II 
will give the value required. At the ſame time he 
informs us, that he does not pretend that any af 
theſe rules are ſtrictly true, but only near approx 
mations. 


FS OP. XVI. Thos. 


To find the value of an annuity of 1. for four, fi, 
fix, or any number of joint lives, of any ages. 


1 Way. 
This Prob. is to be reſolved by finding ſuccel- 
ſively the value of three lives, and then the value 
of four, and then of five, and ſo on, by the fore- 
going propoſitions. Thus, let A, B, C, D, E, &c. 
be any number of perſons, then 
1. To find the value of the four lives ABCD; 
firſt find the value of the joint lives of the Ro 


b 


ART. II. ANNUITIES. 


WA BC, by the laſt Prop. and let Z be a ſingle life 
al to theſe three. Then by Prop. XV. find the 
alue of the joint lives of ZD, which will be the 
alue of the four joint lives ABCD, by Prop. IX. 

2. To find the value of the lives ABCDE. Fay- 
ng found the value of the four joint lives ABCD 
xs before, put a ſingle life Z = theſe four; then 
Wy Prop. XV. find the value of the joint lives ZE, 
ad that will be the value of the joint lives ABCDE, 
by Prop. IX. | 

3. Again, put J. = joint lives of ABCDE, and 
hen find the joint lives of ZF, which will be the 
Woint lives of ABCDEF. And thus you may goon 
is far as you will, 


09 


Ex AM. 


To find the value of the four joint lives whoſe 
ges are 31, 45, 56 and 68, at 4 per cent. The 
alue of the three joint lives, whoſe ages are 45, 
5b and 68, is 5. 18 = Z, by the laſt Prop. Then 
by Table III. the value of a life of 31, is 14.81; 
hen (by Cor. 2. Prop. XV.) 3.16 14.81 = 76.42, 

and ,04 Xx 76.42 = 3.06; and 5.16 + 14,81—3.06 
| 76.42 


=> = 4-52, for the value of the 


= 16.913 and 


our joint lives, 
0 2. Or thus. 

Seek the value of the life 5-16 (= Z) in Tab- 
III. againſt which, or the neareſt to it, is the age 


75, whoſe complement is 13. Alſo the chmple- 


. ment of the given age (31) is 57. Then by the two 
complements 13 (#), and 57 (m), the value of the 

out lives 31 and 75 is cafily found by Prop. XV. 

CG firſt way. 

W SCHOL. 


To avoid a deal of trouble in finding the value 
of many Joint lives, take the following approxima- 
G 3 tion, 


rec 
C, 
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tion. Add all the ages together, which divide h 
the number of lives, the quotient is the mean ag 
By the help of this, find the value of the annyy 


for ſo many equal joint lives, by the follow 


propoſition. 
PROP. XVIII. ProB, 


To find the value of an annuity of 11. for ſeumi 


equal joint lives, whoſe number is m, and compi 
ment of life u. | 


R u L x. 
The preſent value = A — B + 3 4 
* „ 


21+ 25 An 


mt terms. Where p = N the preſent wor 


of 1. due x years hence, and Z the laſt term, whid 
is always to be xd by 1 —p. And the co. eff. 
ents are, | 


I 
AZ, er —_ 


iB=ouxA+1, wd== 
rr 
m—1 
n. = * r. B. 
Wan 
| 2 3 r I 2 
+ m—2, C 
E = nm,” 122.23 R +25 


{0 


nn. ANNUITIES. 


82221 Th — Eng FE 
2 3 I 2 
#— 3. D. And ſo on, where the progreſſion 
evident. ' 
This is proved by induction as follows; we have 
yy the corollaries of Prop. 14, 15, 16, the value of 


| 1 life = ＋ == X . 
vers 
mk 2 lives = — = + — x I=A 

; . 3R 3 Xx RR A＋Æ R 
3 lives 1 = — 

) 
4 R + 4R* + — 
1 org X I —P., 


&. where the law of- progreſſion is evident. 
And the calculation of the quaatities A, B, C, &c, 
is founded upon Prob. 3oth of my Increments. For 


eld found that =, EE, NEE 
rr 7 74 


eh &c. (the terms into which 1 — p is multiplied) are 
the laſt terms in the ſeries for ſumming up the late- 
rals, ſquares, cubes, &c. as in Prob. 30, of the 
Increments. But it is not neceſſary to ſtay to re- 
duce the coefficients to theſe forms, but take them 
as they lie in the rule, when you make ule of it. 


PROP. XIX. Pros. 


2 } To find the value of an annuity of 11. upon the long 
et of two lives, whoſe ages are given. 


1 Way, 
—. Let m and # be the complements of their ages 


oss. The probability of each living one — 
W 0 


1 — W 4... : 


. 


ANNUITIES. 


will be and , and the probability I 


each failing will be 1 — >, 1 — ==, or 
m u 1 


and —; and the probability of both failing ina 
year will be — X —or —, apd therefore 1 
m N mn | 


_ is the probability of ſome being alive at the 
year's end. : 

Again, the probability of both failing the f. 
cond year will be &. x or K, and 1— £1 

m a mn mn 

the probability of ſome being alive at two yeni 
end. 

After the ſame manner the probability of ſome 
being living after 3, 4, &c. years will be 1 


| 16 
. 1 — &c. 
mn Nn 5 


Therefore the preſent values being found for 1, 
2, 3» &c. years, the value of the annuity will be 


R mn T R“ mn“ * R. mk * Re 
_ 16 &c. to x terms at leaſt, in which time one 
mnR 4+ 


muſt neceſſarily die. But ſince the other may live 


longer, the feries muſt be continued to more terms, 


* meu 8 ; 
put v = — and the ſeries muſt be continued 


to v terms nearly, But this conſiſts of two ſeries 
. 0 0 1 
2 + — Kc. for v terms, =1 — — 


e r 


, 


Wy ANNUITIES. 
„ . 2 
x4 + + Ke. (v terms) = £ x 


Ph. 4 $=IE 
77 mn 7 


» (Increments, 


Prob. 30.) putting p = N to be found in Tab. I. 
—2 


7 


= 


herefore the value of the annuity = : 


Rex 


Lu — —— 
n 7 


Ja; rr m 
pproximation. | 
If the lives are equal, m n v. 


2. Or thus. 
Put M, N, for the values of the ſingle lives, j. 
N for their joint lives; then by Cor. 1. Prop. 


II. the value of the longeſt of the two lives is = 
+ N —— Jo MN, 
If the lives are equal, then the value of the 


R, a near 


Ex AN b. ä 
Let the ages be 45 and 56, then m = 43, 1 = 
32, V= 375. R = 1.04. p = 4230, I —P=.770, 


ne I —P 
hen = 19.2 
PE = 9.25 
$, P vv 2 R ä 
5 3 7 * 14-02 
'S R 33-27 
— > dex == . R = == 18.55 
| The value required 14.2 


hy 


90 ANNUITIES. 


Or thus. . * 
The value of the joint lives found by Prop, xy. 
is 8.28; then by Tab. III. M = 12.68 1 
N 1647 = 
— [ 
23.15 $ 
— 8.28 
The value required 14.87 5 
P R O P. XX. Pros. 
To find the value of an annuity of 11. upon the lin: ( 
ej} of three lives, whoſe ages are given. 
1 Let I, m, u, be their complements to 88; tha 
| 1—1 m—1 3—1 the reeiebdiths 9 
_ 7 are the probabilities of liv n 
ing one year, and 1 — . 11 3 
ns. probabilities of fal 
n 1 
ing in a year, and _ = probability of all failing; 
and 1 — % = probability of ſome living a yet 
* tr 
Likewiſe =, _ - are the probabilities d 
— : . 6 . 
failing the ſecond year, and & — x —«cy . 
| = probability of all failing the ſecond year; and J. 
4 


1 — — = probability of ſome living two year" 
| Allo 


imn 


Jar , ANNUITIES, gr 


16 
Alſo 1— — 2 — wc = probabilities of 

vi inn inn 
| ſome living 3» 4, &c. years. Then finding the pre- 


cet worth for 1, 2, 3, &c. years, and putting v = 


— z the value of the annuity will be © — 

I $5, 2 1 

N + Ice XC. (for v terms) = 2 where p = IH 
I I 8 2 

E X into & + N + &c. (v terms) = 


5 C „  R4+4R*4R 
: b. þ — — 
(Prob. 30, Increments) E 


; 9 : gw 3 RN R＋ 

| eats er = ag 3 
WR +4R* +R | 

2 - 3 therefore the whole ſum, or va- 


e 
lve of the annuity in = —= N17 + 


goo R. N R.. R. A. R 
rr 7 1 
„ NA 

E 8 — 


2. Or thus. 


This problem may alſo be ſolved pretty near the 
| truth, by the expectation of life, thus; 
, Let I, m, u, be the complements of life as be- 
3 WI fore, and x = years certain that the annuity is to 
continue. Then the probability that ſome one will 


4 be alive, and the reſt dead, at the end of x years, is 
— * m— x MN —x | 
— Xx xx xx; and the pro- 
ar WW {mn + — + — ; Pr 


110 dabilicy 


92 


and x = 
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bability that they ſhall all be dead in x years, 


3; 


Imn 


Jax +m—x +1—X#=xX, and 4x =! Tn 


I+m +1 


A near approximation, bu 


ſomething too little. 


By the ſame reaſoning if there were 4 lives, the: | 


/ 
g= "Y - —— 3 and univerſally, if N be the 
number of lives, then x = 2 which 
N+1 


will come the nearer to truth, as the number Nj 
greater. | 


3. Otherwiſe thus. 


By Prop. XIX. find a life Z equal to the longeſ 
of two of them A, B; and then (by the fame 
Prop.) find the value of the longeſt of the two7 
and C (a third life); and that will be the value of 
the annuity, by Cor, 1. Prop. VIII. 


4. Or thus. 


ATB TC - j. AB—z.ZC =. ABC, That 
is, take the ſum of the three ſingle lives, from 
which ſubtract the ſum of the joint lives of AB, 
—— of ZC, for the value of the longeſt of three 
IVES. 5 
For J. AB = ATB — . AB, and J. ABC or! 
ZC=Z+C—jZC=L AB ＋ C-. 40 2 
A+B—j. AB + CJ. Zc. 


5. Or thus, 


 A+B+C—j.AB— J. AC — J. BC +j: 
ABC. That is, to the ſum of the three ſingle 
lives add the value of the three joint lives, from 


which 


=, which is equal to the other per queſt, Therefor | 


ar. II. ANNUITIES. 

hich ſubtract the ſum of the joint lives taken two 
d two, Which is Mr. Moivre's rule. 

For by Cor. 4, Prop. IX. j. ZC . AC ＋ j. 
C J. ABC, whence ATB + C—j. AB 3. 
C SATB TC. AB — J. AC — . BC + 
ABC. 

E. X AMP. | 


5, 56, and 68; intereſt at 4 per cent. here / = 


] 
2 @ = 32; #-= 20, v= — 


— 32 nearly; 
hence p = .289, 1—P =.7I1; then 


ch 1—9 711 
—  — = 17. 
1 . 1 777 
2 * - Yan e. 4 
eſt RI +4R* +R _ 
me 18 TS | = | OY 
4 f | 
q + 107.39 
; 15.25 the 
value of the annuity. 
hat Or thus. 
5 Here x = SITLETY = 24 nearly. 


15.24 for the value ſought. 
Or thus. 


By Tab. III. the value of the lives of 45 and 
56, are 12.68 and 10.47; and (by Cor. 2. Prop. 
* 15.) the value of the joint lives is 7.44; whence 

(Prop. XIX.) the value of the longeſt life of AB 
S 23.15 — 7.44 = 15.71. = Z; allo the life C 
ich . (68) 


Let A, B, C, be three perſons whoſe ages are 


the four lives ABCD. 


ANNUITIEsS. — 2 
(68) = 7.333 and the joint lives of ZC = 6.24, ö 
and then Z +C—;.ZC = 16.80 . ZC =} 
ABC, that is, longeſt life of ABC = 16.80, the 
value of the annuity. 1 


PROP. XXI. Pros. 


To find the value of an annuity of 11. for the long 
of any number of lives, whoſe ages are given, 4 


This performed by finding ſucceſſively the value 
for three lives (as above), then for 4 lives, then for 
five, and ſo on, by Prop. VIII. Thus, let A, B, C, 
D, E, F, &c. be ſeveral perſons, then, 8 

1. Having found the value for the longeſt of 
three lives, as above, put Z = value for the three 
lives A, B, C; which reckon as a ſingle life. Then 
find the value of the longeſt life of ZD, by Prop. 
XIX. and that will be the value of the longeſt of 


2. Again, put Z = a ſingle life equal to the 
longeſt of the four ABCD, and find the value of 
the longelt life of ZE as before, which will be the 
value of the longeſt of the five lives ABCDE, lt 
is evident this proceſs may be carried on as far 2 
you will with little trouhle. G 


E x AM p. 


Let the ages be 45, 56, 68, and 31, intereſt at 
4 per cent. By the laſt Prop. the value of the Hoin 
longeſt of the three firſt lives is 15.25 Z; and 
by Tab. III. the value of a life of 31, is 14.81=E. 
Then J. ZE = 10.74, and E + Z = 30.06, and 
30.06 — 10.74 = 19.32 the value of the longeſt 
of the four lives, 


PROP. 


-* 
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C 
| 
* 


PROP. XXII. Pros. 


To find the value of an annuity of 11. to continue a 
ng as any two out of three perſons ſhall be alive. 


1 W ay. 
Let i, mm, u, be the complements of life, and x 
e years certain for the continuance of the annuity. 
hen the N of ſome two being alive and 
e third dead, (or perhaps all being alive) at the 
— r. n — K. 1 — 4 


6 
d of x years, will be = + 


mn inn 
7» by the nature of the queſtion, being an equal 


ance. Therefore 
Im — In Tn mn + I+m+nxx - ©T 
+ Im+In+mn.x — 2]-2m—2nxx + 34 
2 lun; and reduced 2x* —1+m +nx* ++ 


of „So, and 8— L ax + h = o. 
l Nad the root extracted will give x, a near ap- 
oroximation. 

2. Or thus. 


Let A, B, C, be three lives; the three joint 

ives takes away one life out of ABC. Another 

at Nife is taken away by finding the reverſion for each 
de Whoint life by Cor. 1. Prop. XI. thus, 


- + j. ABC = 1 life extin&. 
" + j. AB. ABC = rev. j. AB after the iſt life. 
0 + . ACA. ABC = rev. j AC after the iſt life. 
; + . BC—j. ABC = rev. j. BC after the iſt life. 
dum j. AB + j. AC + j. BC — 2j. ABC = total 

Pp value of the annuity for two lives out of three. 
: EXAMP. 


ANNUITIES 


Ex AM P. 


Suppoſe three perſons A, B, C, whoſe ages at 
45, 56, and 68 ; here / = 43, m= 32, 1 20 


. xx + 688 


intereſt at 4 per cent. Then x? — - 


= ©, and the root will be found = 14.42; and if 
the preſent worth of an annuity to continue 14.42 Wl 
years (by Tab. II.) is 10.79 the value of the two 


lives, | 
Or thus. 

By Prop. XV. and XVI. we ſhall find, 
AB = $.27- . j. ABC = $64 

J. AC = 6.27 

+ = 5.92 

| 20.45 

— 21. = 10.32 


10.13 the value of the two lives, 


— — 


PROP. XXIII. Pros. 


To find the value of the reverſion of an annuity f 
1. for one life after another, their ages being given. 


| 1 Way. 

Let the two perſons be A, F; then by Cor. 1. 
Prop. X. the value of J. AF — life of A = rever- 
ſion of F after A. That is, from the preſent value 
of the longeſt liver, ſubtract the life of the poſſeſ- 
ſor; and the remainder is the value of the rever- 
ſion due to F. 


2. Or thus. 


From the preſent value of the life of the expec- 


tant, ſubtra& the preſent value of their joint lives |; 
al 


oe 


= 


e j 
8 


ar, l. ANNUITIES: 
WJ the remainder is the value of the expectant's 


e after the poſſeſſor 3. 
For (by Prop. VII.) . AF ＋ . AF=A +F, 
11, AF—A = F. AF = reverſion. 


Cor. Let A = value of the poſſeſſor*s life, 
F = value of the expeclant s life, 
r = intereſt-of il; then 


1— A | . 5 
n x F = value of the expectatian nears 


but too great. 
For (Cor. 2. Prop. XV.) F—j. AF = F— 


1 


| AF — FFa-orAFF _ 1 —rA 
Wt -AF rf F _© A+F-rAF 
 I—rA | 
Ex AM p. 


er the 1 age be 56, and the expectant's 
z; intereſt 4 per cent. then A=10.49, F=12.68; 
A A ** 1 rA 

5 ad F 83, and 1 —rA =.58 and Tri 


FS 5.23, the reverſion, but is too much; and 
l be more exactly done by finding the value of 
e joint lives by Prop. XV. firſt way, which will 
8.27 then ed 
F = 12:68 


val. annuit7 = 4-44. 
SIT ScnoL, 1. | 
If it was required to find the value of the annuity 
the ſecond perſon and his heirs.” From the value 
| =, perpetuity ſubtract the value of the poſſeſ- 
* lite, | 


H S Hol. 
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| S c HOL. II. , 
If it was required to find the value of the rev: 
fron of an annuity, for the life of any perſon F, af 


t years. 5 
From the value of F's life, (Tab. III.) ſubtraa 
the value of the ſame life for ? years certain (found 


by Cor. 1. Prop. XIII. annuities) ; the remainder uf 
the reverſion, a 


To find the value of the reverſion of an annuity 


1, for one life after the longeſt of two, their og 
being given. | 2 


1 Way. 


Let the perſons be A, B, F; F being the e 
pectant. Then (by Cor. 3. Prop. X.) value fl 
ABF —1. AB= reverſion of F after both the lin 
of AB. That is, if from the value of the long 
life of all three, the value of the longeſt life of tel 
two poſſeſſors be taken, the remainder is the 
of the reverſion of one life after two. . 


2. Or thus. 

The life of F—j. AF— j. BF. ABF vue 
That is, to the life of the expectant, add the thre 
joint lives; from which ſubtract the ſum of tk 
Joint lives of the expectant and each of the poſk 
ſors; the remainder is the value of the reverſion 
For let Z ==1. AB, then /. ABF =. ZF Z 
+F—j. ZF=Z+F J. AF—j. BFA. J. AK 
(by Cor. 4. Prop, IX); and therefore J. ABF- 
AB=F=—;. AF —, BF +. ABF. 


L 
Exav * 


; 
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Ef Examny. 
Let the ages of the poſſeſſors be 45 and 68, and 


M I 
„ie expectant 56; intereſt 4 per cent. Then 
* 1 prop. XIX. and XX. * 7 
a L ABF = 14.24 
e — 1 AB = 13.74 
i value — reverſion 1.50 
Or thus. 
| F = 10.47 K 
＋ J. ABF = 5.16 
US —ä — 
| 15.61 
„ 1 
ro 3 BE: 5-90 
of (i 14.17 
live — — 
a | h reverſion 1.44 


n 
If it was required to find the preſent value of 
annuity for a life after two joint lives. By Cor. 
„Prop. XI. we ſhall have this rule, F—j. ABF 
revers. F after j. AB. That is, from the value 
f the expeRant's life, ſubtract the value of the 
hree joint lives; the remainder is the reverſion, 


PROP. XXV. Pros. 
To find the value of the reverſion of an annuity of 
F - 9 for the longeſt liver of two perſons, after thelife of 
ne perſon; all their ages being given, 


Let the poſſeſſor be A, and expectants F, G. 
hen (by Cor. 2, Prop. X.) value of J. AFG — 
H 2 life 


\ M 
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life of A = reverſion of J. FG after the life of 4, 
That is, from the value of the longeſt of the three i 
lives, ſubtract the poſſeſſor's life; the remainder i; iſ 
the value of the reverſion, | 


E x AM p. 


Let the poſſeſſor's age be 56, and the ages of the 
expectants 45 and 68. Intereſt 4 per cent. Then 
(by Prop. XX.) J. ABF =15.24, and (by Tab. 1Il, 
life. of A = 10.47, | 

J. ABF = 145.24 
tA = 2047 
4.77 


reverſion 


S CHO L. 


If it was required to find the preſent value of a 
annuity, for two joint lives after the life of on: 
perſon. Then (by Cor. 1. Prop. XI.) j. FG - 
AFG = value of the reverſion of j. FG after l. 
That is, from the value of the joint lives of the 
two expectants, ſubtract the value of the thre: 
Joint lives, the remainder will be the reverſion. — 


PROP. XXVI. Ros. 


T0 find how much the value of an annuity ought 
to be increaſed ; when the payments are half-yeary 
or quarterly, 
| #5 1 Way. 

| Suppoſe the year divided into m parts, and 4= 
. of 1]. for the a part of 4 and r = 
intereſt of 1/. for a year, # = number of years ttt 
annuity continues. Then, 


> > 


1+'M of 


Azr. ul. ANNUITIES. 


—.— 
r 


= value, for the yearly rents. 


And 1+4" —1 = value, for the 75 yearly rents. 


md 


Tat 
Cor, —.—. = value for half yearly payments. 
r . 

. 
And 2 g value for quarterly payments, 
r 
All this follows from Prob. 33, Algebra; aug- 
menting the time and diminiſhing the intereſt and 


W the rents, in the ſuppoſed ratio, 


2. Otherwiſe. 
Let V = value of the yearly payments, then 


17 — 


I 
- V = the value of the half yearly, or 


quarterly payments, according as 5 denotes 2 


© year or + the year. 
For r is the ſimple intereſt for a year, and 


1+ —1 is the compound intereſt for all the m4 


parts of it, through the year, 


gi PROP. XXVII Pros. 


If A enjoys an annuity of il. for his fe, and at bis 
death has the nomination of a ſucceſſor B, who is to 
enjoy the annuity for his life, both their ages being 

- Wl given; to. find the value of the ſucceſſroe lives. 


| | 1 Way. : 
Let M be the value of A's life, and N the value 


:1+'M of B's, both taken out of Tab. III. let V be the 
„ preſent 


* V N 
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preſent value of N, for A's life, then the preſent I 
value of the ſucceſſive lives is = M + V. Tha 
is, find M in Table II, againſt which you have the 
year; find this year in Table I, again which is i 
number (a), by which multiply N; then M-+ i 
= value of the ſucceſſive lives. * 1 

2. Or bus. 4 
Let M, N, be the values of the two lives, a 
found in Table III. Alſo ſuppoſe the ſame valun] 


M. N, to be the values of an annuity certain fa 
ſome numbers of years as m, u, (as in Table II) 


| "RAS. | 
Then (Algebr a, Prob. 345 B. II.) — M, and | | yo 


I I Y 
. = 7M, and ** = 1—7M ; by the ſam | 


reaſoning = =1—;M. Whence 


I 
R= 
MIN rrMN. Now let 8 = value of u 
annuity certain to continue 1 + years; thei Wi 
| > Z=I—/S=1i—M—N + MN, and a 
reduced S = M + N— MN, which. is the thing 
required; 


Ex AM. | 
Let the ages be 40 and 60, then M = 12.09, 
N = 8.83, at 5 per cent. Then 12.09 found in 
Fable II, gives 19 for the years; and 19 found in 
Table I, gives .3957, and .3957 Xx 8.83 = 3.49; 
then 12.09 + 3-49 = 15-58, the value required. 


Or thus. 

Here MN = 106.7, and MN = 5.34, And 
M + N = 20,92, and 20.92 — 5.34 = 15:5 
as required, 

PROP 


4a WP.L% <q WO p25 


ir. II. ANNUITIES. 


PROP. XXVIII. Pros. 


__ 1 A enjoys an annuity for bis life, and at his death 
„ebe nomination of @ ſucceſſor B; who alſo, at bis 
tb, has the nomination of a ſucceſſor C, who is to 

W-njoy the annuity for bis life. To find the value of the 
bree ſucceſſive lives, 


1 Way. 


by Table III. Find N in Table II, againſt which 
you have the year. Find the year in Table I, a- 
eint which is a number a, by which multiply Q; 
chen NQ is the value of theſe two, at the time 
pf A's death. 
= Inlike manner find M in Table II, againſt which 
Wis the year; find the year in Table I, againſt which 
is a number ; by this multiply N + Q; then 
MTN value of the three ſuccefliye lives. 


2. Or thus. | 


= Suppoſe M, N, Q, to be the values of an an- 
WT nuity certain, each for ſome number of years, as 
m, u, q And 8 the value of an annuity certain 
for A -g years; then S will be the value re- 
quired, Proceeding as in the laſt we ſhall have 


2 =1j—7M 2 — N, and - =1—rQ, 


4 Rn , Re R 
n I ä — — 
; Whence Nit ri S MK i -N 


X 1—rQ I- M -N —rQN＋TrrMN +rrMQQ 
+ rr NQ — 5MNQ. Which being reduced we 
have S == M+N+Q—7r x MN + MQ +NQ 
+ rrMNQ. 


H 4 Ex AM. 


kan M. o. be the velucs of the three Bes 
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E x A M. : 

Let the ages be 3e, 40, and 60, at 5 per cent 
then M = 13.19, N 12.09, Q =8.83. In Ta 
II, 12.09 gives 19 for the year, and in Fab. I, yÞ 
gives. 3957 S a; and aQ = 3.49, and N 
= 15.58, | Y 
Again, 13.19 in Table II, gives 22, and 22 U 
Table I, gives .3418 , then MT IU XN +408 
= 18.51, the value. | | | 


Or thus. 
M+N+Q = 34-11 1 
+ rr MNQ = 3.52 t 


— 
— rx MN + MQ +NQ = 19.13 


The value required 18.50 


Here follow the tables of the preſent value d 
3 pound, and of 1 pound annuity certain, for an 
number of years under go; and a Table of 
pound annuity for any age. This laſt Table is con 
firufted by Prop. XIV, or more eafily by Cor. 2, WF" 
by help of the firſt and ſecond Tables, which Ti 


bles may be proved true, or corrected where wrong, 
after this manner, 


Let p = preſent worth of 11. for any time i. 
P = preſent worth of an annuity of 1/. 
a = amount of 11, | 
A = amount of 1/. annuity, all for 7 years. 
7 = rate of intereſt of 10. for a year. All 
compound intereſt. 


het 


R=1 +7, the amount of 1. for a yea 


1.9 


Then, 


1 1 ANNUITIES 


= 
= perpetuity; 


r 
A + S amount of 14. annuity for #+ 1 yeary, 
A AA 

Sum of 1 terms in Table I, = the #* term in 
Table II, by the nature of annuities. 

The ſum of 3 — 1 terms in Table II =# x 
num. in Table III, whoſe age is 88 — . See 
Prop. XIV. 

Theſe equations ſhew the relation of the numbers 

= the two firſt Tables, and how one may be con- 
Wued from the other. | 

It appears by the Table Prop. I, that the num- 

rs are irregular as far as 8 years of age. And 

Wecrefore the numbers in Table III, under 8 are 
pplied by another rule, which is this. In the 
= able Prop. I, let a, 5, c, &c. to , be the num- 

rs (or perſons living) againſt the ages A, A + 1, 

+2, &c. to A+y. And let V = preſent worth 


1 
1 an annuity for the age A+y. Then the preſent 
F Worth of an annuity for the age A is = * ute 
2 

c d 172 
©» * ＋ N Kc. to ½ X int01+V. Or to find 


hem number by number, take only one term, then 


FR 


% 


X1+V = preſent worth, 


If, 
TABLE 
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TAI I. The preſent value of 1 pound, du i f 
number of years hence. At 3 per cent. compun 


ANNUITIES: 


intereſt. 
cars value. 2 value, 
1 | .g7087 || 37 1047 
2 |..94259 | 32 9,99 
| 3 | 91514 || 33 ' 5 
BE-5F 15 
86201 || 3 ; 
2 83748 || 36 14215 
81309 | 37 13801 
5 78941 | 38 - 13399 
9.76642 39 8 
A = 
11 | .72242 || 41 
12 7 | 42 1 
1222784 1 
14 | .66112 || 44 Foe + 
| '5 .64186 £5 468 
I 02317 || 4 | 
17 | .60502 || 47 1020 
| .09970 
18 | .58739 || 48 — 
19 | .57028 || 49 — 
_20 2222. — 
21 | .53755. || 5' 
22.2189 || 52 2 
fe 05350 
2 08106 
25 | 47790 || 55 | | + 
26 4636956 — 
ad jon 50 | pits 
28 ; 
29 | -42434 || 59 on 
| 3O | -41199 || 60 699 


T4 


N 
| 
$: | 
| 
| 


1 


intereſt. 


ANNUITIES. 


TazLz I. The preſent value of 1 pound, at 34 per 
. compound 


Ive. | Value. _age. | Value. || age. value. 
1 | .96618 || 31 | .34423 || 61 [12264 
2 | .93351 || 32 | 483259 „11849 
3 | «90194 [3332134 11449 
141.8714434 31047 11061 
5 | 84197 [3829228 10587 
6 | ,$1350 || 36 | .2898z 10326 
748599 37 | - 28003 09977 
8 | 75941 || 38 | .27056 | .a9639 
9 | +73373 || 3926141 09313 
lo | 70892 40.2252 08998 
"68494 || 41 4403 71 | .o8694. | 
66178 || 42 | .23578 .08400 
63940 4322780 08116 
14 4.61778 || 44 | -22010 07842 
9689.45 21265 02526 
37670 46.2054 || 76 | .07320 
55720 || 47 | -19852 || 77 | -07073 
53836 || 48 | .49180 || 78 | 06833 
52015 || 49 | -18532 || 79 06602 
50256 50 12903 8006329 
48357 51 f 81 1.06163 | 
46915 52 | 82 | ,05955 
4532833 83 } -05754 
43796 || 54 | 84 | -05559 
42315 ||_55 S5 | -05371_ 
40884. || 56 | .145606 || 86 | ,05189 | 
39301 || 57 | .14073 || 37 | .05014 
.38165 || 58 | .13597 || 88 | .04844 
36875 || 5g | .13138 || 89g | .04681 
35628 .12693 || go | .04522 


TABLE 
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og 0 
TasTE I. The preſent value of 1 pound, at , 
cent. compound intereſt. 
Fears. value. ||years.| value. year- value. | 
| 2x | .96154 || 31 | .29646 | 61 | 09140 
2 | .92455 || 52 | .28506 | 62 | .o8789 
3 | -88899 || 33 | .27409 | 63 | 08451 
4 | -85480 || 34 | .26355 | 64 | 08126 
S - 82193 3328341 | 65 07813 
6 | .79031 || 36 | .24367 | 6607513 
7 | +75992 || 37 . 23430 67 | 07224 
8 73069 || 38 | .22528 | 68 | ,06946 
9 | 70259 || 39 | .21662 | 6g | ,06679 
e | .67556 || 40 | .20829 | 70 [. 06422 
11 | .04958 20028 71 | .06175 
| 12 | .62460 19257 | 72 | -05937 
| 13 | .60057 .18517 | 73 | 05709 
| 14 | +57747 17804 | 74 | 05489 
15 | .55526 .17120 | 75 | .05278 
| 16 | .53391 .16461 | 76 | 05075 
| 37 | -51337 .15828 | 77 | .04880 
18 | .49363 .15219 | 78 | .04692 
I9 4746 14634 | 79 | 04512 
20 | .45638 .14071 | 80 | .0433 
21 | .43883 .13530 | 81 | .04171 
22 | 442195 13010 82 [04011 
23 | 40572 12509 8303857 
2439012 12028 | 84 | .03708 | 
25 | -37512 .1156s | 85 | .03566 
26 | .36069 | .11121 | 86-| .03429 
27 | -34082 || 57 | .10693 | 87 | .03297 
28 | .33348 || 58 | .10282 | 88 [03170 
29 | -32065 || 59 098868903048 
30 | .30832 || 60 | .09506 | go | .02931 


Lal , 
7. Il. ANNUITIE S: 


apts I. The preſent value of 1 pound, at 4 2 
cent. C intereſt. - 
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* . value. value. years.] value. 
0 1 | .95094 25350 || 61 06822 
9 2 | .91573 24450 || 62 || .00528 
[ 3 | .87630 | -23397 || 63 || 06247 
6 4 | 83856 || 34 | 22389 || 64 || .05978 
3 3.80245 [332142865 || .05720 
3 b 36 | .20503 || 66 || .05474 
4 7 37 | «19620 || 67 || .05238 
5 8 38 | .18775 || 68 || .c5013 
ö 9 39 | +17966 || 69 || .04797 | 
EE AE 
5 116. 4116452 || 71 04393 
7 12 4215744 72 04204 
) 13 43 | 15066 || 73 || -04022 
14 4414417 || 74 || -03849 
I 15 45 13796 || 75 03683 
; 16 40 | .13202 || 76 || .03525 
Wi 47 | +12634 || 77 [03373 
| 18 48 | .12090 || 78 || 03228 
19 49 | -11569 || 79 || -03089 
20 50 | .11071 80 02956 
. 21 51 | .10594 || 81 || .02829 
22 52 | .10138 || 82 || .02707 
23 53 | .09701 || 83 || .02590 
24 54 | -09284 | 84 || -02479 
25 55 | -08884. || 85 || .02372 
{ 26 56 .o8501 || 86 || .02270 
27 57 | 08135 || 87 || 02172 
28 58 | .07785 || 88 || .02078 
29 59 | .07450 || 89 01989 
ö 30 | .26700 60 | ,07129 |] go || .01903 | 


"ABL 


TABLE 
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ANNUITIES; * 


RT 


TazLe I. The preſent worth of I. Pound, ot; T 
per cent. compound intereſt. un 


— value. years. 
1 | .95238 || 3* | .22036 
2 | ,9o703 || 3? | .20986 
3 | .86384 || 33 | ,t9987 
4 | .82270 || 34 | ,19035 
5 | +78352 || 35 — 
6746213617266 
7 | .71068 || 37 16443 
8 | .67684 || 3Þ | .15660 
9 | -04461 || 39 14915 
I0 | ,61391 ||.42 | .14204 
11 | 5846841 13528 
12 | -55684 || 42 [12884 
£3 | -53032 |} 43 | -12270 
I4 | «50597 | 44 } I 1686 
15 48102 || 45 11130 
— — — 
16 | -458r1 || 46 | .10600 
17 | +43630 || 47 | «10095 
18 | -41552 || 48 09614 
19 | +39573 || 49 | -£9156 
2037689 3098720 
21 22095 5108305 
22 | :34185 52.0009 
| 23 | -32557 || $3 | 07533 
24 +31007 || $4 | -07174 
25 | -29530 || 55 | 06832 
TERED, 2 IDS 
| 26 | .28124 | 56 „06507 
27 | «26785 || 57 06197 
28 | .25509 ] 58 | .o5902 
292429459 05621 
[_30 23138 60 05 


| 75: 


174 


"| 


| 


„ 


1 


ö 


— — — 


190 


1— 


. 03805 
03623 
03451 
03286 


| ,03130 


02539 
02704 
| +02575 


1 ——m——— 7—6—6— 


| -02336 
02224 
02118 
02018 


| 01921 
odge 
01743 
01660 


01581 


— 


value. 


«©5098 
04856 
54524 
04404 


03995 


02981 


02452 


01505 
01434 
01366 
oi zoo 
01239 


TaAbrt 


a 


a 
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TaBLE U. The preſent value of an annuity of 1 
nd per annum, at 3 per cent, compound intereſt. 


= — value. bars.] value. [years] value. 
n — — — . — 
r | 0.97087 31 20. 00431 | 27.84035 
2 | 1.91347 || 3% 20. 38870 62 | 28.00034 
3 4.2833 33 20.7657 9 6328.175557 
413170 34 [21.1 164 64 28. 30648 
5497 35 . 63 28 4528 
— — —— ———— vl — — 
6 |. 5.41719|| 3621.832256 28. 59 50% 
6.23028 || 37 | 22.16723 67 2073305 
7.91969 || 38 | 22.49246 || 8 | 28.86704 
9 | 7.78611 || 39 | 22.80821 69 |28.99713 
10 | 8.53020 || 49 |23.11477 || 72 [29.12342| 
— — — — 1 
11 | 9.25262 || 41 23.4240 71 29. 24604 
12 9.95400 43 |23:70136 || 72 29.30 509 
13 [10.63495 || 43 | 23-98190 |} 73 29.48067 
14 |11.29607 || 44 | 24-25427 29.59288 
15 11.937930 45 | 24-51871 29.70183 
16 12.3610 46 | 2477545 29.80760 
713.1661247 1 25-02471 29.91029 
18 [13-57351 || 48 2526671 39.00999 
| 19 14. 32380 49 2550166 30. 10679 
2014.877450 2572970 30. 20076 
— —— — ww ——— 
21 | 15-41502 || 5x [2595123 30.29200 
26.16624 30. 38059 
26. 37499 39.46659 
26.57766 30.55009 | 
26.77443 30.03115 
. 26.96546 30.7 0986 
27.15093 30.78 627 
. 5827. 3300 30. 86045 
29 | 19.18845 || 592750583 30. 93248 
3 119. 60 [27.0755 90 [2.00241 
TABLE 


\BLE 
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TaBLE II. The preſent value of an annuity of | 


pound per annum, at 3 + per cent. compound inter. 


years. 


1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
— 
15 
16 
I 
I 
19 
20 
21 
22 
23 
24 
25 
— 
26 
27 
28 
29 
30 


value. 


0.96618 
1.89969 
2 80164 
3-67 308 
4.51505 
5-32855 
6.11454 
6.87395 
7.60769 
8.31660 


9.00155 
9.66333 
10. 30274 
10.972052 
11.51741 


12. 09412 


14.569797 


15.167712 


15. 62041 


16.05837 


16.481514 


— — — 


16. 89035 


17. 28536 
17. 60702 
1.03577 
18. 39204 


| 


value. 


| 18.7 3627 


19.00886 
19. 39021 
19.7 0068 
20. 


20. 29049 
20.57052 
20.84109 
21.10250 


21.35507 


21.599 10 
22 
22.062069 
22. 28279 


2249545 


22. 70092 
22. 89944 
23.09 124 
23.276506 


2345562 


23.62861 


23.795706 
23-95726 
24.11329 
24+-20405 


2440971 
M4 39045 
24.0804 2 
24.81780 


24.94473 | 


25.185 
25.41098 


| 26.0874 


2647989 
| 26. 55062 


1—— 


3 | 26-92770 


value. 


277977 
7 
25· 30036 


25-51785 


25.62112 
25.72089 
25.8172) 
25491041 
26.00040 


26.17134 
26:25251 
26. 33092 
26.40669 


26.6 1896 
26.68498 
26.74878 


26.81041 
26. 86996 


26.98 309 
23.0988: 
| — 
27.08870 
27.13884 
27.18729 
27-23399 


27. 27937 


TABLE 


«% A— — 


F 


rener 


12 383 


Wr 


* 


\BLE 


T7, II. 


ANNUITIES. 


Tape Il. The preſent value of an annuity of 1 
nd per annum, at 4 per cent. compound intereſt. 


EXE 


wy wy 
—_——— —_ 


value. 
0.96154 
1.88609 
2.77509 
3.52989 
4.45182 


5.24214 
6.0205 
6.73274 


243533 
8.11089 


8.76248 
9-38 507 
9.98505 
10.565312 
11.11839 


1165229 
12. 16567 


12.659 30 
13.13394 
1359032 


14.029 16 
1445111 
14.8584 
15.246906 
15.662208 


106.3295857 
16 663065 


value. 


17.58849 
1787355 
18.14764 
18.411120 
18.6646 
18. 908 28 
19. 14258 
19.367806 
19.5 8448 
19.79277 


19.99305 
20.18563 
20. 37079 
20. 54884 
20.7 2004 


20. 88465 
2104293 
21.19513 


21.341747 
21.48218 


21.61748 
21.74758 
21.87207 
21. 99296 
22. 10861 


22.21982 
22. 32675 


2242957 
22.52843 


22 62349 


value. 
— 
22. 80278 
22.88729 
22.968 55 
23.04608 


23.12181 
23-1940S 
23.26351 
23-33930 
23-39451 


23-45026 
23-51504 
23-57273 
23 62762 
23.68041 


23.73116 
23-77996 
2 3.52689 
23-87201 
23-91539 
23-95711 
23.99722 
2403579 
2407287 
24 10853 


24.14282 | 
2417579 
24207 49 
24+23797 
24.26728 


TABLE 
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T aBLE II. The preſent value of an annuity i 
pound per anuum, at 4 5 per ceut. compound inte 


ANNUITIES; 


— 


GW MD» 


S Sas [See 


8 Ww 2 8 NN 2 0 2 »w 
8888 [31882 [85 


Fs 


ears. —vame.” years. value. * palre. 
0.95694 || 31 16. 54439 | 641 20.7005 
1.87267 || 32 | 16.78889 [ 62 | 20.7719] 
2.74896 || 33 |17.02286 || 63 20.8335 
3.58752 || 34 |17-24676 || 64 |20.8937] 
4-35998 || 35 | 17-46101 || 6s | 20.9509 
— —— — | _— —— —ä— —— 
5.15787 [ 36 1.66604 66 21. ooſn 
5.89270 || 37 | 17.86224 || 67 [21,0581] 
6.59588 || 38 | 18.04999 || 68 21.10%} 
7.260879 || 39 | 18422965 || 69 21.156 
7.91272 || 40 |18.40158.]] 70 21. 202 
— . — —.— {| comic) 
6.52092 | 41 |18.56611 I} 71 21.2402 
9.11858 42 |18.72355 [ 72 [21.2% 4 
9.68285 [ 43 |18.87421 [ g3 21.3% 
10.22282 || 44 |19.01838 |} 74 21.30% 
10.73954 || 45 [9.15535 ) 75 [21-493] 
11.23401 || 46 119.2883776 [21.4388 
/ 11.70719 || 47 |19.41471 || 77 | 21.47% 
12.1599 || 48 |19.53561 78 [21.5040 
12.59329 || 49 |19.65130 || 79 2153570 
13.0093 50 [19.76201 || 80 21.565 
13 40472 || 51 19.867956 || 81 21.5976 
13.78442 [ 52 [19.96933 || 82 |21.6207! 
14-14777 || 53 |20.06634 || 83 21.6050 
14-49548 || 54 |20.15918 || 84 [21.6713 
14.82821 || 55 |20.24802 || 85 21.6950 
15.14661 ]| 5620. 33303 86 21. 7178ʃ 
15.45 130 || 57 2041439 || 87 27395] 
15.74287 [ 5820. 49223 || 88 [21.7605 
| 16.02189 [ 59 20. 56673 89 [21.78020 
16. 28889 60 —＋＋ 90 | 21.7991 
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TABLE II. 


ANNUITIES: 


The preſent worth of an annuity of 1 
nd per annum, at 5 per cent. compound intereſt, 


11,68959 
12,085 32 


12.46221 


12.82115 
13.16300 
13.48857 
1 3.79804 
14.09334 


14-37518 
14.64303 
14.89813 
15.14107 


10.83777| 
[1.27406 | 


value. 


15.5928 1 
15. 80268 
16.0025 5 


16. 19290 


16.3741 


— —— 


16.5468 5 


16.71129 
16. 86789 


17. 01704 


17. 15908 


— 


1729437 
17.4232 
17.543591 
17.606277 
17477497 


2 


18. 92929 


value. 


18.98027 
19.02883 


19.11912 
19.16107 
19. 20102 
19.23906 
19.2530 
9.30981 

19.34268 


19.37 398 
19.40 379 
19.43218 
19.45922 
19.48497 
19. 50949 
19.53285 
19.555 10 
9.57628 


| 


19.07 508 


| 


[3 1115-37245 
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TABLE III. The preſent value of annuities 22 


ANNUITIES 


life of any age; at 3 per cent. 


age, | value. age. value. || age. | value, 
oO 14.53 
: | 16.62 | 31 | 16.97 || 61 | 10.02 
2 | 18.63 || 22 | 16.79 || 62 | 9.72 
3 | 19.04 || 33 | 16.61 || 62 | 9.42 
4 | 20.07 || 24 | 16.43 || 64 | 9.1 
5 20 29 || 25 | 16.25 || 65 | 8.80 
| 6 | 20.40 || 36 | 16.06 || 66 | 8.47 
7 | 20.42 | 37 | 1586 | 67 | 8.14 
8 | 20.38 || 38 | 15.66 || 68 | 7.80 
'9 | 20.26 || 39 | 15.46 69 | 7.45 
10 | 20.12 | 40 | 15.26 [70 | 7.10 
11 | 20.00 || 41 | 15.05 7 6.75 
I2 | 19.87 || 42 | 14.84 || 72 6.39 
I3 | 19.74 || 43 | 14-62 | 73 | 6.02 
14 | 19.60 || 44 | 14.40 || 74 | 5:64 
25 | 19:45 | 45 | 1418 | 75 | 525 
16 | 19.31 | 46 | 13.95 || 76 | 4.85 
17191747 | 13-72 || 77 | 444 
18 | 19.03 || 48 | 13.49 | 78 | 4-03 
I9 | 18.89 || 49 | 13.25 | 79 | 3.62 
_20 | 18.55 || 5o | 13.01 || 80 | 327 
21 | 18.61 || 51 | 12.76 {| 81 | 2.79 
22 | 18.46 || 52 | 12.50 | 82 | 2.36 
23 | 18.31 || 52 | 12 24 83 1.91 
24 18.13 34 11.98 84 1.46 
25 18.00 55 | 11.72 85 1.00 
26 | 17.84 || 56 | 11.44 || 86 | 0.50 
27 | 17.67 || 57 | 11.16 || 87 | 0.00 
28 | 17.50 || 58 | 1088 
29 | 17.32 | 59 | 10.60 
| 30 | 17.15 | 60 | 10.32 || 


1 
2 


7. II. 


ANNUITIES; 


TazLe III. The preſent value of annuitics upon 


fe of any age; at 3 f per cent. 


age. | value. | | value, wo 
0 | 13.28 "th: 9p 
1 | 15.21 158 | 
2 | 17.02 I — 9.04 
3 | 17:95 15-53 4. 
4 | 18.35 15-37 8.78 
5 | 18.56 15.20 Lis 
6 | 18.67 15 03 Go 
7 | 18.70 14.86 86 
$ | 18.68 14.69 P 
9g | 18.58 14.52 4-4 
10 [18.48 14-34 G 0 
1118.37 14.16 — 
12 | 18.26 13.97 627 
13 | 18.15 13.78 = 
14 | 18.04 13.59 22 
I5 | 17.93 13.40 5 
16 | 17.82 13.20 apy 
17 | 17.70 12.99 6 
18 | 17.58 12.78 72 
19 | 17.46 12.57 4 
20 | 17.34 12.35 + 
21 | 17.22 74. % fa f ant 
22 | 17.10 11.90 2 
23 | 16.98 11.67 11 
24 | 16.85 11.44 4 4 
25 | 16.73 11.20 py. 
26 | 16 58 10.96 0.49 
27 | 16.43 10.74 o. Co 
28 | 16.28 10.45 
29 | 16.13 10.18 
[30 | 15.98 9.91 
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ANNUITIES, 
TABLE III. The preſent value of annuities, 


a life of any age; at 4 per cent. 


age. | value, || age. | value, || age. | value, 
o | 12.23 || - 8 
1 | 13.98 || 31 | 14.81 || 61 9.27 
2 | 15.66 || 52 | 14.68 | 62 | 9.01 
3 | 16.51 || 33 | 14-55 || 63 | 8.74 
4 | 16.90 || 34 | 14-41 || 64 | 8.47 
5 | 17-09 || 35 | 14-27 || 65 | 8.20 
6 | 17.20 || 36 | 14.13 || 66 | 7.92 
7 | 17-24 || 37 | 13-98 | 67 | 7.03 
8 | 17.23 || 38 | 13.83 || 68 | 7.33 
9 | 17-14 || 39 | 13.68 || 6g | 7.02 
| 10 17.06 || 40 13-52 || 70 | 6.71 
11 | 16.97 || 4i | 13.36 || 5x | 6.39 
| 12 | 16.88 || 42 | 13.19 || 72 | 6.07 
| 13 | 16.79 || 43 | 13.02 || 73 5-73 
14 16.70 || 44 | 12.85 || 74 6.38 
; 15 | 16.60 || 45 | 12.68 | 55 | 5.03 
16 | 16.50 || 46 | 12.50 | 56 | 4.67 
17 | 10.40 || 47 | 12.32 || 77 | 4-39 
18 | 16.30 || 48 | 12.13 || 78 | 3.91 
I9 16.20 49 | 11:94 || 79 3.52 
20 | 16.10 || 5o | 11.75 | 30 | 3.12 
21 | 15.99 | 51 | 11.55 |} 81 2.71 
22 | 15.88 '| 52 | 11.34 [82] 2.28 
23 | 15-77 i| 53 | 11.13 | 83 | 1.85 
24 | 15.06 | 54 | 1092 | 84 | 1.40 
L222 1.55 13070 | og þ 0-95 
26 | 15.43 | 56 | 10.47 | 86 | 0.45 
27 15.3157 10.24 | 87 | 0.00 
28 | 15.19 | 58 | 10.01 | 
29 | 15-07 59 | 9.77 
$2 1749460] 9.53 | Es 


ADL: 


RT, II. 


Tags III. The preſem value 
life of any age; at 4x per cent. 


ANNUITIES, 


of annuities, upon 


EY value, || age. valoe. _age- |, value, 
© | 11.31 Fe 
112.9231 | 13.91 8.93 
214.47 3213.79 8.69 
3 | 15.26 || 33 | 13.67 8.45 
4 | 15-63 || 34 | 13.55 8.20 

5 | 15-82 || 35 | 13-43 7-94 
6 | 15.92 || 36 | 13.31 7.07 
7 | 15:97 || 37 | 13-18 7.40 
8 | 15.96 || 38 | 13.05 7.12 
9 | 15.89 || 39 | 12,91 6.83 

10 | 15.82 || 40 | 12.97 5.53 
it | 15.75 || 42 | 12.63 6.23 
I2 | 15.68 || 42 | 12.49 5.92 
13 | 15.60 || 43 | 12.34 5.60 
1415.52 || 44 | 12-19 || 74 | 5.27 

15 [15:44 | 45 [12:03 | 75 |_ 4:93 
16 | 15.36 | 46-| 11.87 || 76 | 4.58 
1715.28 | 47 | 11.71 | 77 | 4-22 
18 | 15.19 | 48 | 11.54 || 738 | 3.85 
19 | 15-10 | 49 | 11.37 [ 79 | 3.47 

20 | 15.01 [50 | 11.19 | 80 | 3.07 

21 | 14.92 | 51 | 11.01 | 81 | 2:65 

22 J 14.83 || 52 | 10.82 || 82 | 2.26 

23 | 14-74 || 53 | 10.64 | 83 | 1.83 

24 | 14.64 || 54 | 10.44 || 84 1.39 | 

25 14.54 || 55 | 10924 | 85. 0.94 

26 | 14-44 || 56 | 10.04 || 86 | 0.48 

27 | 14-34 | 57 9.8387 | 0.00 | 

28 | 14.24 || 58 | 9.61 | ; 

{ 29 | 14.13 || 59 | 9.39 

- 30 | 14.02 | 60 | 9.16 | | 

TaBLy 


I 4 


rrg 


120 ANNUITIES 


TaBLe III. The preſent value of annuities, un 
4 life of any age; at 5 per cent. 


age yalue. || age. | value. Lage. value. 
O | 10.52 
I | 12.01 || 31 | 13.09 || 6r | 8.62 
2 | 13-44 || 32 | 12.99 || 62 | 8.40 
3 14.18 || 2 
4 | 14-52 
5 | 14-70. 
6 | 14.81 
7 | 14-85 
8 | 14.85 
9 | 14.80 
10 | 14-73 
12 | 14.67 
I2 | 14.61 
| T3 | 14455 
1414.48 
15 | 14:41 
= - [16 14:34 
, 17 | 1427 
18 | 14.20 
19 | 14.13 
20 | 14.05 
| 21 | 13.97 
22 | 13.89 
23 | 13.81 
241373 
25 | 13.64 
26 | 13.55 '£6 
27 | 13.46 
28 | 13.37 f 
£59 1 13.28 59 | 904 
30 | 13-19 || bo | 8.83 
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e Inflitution f Societies ; or the Calculation 
of Annuities to be paid in any Society, inſtitut- 
ed far the Benefit of old People, &c. 


E Calculation of Annuities for perſons en- 
! | tering into Societies, depends upon the Laws. 
Chance, and alſo upon the Rules of Annuities 
Wlivered in the laſt Article. But ſome queſtions of 
is ſort are ſo intricate, involve ſo many conditions, 
ad require ſo many calculations, as to render them 
xtremely difficult and laborious to perform. In 
ch caſes we muſt be content to make uſe of ſuch 
pproximations as will ſhorten the work, and come 
ear the truth. Every ſociety ought to be eſtabliſh» 
d upon ſuch principles, that it may be able to 
ontinue for ever; and therefore all the conditions 
nuſt be duly adjuſted to this end. And although, 
dy the variableneſs and chances of thingy, the fund 
ay ſometimes loſe ; it will at other times gain as 
much, and ſo will never fail. Several Problems of 


his ſort here follow. 


Ax1om I. 
The preſent value of what is paid to the fund, 
muſt be at leaſt equal to the preſent value of what 
ls received by the annuitants. 


Ax IOM II. 


It is the ſame thing whether a number of people 
a] enter at once, or ſome at one time and ſome at 


Ch. 


another, 


P R O B. 


122 INSTITUTION 


PRO B. I. 


A perſon whoſe age is a, puts a ſum of muny, 
into the hands of ſome ſociety, which ſum is to lie du 
for y years, after whith be is to receive an ami 
for his life. To find that amiuity, reckoning a; 
per cent. | 


Let x = annuity, # the complement of a, at 
the complement of 2+y. Then ſuppoſe (Ax. 2 
there are m perſons, one will die every year; an 
in y years y of them will die, and receive no annus 

Now the money paid is = ms, and let the u 
lue of a life whole age is 2 + y be = v, then mz 
money received by the remaining # people, this i 
the ſum of all the annuities. Find the preſen 
worth of »v due y years hence; then (Ax. 1.) px 


ms, and x = _ the annuity of each perſon, 


Ex AM. 


Suppoſe a life of 42 = a, and y = 10 years 
s = 50l. then m = 46, 1 36; and by Table ll, 
a life of a + or 52 =11.34 = v, and uv = 36x 
11.34 = 408.38; then the value of this 10 years 
ſooner is (by Table I.) 408.48X.6755 =275.8=), 


and ms = 46X'50 = 2300, and x = — 8.33 


the annuity. 


Therefore, if by this method the annuity fot 
every age be computed, a table will be had, which 
will ſhew the annuity for any age. TROP 


p _ 1. FY = 0, and 5 = 11.343 then x = 
or the annuity. 


Cor, 


ou 


x7, 11, OF SOCIETTES. 


Cor. 2. F x be given, and the fine s be required, 
_— ** 

WY S mn ” Js 

ScHoOL. 


If no intereſt be reckoned, then the money paid 

ill be 2300 as before. But the money received 
* 36 

ill be 1 + 2+ 3+ 4 &c. to 35 = — — 2630 


2300 


hence 630 x = 2300, and x = - = 3.68. 


630 
herefore the greateſt part of the annuity ariſes 
om the intereſt. 


ERQS: I 


A perſon whoſe age is a, pays no fine, but pays b 
bounds a year to ſome ſoctety for y years. To find what 
pmuity be muſt have afterwards for his life, at 4 per 
ent, (London Union Society.) 


Let x = annuity, * = compl. of a, » comp. 
pf 2 +y. Then ſuppoſe m perſons to enter, y of 
them will die in y years. 

1. Then the money paid by the dead men y, is to 
be found by Cor. 2. Prop. XIV. Annuities, putting y 
for n. Or (which is the ſame thing,) ſeek the age 
83—y in Table II. againſt which is v, the value 
of that life; this multiplied by y, that is vy = mo- 
ney paid by they dead men, at 1/. annuity. And &vy 
= whole that is paid by theſe dead men. 

Then to find what is paid by the remaining a 
perſons 3 here each of theſe perſons pays an annui- 
ty certain for y years. In Table II. againſt y find 
p the preſent worth, then in = ſum paid by the u 
perſons, Whence bvy + pn = whole ſum paid 


by all, 
| 2. The 


INSTITUTION 


2. The money received is the annuity &, for, 
2, 3, 4, &c. to #—1 years = nq, q being the pr. 
ſent value of a life of the age @ + y. Then gnz = 
money received after y years. Find : in Table 
the preſent worth of 1/. due y years hence. Tha 
gurt = preſent worth of all the money received; 
| whence (Ax. 1.) ax = boy + bpn, and x > 

buy +bpn 


qnt 


R 


the annuity ſought. 


E x AM. 


Let the age be 42 =a, b=1, y=10; tha 
m=46, 1 = 36. 

The age 88 — y, or 78 in Table III. gives v: 
3-91, then vy = 39.10, and bvy = 39.10. 

Again, Table II. againſt 10 is 8.11 =p, and 
then pn = 291.96 and þbvy + pn = 33106, al 
the money paid. 

Then a + y=52. and againſt 52 (Table III.) i 
11.34 = , and f = .6755 by Table I. whenc 


06 
= 275.7, and x D = 1.20, the annv- 
FE b 275-7 ; 


ity received. 


SCHOL, 


By the help of theſe two problems, that calc 
may be ſolved, when both a fine and an annuity i 
to be paid into the fund; and the annuity required, 
for the ſurviving members. As in the laſt exam- 
ple, let F = fine or premium that each pays, then 
46f or mf is to be added to the money paid, and 


we ſhall have x = 2 — And if the an- 
n 


q | 
nuity received (x) be given, the annuity (+) to be 
paid, may be found. (York Univerſal Society.) 


PR Oh. 


PR OB. III. 


= 4 perſon of the age a, enters into a ſociety (infti- 
e for young people,) and pays b pounds à year for 
ears, and then lies dead for æ years. To find what 
„„, be. bail bave afterwards for bis life, at 4 
cent. | 


Let x annuity to be received, m= comp. 4, # = 
Womp. a +y, w = comp. a + y + z. Then ſup- 
Woſe m perſons in the beginning; then y of them 
ill dic in y years, and y 2 in y+2 years. 
1. The money paid by the dead men is found 
hus, ſeek the number 88 — in Table III. againſt 
hich is v, then bvy = waſte money paid by the y 
Wicad people. | | 

For the other # perſons, againſt y in Table II. 
nd p; then pn = money paid by theſe x perſons, 
d the whole is = buy + pn. 

2. The money received is the annuity x for 1, 2, 
„Kc. to w—1 years; and this is = wg, where 3 
Is the value of a life whoſe age is a+ y+2, found 
in Table III. Therefore qwx = money received 
after y + w years. In Table I. find ? the preſent 
worth of 1/. due y + z years hence: then gwxt = 
preſent worth of all the money received for the an- 
nuitants, Whence gquxt = buy ＋ bpn, and x = 


d, 25 che annuity for each perſon. 


nd E x AM. 


Suppoſe the age be 40 = a, 5 ig, y =7, 2=6, 
and m = 48, 1 = 41, w = 35, 88 —y = 81, 
be MW 471 +2=53, 39 +2 = 13. 
| 1. Againſt 81 (Table III.) is 2.71 =v, then 

% = 94.85 the dead money. 
B. Again& 


— 


INSTITUTION 


* Againſt 7 (Table II.) find 6.002 = p, then by 1 
= 1230.41; and the whole ſum buy + bp if 
1325.20. 1 
2. Againſt 53 (Table III.) is 11.13 = 9, and 
gainſt 13 (Table I.) is .6005 t. Then qut= 


233.9; Whence x = 13252 —5.67, the annui ; 
339 233.9 25.07, ly 


PROB 1V. 


A perſon whoſe age is a, enters into ſociety, a 
pays f for a fine, and the annuity certain of b pound. 
year, for y years. And afterwards a perſon of t 
age c (nominated at firſt,) is ſo receive an annuity fi 
his own life. But if the nominee dies within the tem, 
the payment ceaſes. To find the annuity, at 4 per cl 

(York Union Society.) 


1. Let x = annuity, m = comp. a, 1 = comp 
c +3. Suppoſe m contributors at firſt, then nf= 
ſum of all the fines : and then y nominees will di 
in y years; and then the y contributors will pay tht 
annuity & for 1, 2, 3— toy— 1 years = hl, 
where A = number in Table III. againſt the 2 
88 — 7. 

The other z contributors will pay zv, where! 
is the number in Table II. againſt y, Therctor 
mf + byA+ bnv = whole money paid, 

2. The u nominees remaining will receive ti: ; 
annuity x for 1, 2, 3—to y—1 years = pax, where 
t = number againſt y in Table I. And p is ti: jj; 
number againſt c + y in Table III. Then pins = 


mf + byA + bnv, and x = DAT. ' 


pin 


Ex AM. 


ur. II. OF SOCIETIES. 


Ex A M. 

Let 6=40, f =10, J 38, y=17, e 30, #5 
8, 1241. Then mf=480. Againſt 71 (88—y) 
n Table III. is 6.39 =A, then A= 543.15. 

Againſt 17 (Table II.) is 12.165 =v, then bnv 
; 2493.82; the ſum is 3516.97. ; 
= Againſt 47 (c +) in Table III. is 12.32 =p. 
And againſt 17 in Table I. is .5134 . Whence 


a 85 
59.33. 7 H 


PROB V. 


A man and his wife enter into a ſociety, on theſe 
terms; that every man ſhall pay a premium or admiſ- 
on fine f, and b pounds a. year, till one of them be 
dead. After the huſband's death, the wiſe (if living) 
is to receive an annuity for her life. To find this an- 
nuity ; ſuppoſing money at 4 per cent. 

(Laudable Society.) 


- Ss "= PEE OI PII.” ah — 


Let a be the man's age, c the woman's, x = an- 
nuity. 

This Prob. is ſolved by finding the value of the 
reverſion of an annuity for one life after another, 
by Prop. XXIII. Annuities. Therefore (by Prop. 
XV. ib.) find G the joint lives of the two perſons. 
And by Table III. find W the value of the wife's 
life; then W— G = value of the reverſion, at 
1, per annum. | 

[tis evident, that f + 4G (the value of the joint 
lives) is all the money paid by the huſband; and 
the reverſion W—G X is all the money received 
by the wife. Therefore W —G Xx x = bG + þ, 

+ Gb 
and x = 1 — 
M. W- 


„the annuity. 
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If 


128 inNSTITUTION 
If both huſband and wife are to have the chal 
then it is evident, the annuity will be but half ff 


much. 

Ex AM. | | 
Let 4=40, © = 30, f=10, b=5, then the wii 
lue of the joint lives is 10.28 =G, and W=1,,,8 


then x = 7 66 


If a and c = 40, F and 1. Then Ws | 
13.52, G=9.63, (by Cor. 3. Prop. 15. annuitie) 


whence æ = 12:93 = 2.73: but finding G ian 


3. 
(by Rule 1. | 15.ũ then x will come out 359 
more exact. 
If women live longer than men, or there k 
more widows than widowers, as ſome aſſert; ſup- 
poſe as 3 to 2; then inſtead of W — G, 


W—G x 1 +3=z or W x15. 
3 +2 
SCHOL. 


If it be required to find how many contributor 
and annuitants there are in any year. It may be 
found thus, when the lives are equal; as ſuppoſ 
they are both 40. Here 48 is the comp. life; F 
therefore ſuppoſe 48 perſons of either ſort, then . 
one will die conſtantly in a year. Let n= 48, ad © 
S men or women dead in d years, and / (or n—) 
= thoſe living. | 

Since the living or dead belong promiſcuoully up 
the whole number, therefore find by proportion * 
(by Prop. VII. Laws of Chance) how many living 
men belong to the living women, That part wil An 


/ 
be 4 that is, out of 48, _ men have wiv, 


and therefore that is the number of contributors at 1c 
d years, | 


8 Again, 


„ l. OF SOCIETIES. 
Again, find how many living women there are 


aging to the dead men; and = xlisthenum- 
and this is the number of widows. Whence 
er 4 years, there are = contributors, and = an- 


itants, let 4 be what it will: and conſequently 
e number of contributors will then be to the num- 
of widows, as / to d. 
And from hence, by help of Table I. one may 
mpute what the widow's annuity will be, if any 
e will be at the pains todo it, after the following 
Wanner. Let the annuity paid by each contributor 
l Then make a column of all years to 48, 


inſt which put down for each year 2 * by the 


Wrreſpondent number of Table I, The ſum of 
WI theſe 48 numbers added to the premium, will 
the preſent worth of all the money paid; during 
e whole term. 

Again, put down againſt theſe, in another co- 


mn, for each year = X by the correſpondent 


amber of Table I. (as in the former column,) and 
e ſumof all theſe numbers x d by x, will be the 
ſent worth of all the money received by the wi- 
ds, And therefore the common annuity x will 
known by diviſion, and this is at 14. annual 
tribution, 
Purſuing this method for the age of 40 for man and 
Ife, and 17. fine and annuity z I found the widow's 
Inuity 31.27 3 agreeable to what was ſhewn before. 
And hence it follows, that in this ſcheme, the 


mber of contributors ( =) is greateſt at firſt, 


d continually decreaſes to the laſt. 
"M0 And 
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And the number of widows Ss —), is great 


when = g ) chat is, when d or = 3, and the 
the widows and contributors are equal ; and e 
number is = + #. Afterwards they continually 
creaſe to ©. 


| | PROB. VI. 


1 A man and his wife of the ſame age (between u 
1 und 45) enter into ſociety; and pay 27 admiſſion jo 
and 11 a year for his life. And afterwards the 
| dow is to enjoy an annuity for ber life; which wil 
| more or leſs, according as ber huſband bas contribu 
a longer or a ſhorter time; that is, for 1, 7, |; 
years. To find the annuity to be paid in each of ii 
intervals, at 4 per cent. (London Annuity Socicy, 


The age of the perſons muſt be given, * 
the Prob. is unlimited. Suppoſe the age 40, ti 
complement 48. 


Let a = age, y = time of continuance, u: 
comp. a, # = comp. 4+ y, f = fine, x= annuty 
v= value of an annuity certain for y years, Ta ou 
II. P value of the life a+y, Table III. g nun er 
ber againſt y, Table 1. | 


Suppoſe there be m contributors at firſt ; at tht 
end of y years, there will only be # contributon; 
therefore at a mean, through the time y, there vil 


be m+n 
2 


there will be n widows; but ſuppoſing only 08g 


contributors. And at the end of y yea! 


contributors," 


m 
widow, then we muſt reckon — 
8 2 


_ _ * ">. A f ” 
which is the ſame thing, one contributor and 2 


x one 


annuity paid, put — 5. Then will x = 


SU 


io Let the time be 4 years, the middle between 
and 7 3 then m=48, y = 4, 144, 4 +y =44, 
=2, v 3.63, p=12.85, t =.855, 4 = 1e. 
hen x = 1098 = 52, the widow's annuity from 
to 7 years. 

2. The middle between 7 and 15 is 11= y, then 
y=51, 2237, v =8.76, p=11.55, $=1.16, 


6493 then x = 1 — 1.60, the annuity 


om 7 to 15. 
3. The middle between 15 and 48 is 32=y, and 
+y=72, 2 216, Vv=17.87, p =6.07, t. 28 3, 


2. Then x = I = 21.81, the annuity 


| 1.73 
dm 15 to the end. 
n This Prob. may alſo be folved by Prob. IV. But 
uh is ſcheme is very imperfect. For the annuity 


ould be computed for every year, or at leaſt for 
un ery 5 years; and that for all ages between 21 


ad 45. 


ON; PRO B. VII: 

A perſon enters into ſociety, and pays a fine f, and 
pounds a year for y years; after which be is to re- 
em ve an annuity for life. But if be dies before y years 
out, the payment ceaſes. To find this annuity for 
e; at 4 per cent. (Provident Society.) 


This Prob. is reſolved like the reſt. Let a = the 
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. „its complement. Then if chere be m peo- 


le at firſt, y of them will die in y years. And the 
noney paid by theſe, excluding the fine, is =yA, 
8 where 
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where A is the value of a life whoſe complemen 
5. This is at 1/. a year. 

If x = comp. @ + y; then theſe # contribu 
(in y years) Pay nu, where v is the preſent valu 
11. annuity for y years. 

After y years, there are alſo » annuitants. 
they in all receive »p, where p is the value of | 
whoſe comp. is #. But the value of this, y all 
ſooner, is inp, where : is the preſent worth of 
due y years hence. 

But to reduce all to one perſon's — = 


divide by u, and then the money paid is = __ 2 
A 


2 1 + bv; and the money received = px. 
Therefore put m = . of a, 
—— = = _ 
= number in Table III. againſt 88 —; 
Js = number in Table II. againſt y. 
= number in Table III. againſt 4 + 
S number in Table I. againſt y. 
= A TUN 
Then the annuity x = . 7 —. 


Ex AM. 
Suppoſe the age 40 = a, and y=10, Fo, j: 
12.8; then m = 48, » = 38, A=3.92, v=8u 


P=11.75, fg. 67553 then x = 22297 = 


; 1-93 

the annuity, | 
If f=3145, 82, then x= 14.69, the annu! 
Cor. If the conditions be to pay f fine, and b pom 

@ year, for balf the complement of life (to 88) ; K. 


1m, and Ap. Whence x = 1X AY Is 


And this is a very rational ſcheme to proceed on. 


= 19 


P R O 


1. III. OF SOCIETIES. 


p R O B. VIII. 


A man whoſe age is a, enters into ſociety, und pays 
|. a year for life. What ſum of money ſhall bis heir 
. receive at bis death; reckoning 4 per cent. 
(Amicable Society.) 


Let» =88 — 4, ſeek a in Table III. and put 5= 
value. And ſuppoſe there are » perſons at firſt, 
en 1 will die every year; and the amount of 1/. 
reſent money for 1, 2, 3, &c. ton you, will be 
er, &c. to R., whoſe ſum is —— R 
Wor » perſons, and the mean of all theſe ſums is 


— - R, or putting M = amount of 11. for x 
M— 


| ears, by Table I. then the mean = — R the 
m that his heir, &c. ſhall have at his death, for 
|, paid at firſt, And conſequently — RS is 


e ſum that his heir receives at his death for paying 
/ annuity for his life, or S at firſt. | 


Ex AM. 
Suppoſe a life of 3a, its value 8g 14.68, at 11. 
year for life; then #=56, and M-= 8.992, then 
7 R = 3.71; and 3.71 x 14.68 = 4.46 
um paid at his death, which is too much, 


Or thus, 


Suppoſe there be x perſons, and each pays 1/. at 
us death; then the preſent worth of 1/. due 1, 2, 
K 3 3. &c. 
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death, ſuppoſing 11. paid at firſt. Or — 82 


all the members are of the ſame age at firſt; and ali 


by admitting new ones, when the old ones die. To fu 


* 


INSTITUTION. 
1 3 I I 
3. der. years hence is K + N. ＋ NN &. 


. 11 a ö 
= whoſe ſum = - - = _ and the meu 


preſent worth of 11, for each perſon, i 1 


* 
where p = preſent worth of 11. due # years henc, 


But 2 1;: 11: == we paid at hi 


money paid at his death, ſuppoſing S (or 1 annul 
ty) paid at firſt. | 


In a life of 32, — 


1 


laſt, for 1. paid at firſt, 


P ROB. IX. 
The ſame things ſuppoſed as in Prob. V. and thi 


= 2/.52 the money paid i 


that the ſame number of members is conſtantly kept ij, 


the number of contributors, and number of annuitant 
in any one year, | 


In the Schol. Prob. V. I ſhewed how to find the 
number of contributors and annuitants in any yea, 
when no new members were admitted; in which 
caſe, one will die every year out of à (or 48), and 
therefore all will be dead in 48 years, the compt- 
ment of life, But here as there are more membe!s 
coming in, they will die faſter and faſter, till a 
laſt, or at the end of » (or 48) years, there will be 
people of all ages from 40, the year of admiſſion, 
to the end of life; at which time, two will cont! 
nually die every year, which I thus prove. 


1, Soß⸗ 


x7, III. OF SOCIETIES. 


1. Suppoſe there are » (or 48) couple, of the 
ge of mow of the age of 41, 46 of the ag of 
2, 45 of the age of 43; and ſoon to 1. Then 
is plain, by the laws of mortality, that one will 
e out of every parcel, every year; and therefore 
$ will die in a year, out of the whole number; 
hat is, out of 14+2+3+4 &c. to 48, or 24 * 48 
nd conſequently 1 out of 24 will die in a year, or 
out of 48. And therefore one woman will die 


. & . 


oman a new couple enters. | 

2, To find the number of contributors yearly. 
By Cor. Prop. IV. annuities, the expectation of 
wo equal joint lives is 4-#; and this muſt be ſup- 
poled to be the life of a contributor. For in a 
great number, if ſome be longer, others will be 
porter; and after 4 u years, they will go aff as 
alt as they come on; and after that will admit of 
o increaſe or diminution ; therefore there will be 
hen conſtantly 2 Xx + 2, or + # contributors. 


bet 3. For the number of widows. By Cor. 1, 
% op. VI. annuities, the expectation of the longeſt 
„wo lives is 2; therefore n is the life of the 
u oageſt liver, be it man or woman, and therefore 


Fs the length of the life of the ſurvivor, after 
the death of the other; conſequently in theſe + # 
years 3 n ſurvivors will come in, as before of, wi- 
lows, and conſtantly be the ſame afterwards, Bur 
8 half of this number is the number of ſurviving 
men, the other half or zn will be the number of 
lurviving women; that is, there will be conſtantly 
7 widows or annuitants. All this will be more 
dear, by conſidering, that there are conſtantly u 
women, wives and widows; and ſo many wives ſo 
many contributors ; and 4 » contiibutors + u an- 
nuitants = x, the whole number. 

4. To make an eſtimate for the intermediate 
years, Let d denote any year from the beginning; 
K 4 then 
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very half year. And always at the death of a 
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then by a like computation I find, that after d yea 
x out of # — 7d perſons, will die in a year, of th 
ſupplemental people; or that 7 
die in a year. 

In the ſeries A below, one perſon dies every yea, 
which is to be ſupplied by a new one coming in, 
But inſtead of one, let 48 come in, (that 1 my 


die in a year), as is denoted by the ſeries B, C, U. 
&c. out of each of which alſo 1 dies in a year, 


A= 48, 47, 46, 45, 44» 43, 42, &c. 
B= 48, 47, 46, 45, 44s 
C= 48, 47, 46, 45, 
D = 48, 47, 46, 
&c. Now proceeding as in Schol. Prop. V. afſune 
any number for d, the year. The number for 


in the ſeries A is 4 For 4.1, in the ſeries B,i 


. For d—2, in feries C is . fr 
| n 


perſons vil 


d—3, in ſeries PD, ni T3 &c. for d— 1 terms 


n 
beginning at B. The ſum of all which (divided 
by 1) is the number of contributors ; that i, 


I+1 + +2 + [+3 &c. = number of con- 
un un | nn 


tributors, the ſum of all which (by the differential 

method) is = 2mm—3n+1 „ 21] + 31 +1 12 

| ed | Enn 

24d —3d 1 
6nn 


(putting #—d for /) = - + 
d = AKN d—1 4 44 nearly, 
| 1 Oonn ; 


5. In 


11; OF SOCIETIES. 
5. In like manner for the widows, the number 


Jia the ſeries A, is ©, For d—1, in ſeries 


2. For d—2, in ſeries C, is 


1 2.1+2 z for d— 3, in ſeries D, is d—3:i+3 


1 n 
ford—1 terms, beginning at B. The ſum of 
ich (by the differential method) divided by , is 


— , d—l.d—1 4— 24d—3d+1 


Sm nan e 
4—1 2d4—3 
g- for I) 2 d — 2 dd, for the 


mber of widows, 

b. But as no ſupply has been made for the peo- 
edying in B, C, D, &c. which in z years are re- 
ced to half. Therefore multiply each quantity by 


* BY and putting P = = dd, then we have 


x — ＋ P: for the number of 


2 dntributors, And #+d, 1 — 4-8 for 
n 21 


e number of annuitants ; excluſive of the ſeries 
And the ſame in proportion for any number 
ater than u. 


7. Therefore if N be the number of couples in 
is fociety. The number of contributors at the 


Na of 4 years, will 8 N + *+ nx: 
un un 


r: 


And 


In 


* 
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And the number of annuitants upon the |; 
will be © N ＋ EEN x: r. 


ly, EE the 3 3 (A). 


8. And after » years, the conſtant number d 
contributors, will be N. And the conſtant nu 
ber of annuitants, 3 N, nearly. 


ART 


L 19 1 


A R . IV. 
„on THR 


0ON'S MOTION. 


P R O B. I. 


To find the abſolute Force whereby the Moon is drawn 
m its Orbit, by the Action of the Sun; ſuppoſing the 
Orbit nearly circular. 


ET QAZ be the moon's orbit, P the place of 
the moon at any time. Let the ſun's diſtance 
7, moon's diſtance PT = 4, fine PK ), arch 
P=2z, verſed ſine QK = x, p = earth's perio- 
al time in ſeconds = 31556940, g = force of 
avity, þ = ſpace deſcended in a ſecond by gra- 
ly, 1 = 3-14159265,. 

The arch deſcribed by the earth in a ſecond is 


— or is its verſed ſine, and 


, and 
ſ 2 Pp 

us is the * 83 which the earth is drawn 
the ſun in a ſecond, which meaſures the ſun's 


ce. By Cor. 1, Prop. 27, centr. forces, the 


n's diſturbing force at P =2Cc = 3 
r r PP 


; and this is the difference of the forces 
n 


* 

K and P; and therefore A is the force that 
| | 8 

Iraws the moon from her orbit, directly towards 

de ſun, or rather the ſpace through which it is 


rawn from its orbit in a ſecond. Hence, if F - 
the 


* 
I, 
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Fig: the force required, then : : = ;F=! 


1. 


S the moon's ſynodic time in ſeconds, P ) =! 
Then — = arch of the moon's orbit deſcibe 


Fluxions) v CC F { (v being the velocity at 


THE MOON MOTION. 


* 


2 2 „ g g 
7  25224933618000 
Cor, Fs be the fine of QTP 10 the radius i, 


r 
a, 4 2 2 0 
RO R H. 


| | 


To find bow far the moon is drawn from it: oi 
in any time, from the quadrature, by the ſun's dj 
ing force, ſuppoſing ber orbit nearly circular. 


Let QPZ be her original orbit, P her pl 
Suppoſe a body P revolving in the orbit O 
the moon would do if it was not diſturbed byt 
ſun. And ſuppoſe the line PS always drawn fr 
the body P to the ſun; and that the moon is dr 
away in the line of vagation PS to ), havingd 
ſcribed P in the time of moving from Qu] 
To find the length P); and the velocity at), 
long the line PS. 

Denotirg the quantities as before, alſo putti 


/ 
in a ſecond. And 2=6:1::2: 12 = time 
274 


paſſing through Z. But (by Prob. I, Section Ill 


and in the caſe of falling bodies, v = 20 


F=h Therefore 257: bf: v: 2 x : 
| PP 21d 


0 


w. THE MOON's MOTION. 
5 therefore v = 1 x 92 = 
app app 


x ax, by nature of the circle. Therefore v = 
e . 
3105 59503 Pn Rn 31059500 5 

of the moon's diſtance from the laſt quadra- 

radius = 1. And ſuppoſing V = that verſed 

, 4 = 1176948000; then v = 37. 8934V. 
gain, (Fluxions, ib.) coc vt, and in falling 


ies 5 = 2Þt, and v = 2b; therefore 2bt : 2h 


SI = * Therefore w = —.— 
PP 274 app 


da a. „ OX _ 24 „ * — && 
PL op „7 PP „ pP Vrax—ax 
t „ . But the fluent of 


pa 2\/ 2aX—xx 
— is known to be = ſegment QHP. 


erefore w = I ſegment QHP. Or w = 
Ppa 


ta ;.- 

Ft x ſegment QHP, to the radius 1 = dee 
ſegment QHP, radius = 1. 

Cor. 1. Hence in the ſyziges at A, the moon is 


6 ſecond, And at the next Jung with a ve- 
aly of 75.788 feet, where the force nearly ceaſes. 


Cor. 2. And in the ſyziges ſhe has departed 940298 5 

a or 1 rf) te 87 miles from ber orbit. . And at the 

rature 51752450 feet, or 9801.6 miles, 

ich is about 1% the earth's diameter, or 4* of the 
'on's, amounting to about 4* 42. 8 

or. 


awn from its orbit, with a velocity of 37.894 feet 
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1. 


142 
Fig. 


that is, as the verſed fine of the correſponden 


THE MOON's MOTION: 


Cor. 3. The moon's perp. diſtance from its tru 
bit in any place, is as w X fine of the arch Ob. 

For the perp. diſtance of) from the orbit! 
is P) X fine of the angle » PA or QTP. 


SCHOL, 
Strictly ſpeaking, the moon perhaps may not 
ways keep in the line PS, but fall a little back, 
be a little forward, in different parts of the och 
But this cannot be certainly known; for want T 
knowing the original orbit. | 
Beſides the line P) deſcribed by the moon, by 
been here ſuppoſed to be a right line, upon ſupy 


firion, that the ſun ſtands ſtill; and has no mori 
in longitude. But fince in the time of half 


ſynodic revolution, the ſun has moved form 
about 14+ degrees, therefore the line deſcribed 
by the moon, moving towards the ſun, will o 


in the form PBM; of ſuch a nature that the « 
treme tangents PD, MC will imerſect at Din 
angle of 142. And the radius of curvature at a 
point B, will be as the velocity of the moon ath 


arch QH. Suppoling PB deſcribed in the tim: 
QH is deſcribed by P. 

After a like manner the velocity and fpace de 
ſcribed, along the curve QP, or along the radius 
TP may be calculated. And ſince I have perform. 
ed the calculations, by a method ſomewhat diffe- 
ent, I ſhall here fer down the reſult thereof, _ Wt 


The velocity gained, 


along the curve at A — 20. 32 feet. 
in the radius at A — 22 04 
in the line PS at A — 40.64 


r. IV. THE MOON's MOTION, 


The ſpace gained, 

in the cure at A — +ys of . 
n the radius TP at A — +4; of TP. 
in the line PS at KA — +; of TP. 


T7 ROB; HE 


0 find the place where the moon is furtheſt from the , 
vinal orbit, in the line perpendicular to it. 


Let O be the moon's place in the time of vaga- 

KPO, draw TP » from the center T, and 
) parallel to the orbit at P. Let QK = x, KP 
„ PO=w, QT =1, then TK = x— 1. 


eni:y::w: PY = wy = maximum, and te 


wy = 0, that is, _ X xx + = WY , x ſeg. QHP 


o, and xx + 7 x ſeg. QHP =o, Or xx + 


X—2XX X ſeg. QHP = O, or ax + 24 — 24 X 


p. QHP So, or f ax = — 


= 1, therefore —.— = ſeg, QHP = 4 arch 


HP — + =_ 7 = 
fer Ie. y 
, Wutting TK =) y + 2 = 2 + > = tan. 


P + 2 fine of ZP. Whenee arch QP = 1355 
G nearly, And then 212 3 the greateſt diſ- 


ance from her orbit, and Po = = 


The Or 


Fig · 


144 THE MOON's MOTION, 
Fig. 
Or thus. 
4+ Draw AT D and » PKG, and put x =1( 
then rect. A) D g rect. P G, or xx 2 = 
++ 2yx, and x is to be a maximum, put m fort 


then * + 2am = w* + 2, in fluxions 2004 


2yw-+340y=0; that is, w y X 7 + leg. 
; 4 
* — o, and wx + yx + 2 If 


a 344-2 5 0p"! Tayx | Wig 
42 — „ 2 o, and —— = ſeg. QHP 
: owe & 8 Q 2, 1 — 


= ſeg. QH — — ſeg. QHP; when, 
the laſt term be neglected, as being very ſmall, 
comes to the ſame as the firſt. 
1+ 
6 


4 
| ny. 


tan. ZP+S.ZP 
J=s = +35 =- 2 S ſeg Hr 


it +c ſeg. QHP 8 . | 
* 25 For ſeg. QHP, put ar 
QP—PK _ QP— 

. 
lation, there will be found x or ) A = . 0153 


» and proſecuting the calcu 


a 
. and ZP = 43* 22%, or QP = 136* 27), PA 


=2* 6, P.» or w = . 02213 = — 
45 


N : 
of > 


1. IV. THE MOON's MOTION. 
PRO B. IV. 


, eee 
ion P). 


The fluxion of the area QP v is Po X X = wx 
_ x ſegment QHP. But ſegment QHP = 


2 therefore the flux. area = 43 
Ppa 2 


—x Xũ 2 — ZX — JX, But fluent of "8 S area QRP, 


I let the fl. 2 = 2x+5, then 2 =2X+x3+5, 


(= <—=XZ = — — —— d 
8 N Gn V 2ax—xx* 
| ax | 
refore or the fl. 9 2 area QHP, 
2tt 


etefore the area QP) th” Tod zx + 2 area 


P— area QKP _ X : * ſeg. QHP 


tangle QKP : e — 


* 2. At the next quadrature Z, the area = 


* 23 aa 3.1416 = <=. 
b 9:74 


* PR OB. 


03 


| , 
* 
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Fig. 
P R O B. * V. 


To find nearly the original orbit of the nom. 


1. We found in Prop. II. how far the moon is dn 
from its orbit, at any place therein, or in deſc 
ing any arch. But ſince the time of deſcribingy 
arch is proportional to the ſynodic revolution i 
arch muſt be reduced to the periodical ty 
Therefore in the quadrant QA g= O, ſay as thei 
nodic, to the periodic time; ſo is go®, to 8p if 
The area of the ſegment QHP for 83˙ 16 
23011; whence the line of vagation P) i 

I 
766.18 

5. Let QA be the preſent orbit. Make C 
go®, and draw AT, and ſet ,j; TQ from Au 
and the ſemi-circle QaN being drawn will be e 
ly the original orbit, or that deſcribed without pt 
turbation, wherein ZN = 4, TZ. And TZ: 
: : 83 : 82. The ſame contraction will be made! 
the other half of the orbit. And therefore d 

diameter of the preſent orbit, is to the diameter 
the original orbit, as 83 to 82. 

If the arch of go had not been reduced to 8z 1! 
the diameter of the diſturbed orbit, would be lier 
the diameter of the undiſturbed orbit, as 6) to 


Cor. Hence, by the action of the ſun, the moon 
bit is lengthened at leaſt Ir part of itſelf ;, and! 
Periodical time is increaſed accordingly z which wis 

Fr part, or near 12 hours more. 


Sen ol. 


From the foregoing problems, it appears be 
much the moon's motion is diſturbed, and her 
bit diſtorted, merely by the ſun's variable force # 


r 
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upon her. From which ſo many irregularities Fig. 

ie, doch in her place and diſtance : . tables - 

ve ever been made, to anſwer truly for any con- 

derable length of time. | 

[f her undiſturbed orbit and periodical time in 

were given; and the time of the moon's being 

the quadrature known; I doubt not but one 

ight find the moon's place very near, by the ſe- 

ond Prob. for a given time; and be able to com- 

ſe tables to find her place from any time till the 

ext quadrature, but no longer. For after that 

e will be put into a new tract, which being diſ- 

rbed over again, will differ from the former, and 

er that into another (till different, and ſo on. So 

at after every ſemi · revolution ſhe will be put into 

new path different in ſome degree from the for- 

ner. Yet in time the may deſcribe orbits which 

ill converge to ſome regularity, But I have nei- 

her time-nor leiſure to proſecute theſe things any 

rther. 

The action of the ſun on the further ſide of the 

noon's orbit is ſomething leſs than that on the near- 

ſt ide, which alſo cauſes ſome error. But then 

he moon (as all the other ſatellites do) 3 

ame way about the earth, as the earth moves about 

the ſun; the centrifugal force of the moon is great - 

er on the outſide, which compenſates for the leſs 

force of the ſun. For on the outſide of the orbit, 

the moon's abſolute motion is the ſum of the 

motions of the earth and moon, in their orbits z 

but on the inſide it is their difference; and the cen» 

tntugal forces are as theſe motions. 
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PON account of the great uſe, importance 

and curioſity of this ſubject, I took the pain 

in my book of Fluxions, to calculate the nature 
the curve, upon which all the parts of an arch vil 
be in equilibeio. And in the Mechanics, I han 
given numbers for the conſtruction of ſuch arches 
For no architect or engineer that knows what he; 
about, will venture to build any arches, but what 
ſhall be the ſtrongeſt and moſt durable that can be 
made. And that can only be when all the parts a: . 
in an exact equilibrium; ſo that they cannot thruſt 
out one another, and fall down, And here it i 
ſuppoſed the ſtones have no coheſjon with one . 
ther, but are entirely ſuſtained by the figure of the WW, 
arch. So that if they were laid in oil, and could ce 
eaſily ſlide by one another, they would ſtill keep 
their places. But being laid in lime or mortar to 
make them cohere, they could then bear any ad- Wn 
ditional weight. that could come upon them, I Bi: « 
ſhall, in what follows, give the inveſtigation of the . 
numbers by which the curve is to be drawn, to- d! 
we with ſome other things relating to the | 
abject, ove 


— | H 


P R OF. We" 


zr. v. O F ARC HE 8. 


PROP. I. Prop. 


int B, F, H, L. O, being given in à vertical 
me; but the extreme points A, R, Axt immoveable. 
nd the proportion of the weights or forces inſiſting 
the angles B, F, H, Sc. ſo that the figure may 
ond in equilibrio, in that poſition. 


Through the angles B, F, H, &c. draw perpen- 
culars to the horizon, Bc, Fe, Hi, &c. which are 
e direction of the weights or forces; and taking 
of any length compleat the parallelogram aB; 
ewiſe take dF = Bb, and compleat the parallelo- 
am dFfe, In like manner make gH=Ff, KL 
O LI, compleating all the parallelograms 
bi, Lim, nOop. Then the forces or weights on 
e angles B, F, H, L, O, are reſpectively as the 
agonaly Be, Fe, Hi, Lm, Op. 3 
or the force Be is equivalent to Ba and Bb. Ba 
bs towards the immoveable point A, and B acts 
wards F. Alſo the force Fe is reſolved into the 
ces Fd and Ff. But Fd acts towards B, and is 
poſed and kept in equilibrio by the equal force 
„ becauſe Bꝰ = dF, by conſtruction. After the 
me manner the force Hi is reſolved into Hg, Hb: 
e force L into Lk, L/: the force Op into On, 
. Of theſe the forces Ef, Hg; and Hb, Lt; 
0" L, On, deſtroy one another, being equal and 
be ontrary; and the force Oo acts againſt the im- 
oveable point R; and therefore all the points B, 
„H, L, O, will remain unmoved. 
After the ſame manner may the forces be found, 


ad towards a given point; and that is, by draw- 
g the lines Bc, Fe, Hi, &c. to that point, and 
L 3 compleating 


Several "inflexible right lines, moveable about the 6, 


den they act not perpendicular to the horizon, but 
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Fig. compleating the parallelograms, and procteding 
6, as before. 

Now the force on any point B, is to the forg ol 
on any other point O:: Be to Op. But Be to qq 
is in the complicate ratio of 

Bc to Bb or dF cab: cBa 

dF to de or gH Fthat is,\eFH : eFB 

A to gi or Lk > as the CiHL: iHF 

Lk to km or nO\ fines of } LO: LH 

10 to Op | POR : ROL 
But . eFH, and 5. i HF are ratio's of equality; 2 
3. iH L and . LH are ratio's of equality. Ther: 
fore Bc: Op : : . cab x . m LO X 5. p OR: 5.44 
X 5. e FB x5. ROL: : 3. ABF x 5. p OL x5. p OR; 


| cBF x 5. ROL:: ___£ABF _ 
rn. J. c BA X 5. c N 


- LOR : force on B: force on O. ol 
| Ne 
Cor. 1. The forces on any two angles B. L, ia : 
* reftions BA, LO; are diretily as the ſecants, or C. 
" ciprocally as the coſines of elevations, that is, as 4. nl all 
to f. cBA. ai 
For the forces Ba and LI, are in the complicatt Fe 
ratio of 
Ba to Be $.CBF : 4. ABF. A ( 


:: ABE 8 4. HLO 
& g. cBA x S. cBF FJ. LH x. C 


L to LI] HO : s.mLH. erti, 
* _ I : 1 ; fiſt 
* J. cBA F. LO hon 


. Cor. 2. The weights or forces upon the angles ui 
i continue the ſame; if the inclinations of the line ir 
; ne another, and to the horizon, continue the ſam I p. 

fag b the lengths of the lines be never ſo much dai 
| ; | f Fo 


Lk .OF/ARCHES. 1 
; or the lengths of the lines do not come intoFig, 
10 tation. 6. 


Ie or. 3. The direction of the forge on any point F i 
he line FB downwards, and in the line FH up- 
7 a ie : 

his appears by the conſtruction. 
or. 4. The force inſiſting on any angle F is as the 
of the catangents of eFB, eFH, when they are 
þ acute; but as the difference, * one is obtuſe. 
5. BFH 


f 1 
2 Far ghe force on F is as FE ut 
rn = 5s. BFe & coſ. eFH + . e FH X col. 
„ Therefore the force on F is as 


Fe x col. eFH + $5 eFH x col. BFe col. eFH 


7 = cot. eFH + cot. BFe, But here the 
e 

gle eFH being obtuſe, the coſine and cotan. will 
negative; therefore the force at F is as cotan, 
4; cotan. eFH. 


Cor. 5. F any external angle ABx be infinitely 
all, then any weight preſſing at B will af as much 
aint F as againſt A. i 

For if ABx or Bac be infinitely ſmall, ac coin- 
des with aB; and the forces in directions BF, 
A (being as the equal lines ac, 4B) will be equal. 


FR OP; . 

If a weight is ſuſtained by the curve AFV, in a 
ertical plain; and is kept in equilibrio by the weight 
ting on every point. Then the weight or preſſure 
pon any point F is as the curvature at F directiy, and 
be ſquare of the fine of the angle eFy or ITF recipro- 
aly: TFy being 4 tangent, and Tl perp. 4% the 
"011208, - < 

For draw the external angle BEy by producing 
HF (Fig. 6.) and ſuppoſe all the lines AB, BF, 


L 4 FH, 


4.6 FB X 4. e H Ji. 
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Fig. FH, &c. to be equal. Then (by Prop, I.) 
7. i 4. BFH 
force or preſiurs on any angle F, is as R 
Now let the number of the equal lines be 2 
mented; and their length diminiſhed ad infinitq 
and the figure AFOR will- become a curve lin 
and the preſſure will act on every point of 
curve; and the infinitely ſmall evaneſcent ang 
BFy becomes the angle of contact, and «FB 
comes = ey; and the preſſure. at F being 

s BFH or BER 1 2 B , 

. BFe c . FH oe Bxsey © 7T * 
when the infinitely ſmall part of the cueve is gi 
the ſine of the angle of contact BEy is as the cy 


R' 


ature, Therefore (in Fig. 7.) the force on Fü; 8 
the curvature at F directly, and the ſquare of wii” 
fine of eFy or 1TF reciprocally. 

8, Cor. 1. If a weight lite a wall APQR be ini 7 
Bent on the arch AFR. flanding in a vertical | 4 
and all the parts kept in equilibrioy then I ſay th i 


beight Fg on any point F, is as the curvature at F iſ" 
' rettly, and the cube of the fine of ITF reciprecaly. [ 
For the weight on the given part of the cum 7 


Fr is as C being the curvature at E, an 


IT Fl“ 
the weight of the column Fgbr is as Fg x wr =|| 
x Er x s.FTI = Fg x s.FTI, becauſe Fr is ge 


C 
Therefore Fg x 5.FTI is as ===, and F 


s. FTI“ L 
C | 
= keep the parts in equilibrio, [= 
WT. | Eg i 
col 2. If Roe the radius of curvature in F, l, 


I 
height Fg i — — 
{he cg Eg is as R x . FTI“ 


Cor 


ny, OF ARCHES. 


x 


nne 


erefore Fg = * And R may be found by 
pppoſing either & or y given. If & be given, R 
. Therefore Fg is as 2 x Of = 3 
— 123 
In my book of Fluxions I have calculated the 
eight Fg, for ſeveral curves by the method of 
Juxions, by Cor. 3. I ſhall in the next Prop. do 
by Cor. 2. for the ſake of ſuch as do not under- 
and Fluxions. | 


' PROP. UII. Pros. 
The nature of the curve AFZR being given for the 
oure of an arch; to find the height Fg, of the wall 
ifing thereon, at every point F; ſo that all the parts 
ball remain in equilibrio. 


— 
3 


Draw the ordinate Fl, and let ZI = », FI y. 
EF x, ZS = a, R = rad. curvature in F, draw 
he tangent FT, which will be found from the na- 
ure of the curve. Find the S. angle FTI; then 


ake ee as 


7 ===; for the height. 


. 
Let FZ be the arch of a circle, radius r, 


x, coſ. FZ 8 28 22, then c=. K TI, whence 


Eg is as or as Li which at Z is —. Therefore 


1c 6 7 


And 


— 
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Cor. 3. TJ 4 | ZF A; __ Fg iS: 


14 CONSTRUCTION 
Fig. And ſubtracting Zl or x =r —c, then 28 


FO (x): rad. (1) : : QI : S.QFI or FTI 


10. 


2 — 7—c, for the height in any place F, aboy 
E | % 
ExAM, 2. n 

Let the curve FZ be an ellipſis, AC the ſen 

tranſverſe parallel to the horizon, c=ZC the ſen 

conjugate, ZI = x, FI=y, ZS Sa, EO 

to the tangent FT. Then (Ellipſis, Prop. XI. C 

4 


— 1 3 
1.) ec: 11: : c- (CI): Xx c- S Ql. a 


"a 


. And rad. curvature at F = 7 


cent 


being the parameter (to CS) = = + There 


cr 2 4 


E © aw 


which is as Fg ; whent 


64 | 
02225 —— ñ 
i KC — X 


2 ö the height of 


Ex A M. 3. 

Let AFZ be another ellipſis, whoſe femi-trak 
verſe CZ is perp. to the horizon, and ſemi com- 
te AC equal to the ſemi- tranſverſe of the othe! 

t AC , ZC=n, ZI = x, Fly, and equi 

to the former FI. ZS = a, « FQ perpen, to it 
tangent FT. Then as before, the parameter = 
2tt 8 — 1 
— and QI = = X BN and S.FTI - 


W'N 


- 


V. OF ARCHES. 
nnd the radius of curvature at F = 


4% & therefore 1 
> = han RxSEIT vu 
na 


Fe, and Fg — pe, 


1 —— 
na . 
= — # = height of g above Z. 


1— K* 


und 


3601. 


rom theſe three examples it will appear what is 
comparative ſtrength of theſe three arches, the 
elliplis, the circle, and the ſharp ellipſis, hav- 
all of them the ſame breadth, and the ſame 
eht ZS at the top Z. For taking Fl the ſame 
all; then in the flat ellipſis (Fig. 9.) t: cc:: 


C 22 
" C4 22, and ZZ = cc — —— and — = 12 
it cc 
ence 
ff — ce 4 Et — 
A 4 and — — — — 2, or Eg 
it 1 it 


. — n 2 Vi — yy, where t and y being al- 
ys the ſame, the height Eg is preciſely the ſame, 
all the three figures. 


But if the top of the wall is bounded by a hori- 
dntal right line paſſing through S, the height then 
ll be Fg — 4 —x«=bþ —x. Therefore when x is 
teſt, the height above S is the leaſt, which is 
the ſharp elfiplis, and in this figure the want of 
dance at F is the leaſt; and in the flat ellipſis, 
Ls the greateſt. Therefore upon that account, 

ſharp ellipſis is ſtrongeſt, the circle next, and 
ic flat ellipſis weakeſt, - 


Ex AM. 


— Fig. 
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Fig. E x A M. 4. | 3 
8. Let FZ be 2 parabola, rx = yy, the ſubtang 


BEET = — CDC 


Whence Fg ( Kerr) is as 


IT = 2x, and FT = V N = rx + 87 
FT: FI: : rad. (1): S.FTL that is, HVræx 

— $08 pod-cad ps 
r: : 1: 2 and rad. cu 


1rTarxlz 1 
dure at F 2, whence F 2 
0 a . arr ? 8 2 X S. PII 


2rr rx II ST... 
r — a given q 
rr * rxls * 


tity. And ſince ZS = a, the height every when 
is equal to 4. 

I omit the. hyperbola, becauſe the curve PX 
continually approaches to the hyperbola, and ther 
fore is unfit tor an arch, 


E Xx A M. Ha 
Let FZ be the catenary. Then by the nature d 


the curve zz = 2rx+xx, and ſubtangent IT = . 


and FT = /y + ==, and yy + = : 1:1 
rr 


——==z3; and the rad. curvature at F 
V rr+2Zz , r 


* 
rr + 22 


* 


1 | Oe OE 
2 T 5 * 4 o * 0 1 
2. = YTTZZ, and in 2 it is —, therefore 
* rr r 


] 


— 


7 


„ or ARCHES 
2 


nn r "IP 


3:2 
ax 
 & 


or, 1. if a = r, then Fg is every whe =15, 
PSQ is a rigbt line. 


or. 2. F a be greater than r, Fg will be greater 


is convex towards Z. 


or. 3. If a be leſſer thanr, then Fg will be leſſer 
IS, and the curve PS runs downwards, or is con- 
towards Z. 

oreover if a be very ſmall, the perp. thickneſs of, 
arch is the ſame every where. 

g if EY be the perp. thickneſs of the arch; then 
: rad. :S.FTI:: FT: FI; that is, FT 


7+) - FI 0 Eg — 9 = 
2 3 a x 3 222 * a 
9 ＋ . Vrr+22 ” Vrr + urn + x © 


INE = a: conſequently a heavy flexible line 


into this figure would ſupport itſelf. 


E x a M. VI. 


Let FZ be the logarithmic curve, HD the 
mptote, FT a tangent at F. ZD = 7, ſubtan- 
it HR = #, which is always the ſame. Then 


I =r+x FR =/it +rr + 27s + xx, then 
Vi + rr + rx + xx): HR (7): : rad. (1): 


FR or FTL = 


S.. And the rad. cur- 
. tt+r+x | 


vature 
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ar +22 _ lis. 


IS; and therefore the curve PS runs upwards, 


11. 


is CONSTRUCTION 
Fig „r OR res 


x1, vature at F = — 


| — *r + x, the ſame as for the catenary. 


tx FH IXI A 


„ + 1xres . ===; ic 
fore Fg is as === x ZTr+* * = I 
1 t+r+x* pl 3 i 


r+x ö 


1 r 
which at Z is —, therefore — : a: : 1 
H it tt 


Cor. Hence if a Sr, then Sg becomes the a 
tote DH, and is therefore a right line. 

a is leſs than r, the curve Sg is concave ti 

Z, deſcending towards g. If a be greater thany, 

is convex towards Z, riſing upwards, 


” KR OF. . 


If there be two arches of equilibration of tit | 
kind, AFZR and AfzR, upon the ſame baſe dl 
the ſtrength of the bigb arch is to the ſtrength if 
flat arch througbout ; retiprocally as the radius if 
vature at ⁊ to that at Z. 


In the Schol. to Exam. 3, of the laſt Prop 

ſhewed the weakneſs of the ſame arch in differ 
points, by an undue weight. Here I ſev! 
comparative ſtrength in different arches of the li 
kind, by which I mean thoſe whoſe ordinate 
NF are every where in a given ratio. 
The materials whereof any bridge is made, 
not of infinite ſtrength, but there is a certain 
gree of preſſure that will cruſh them to pieces 
thruſt out the butment, 

Let H (in Fig. 6.) be the vertex of the fig! 
In the demonſtration of Prop. I. I have i 
that if Hg, H4 are the forces along the lines 


— 


I 


rel 


F 


„v. OF ARCHES. 


lelogram g Hbi. Now ſuppoſe gH, Hb, the cle- 
ars of a curve, and the arches gH, Hö, to be 
en; being the greateſt forces they can ſuſtain , 
n Hi is twice the verſed fine, of the arch gH, 


ZH 


ich repreſents the weight. Therefore Zn; = 
ice the radius of curvature = 2R, or © = R, 


ence R is reciprocally as the weight Hi, or the 

igt H reciprocally as the radius of curyature 

H. Therefore (in F 'S 12.) the weight at Z to 

weight at 2, is as rad. curvature at 2, to rad. 

rvature at Z; which is all theſe bridges can 
" | 


Cor. 1. if AFZ, Afz be two ellipſes; their ſtrengths 
e as their heights C and Cz, And ſo it is for the 
cle and ellip/is. 


15 


. 


'e 5 | b 
bor che radius of curvature at Z is -. and 
ol A- 

H e rad, curvature at Z is 7 and theſe are as 


Z to Cz. 


v.88 Cor. 2. F AfzR be an ellipis, the ftrength of the 
ien cb at tbe vertex 2, is no greater than that of a car- 
| AC* - 

" , whoſe radius is — the radius of curvature in 2. 

es | 

| FROM V 

0 n arch of equilibration AFZ R, the preſſure at 
_ point F, ariſing from the incumbent weight, is in 


action of the tangent TFt, the tangent at F. 


— For (Fig. 6.) it was ſhewn in Cor. 3. Prop. I. 
at the direction of the force at F is in direction 


of 
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L, that the weight Hz is the diagonal of the pa- Fig, 


13. 


f 
| 
| 
: 
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Fig.of the line FB. And when the lines BE, H 
__ -- 13+ &c. are diminiſhed ad infinitum, and Corfie into 


4 


I4. 


oo to ſlide by one another. Therefore to prevel 
c 


4 by a forces Which acts perpendicular thereto, Hen 


| Y there is a defeft of preſſure at F; then the pn 
f 


form of à curve (Fig. 13); the direction of 
preſſüre is ſtill in direction · of the particle of 
curve at F, that is in the tangent TFT. 


Tor. 1. The weight of the part of the arch g 
the preſſure along the tangent TFt, and the lated 
horizontal preſſure in direction IF; are reſpefivh 
TI, TF and IF. | 

For the weight acts in direction TI, and the pi 
ſure in the tangent, acts in direction TF, and 
lateral preſſure acts againſt the plain TI in ditech 
Fl perp. to that plane. And theſe forces are 
three lines TI, TF and IF. 


Cor. 2. F the arch is not truly in eguilibris; 


the arch ZF at F, will be in a direction high 
than the tangent Ft. But if there is an ex 
preſſure at F; the preſſure at F will be lower tba 
W 

This follows from the compoſition of motion 


e 


Ir any arch of a bridge, &c. the joints in et 
place F, muſt be perpendicular to the curve of tht arth 


Every body acting againſt a plain 'ſurface, 4d 
in lines perpendicular thereto ; but if a body prell 
obliquely againſt a plane, it will endeavour, pattl 
to ſlide along that plane. And if two ſurfaces N 
preſſed together by an oblique force, theſe ſurfacd 
will endeavour, according to the degree of obliqu 


at effect, theſe ſurfaces muſt be preſſed togetit 


Acacellanmta- 
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F be a joint where- the ſurfaces of two arch Fig. 

$ meet, and as BA is the direction of the force; 14. 
efore CF muſt be perp. to the arch AB, at F; 

Wit AC and CB may remain at reſt, | 

xr. Hence if the. joints be not perpendicular jo the 

| there will per à lateral preſſure, whoſe direc- 

js not along the tangent ; and wanting a force to 

in it, will deſtroy the equilibrium ; and ſome of 


ones will endeavour to fly out. 


=y SCHOL. 4 | 
hat has been ſaid of a linear arch, muſt be 
ood of arches of any thickneſs, or ſuch as 
ontained between two parallel plain arches; 
as we ſee in churches, bridges, &c. Theſe 
be ſuppoſed to be generated by the motion of 
ar arch, and its plane, in direction of a line 
to that plane. Likewiſe what is ſaid of the 
t Eg, muſt be underſtood of the ſection of 
e paſſing through Fg, and perpendicular to 
lane of the arch. > 18 TE TIN 
uſt obſerve, that the tops of the arch-ſtones 
muſt be formed as, you ſee in the figure, one 
ff each being parallel, and another part per- 
cular to the horizon. 


* 


P R O P. VII. 


AFZ R be an arch of equilibration, and APQR 15. 
umbent weight. Then if all the ordinates ZS, 

\P, RQ, Sc. be divided at D, E, B, b, Se. 

y given ratio; and the arch bDEB be drawn 

b all the points of diviſion D, E, Sc. Then 

gbt ABDbR will alſo keep the arch AFZR in 


rio. 


the points at 2. F are kept in equilibrio, by 
ights of the wall or arch at Z, F; that is 


162 
Fig. by ZS and Fg, and ZD, FE being in the lane; 
on tio as ZS. and Fg, the ſame equilibrium n 


16. 


CONSTRUCTION 


remain. 

Or it may be conſidered thus; fince all the yy 
of the wall keep all the points of the arch ing 
librio; let ZD, FE, be 2 or f &c. of 281 
and then let the wall DEFZ be twice or thi 
&c. as denſe matter, as SgFZ; then it 's pl 
there will be the ſame preſſure upon every pon 
before; and the arch will ſtill be kept in equiliy 


Cor. Hence if the figure of the arch AF ben 
and alſo the figure at top SgP ; we can find au 
curve DEB, nearly reſembling any figure we pluſ 
poſſible), which ſhall ſtill preſerve the equilibrium, 4 
that is by dividing 28, Fg, in ſuch a ratio a) 
E, = the points D, E, may fall in the four: 


For an infinite number of curves DE ny 
drawn by ſuch a diviſion; and ſome or other 
them will nearly repreſent the figure we want, wi 
the thing is poſſible. ; 


E x A M. 1. 


Let AF be a circle, Sg the curve at top, fou 
by Ex. 1. Prop. II. To find the poſition of! 
horizontal right line DE, ſo that the weight 20 
may keep the part of the circle ZF in equilibi 
for it is impoſſible to do it for the whole circle. 


Let AF be 30 degrees, CF=r, CI c, 28 
ZD S z. Then Fg = — Then CI =1Z, 
=7r+z=FE, whence ZD: ZS: : FE 
Fg; that is, 2:4: : Er+2z: =, or 8a; rheren 
Baz = Har + az, or 7% = ix, whence x =:7 


E x4 
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E. X AM. 2; Fig. 


[at the arch AZR be the catenary whoſe latus rec- 17. 
ui r. To erect the wall ABER upon it, ſo that 
the parts of the arch may remain in equilibrio, and 
bat the top or curve BEDF may have a proper 4. 
ee of aſcent. _ 

Make ZS r in the axis CZ, and through 5 
raw the horizontal line PSQ. Then the ſolid 
PQR will keep all the parts of the arch in equi- 
brio. Aſſume a Peine D at pleaſure, and make 
28: ZD: : Eg: FE: : AP: AB. Draw BED 
br the top. If the aſcent through BED be too 
tle or too great; it is too near PQ or AZ; and 
ten a new point D muſt be taken nearer Z or 8, 
ſpeftively ; and the points E, R, found anew; 
Il at laſt the curve BED be ſuch as was required. 


PR 0 P. VIII. Pros. 


To inveſtigate and conſtruf the curve or arch AFZ, 18. 
eguilibration; having given the points A, Z, C, 
428 the diſtance of the horizontal line SP; fo 
* weight APSZ may keep the arch AT. in 
uilibrio. 


By Cor. 2. Prop. II. Eg is as 


R x = (Fig. 


) But S. FTI = EL 22 * and R = ®* when 
FT 2 vx 


. * — 3 / 
s given; therefore R S. FII = 3 * 2 = 
J* 


and Fg is as ——===; or as . 


R xS.FT1' 
Put ZS=a, Zier FI Y, (Fig. 18.) then Fg 


n > or a+x =, and rr aff + 
M 2 xy", 


* 


Fig. , aſſuming r conſtant. Therefore rrx%x = 


Fg 
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18, + xxy*, and the fluent is — = axy* +a 
b 7 2 
2 
24x44 
VNV 


"4 24 
or y = rL x log. E. which i 


the ordinate of the catenary, as 1 to 4. See 
12. Prop. XIII. Fluxions, Hence aſſuming x i 
ceſſively 1, 2, 3, 4, &c. the correſpondent u 
of y will be found, which may be put into al 


Otherwiſe thus. 
Since rr a + , aſſume 
x = AF* + By. + O +Dy* &c. 
then x = 2Ay+ 4By + 6Cy* + 8D &, 
and x = 2A ＋ 3.4By* + 5.6Cy+ + 7.8Dy* &. 


or rrx* = 24x + *x Xx, whence 5 = 


and the fluent is y = 2rL x log. 


puting y = 1, 
Whence rr = 2rrA + 3.4rrBy* + 5. Err 
'__ n.8rrDy* &c, ö L 
8 N | 
W * $ 
O &c, 
And equating the co-efficients A = = B 
A B ..C 
—— C=—, D= — 4 
„5 7 7 In &c. whence x 


ID +4 x1 7 a 
| 2 „„ 
* e 1 — * 
t. 2 hh 14.4 F ns? * =" 


* 


7. V. OF ARCHES, © 165 
| pong f. B, C, D, for the preceding terms, Fig. 
+Z4aA+LB+L c+ 2% 


5.6 7.8 9.10 
To find r, put x = ZC = 30 feet, y=AC=30 
agg feet, then — = £. + 2 
8. + ed 
+ 2. C &c. = = = 8.57143, al by rever- 
7.8 37 
8 2 9 
of ſeries $5 8.69774 == =, whence 
=== 103.4754, which being known, put 
ſucceſſively — 1 o 1, 8, 3 4s &c. from 
ch the ſeveral values of p will be found, by the 
uation _ =P; and from theſe the reſpective 
ues of xx by the ſeries above. 
oy E x A M. 
100 
Let y 10, then p = = .96642, then 
Bj a i 103-475 ? 
= 2 = 1.69130 
,B + =» = „13621 . 
3-4 
_ _ 
"> 439 
1 
+ 7.5 oooO/ 


1.83197 => 


M3 -- 
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Fig. 


By this 


CONSTRUCTION 


in my book of Mechanics. Ex. 106. 


thod I computed the following Tab 
18. and from this Table I made that which I publiba 


values] values values - Res 
of „. | of p, of &. Je * 
t 1 o. og .org 16 2.47402 5.2991 
2.03867 o. 0678 17 2.79294 6.130 
3086990. 153318 [3.13120 7.069; 
4154630. 274119 348877] 8.100; 
5 244610. 4314 20 3.86567 9.244 
5 .34792|0.6267|| 21 7.25190 10.5196 
7| -4735610.8619]|| 22 [4.67746] 11.91, 
| 8 .61853]1.1393|] 23 |5.11234| 13.470 
| 9] -78280|1.4616|| 24 |5.56655| 15.14; 
. 10] 6642 1.8319 25 6.04010 17.085; 
111. 16938 2.2337] 26 6.53296 19.182; 
1211.391656 2.7312 27 7.04518 21.4788 
13 1.633260 3 2690] 28 |7.57670| 24.0509 
14 1.89420 3.8722 [29 [8.12755 268815 
_15[2-17444 45467 || 30 18.69774| 30.0000 


I alſo computed another Table upon the {ame 
prigeiples, making @ or ZS=7 feet; and this Tx 
ble is alſo publiſhed in the laſt edition of the Me 
chanics. By the ſame method other Tables may be 
computed for any other values of 3. I ſhall her 


ſet down the values of p and rr for ſome other vi 


lues of 4. | 

If 4 4 feet, then p = 8.007403, and 7 
112.396, 
, P =6.937512, rr = 129-7295 

2 2 6, p = 6.139939, rr = 145.5813. 

8 = 7, Þ = £.518200, rr = 163.0970. 
@=24, Þ = 2.104166, rr = 427.7229. 
4 S258, Þ = 1.842124, fr = 488.5665. 


Co 


18 


C0 
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Cor. 1. When r =a, this carve becomes the cate- Fig. 
ry, whoſe latus rectum is a. ens. 
For then they have every where the ſame ordi- 
a LX TVex xx 

p * 


tes, A x log. 


Cor. 2. Ar: t Max xx :: rad. tan. angle FAC. 
For rad. : tan. FAC: : : &: : iax ＋ x 

_ ZC, and the like for the angle at F, 
en ZI = x. 


Cor. 3. If ZI xx, the radius of curvature at F is 


rr+2ax +xx'% 


r* ATN 1 | 
For this rad. = =; and y = — — 
yx Aa + xXx 
ence & = } Tz (putting y = 1), and x = 
AE, therefore 8. = — wats ined — . X 
7 „ ; 5 ox y 


HEM e ft > rr Tr Tx | 
+x rr a+x rX a+x 


Cor. 4. Hence an arch of equilibration AZR may |, 7 
r found of any given height and breadth CZ, AR; © 
d to have any degree of aſcent BE.D. 

For inſtead of taking AC = CZ as before, take 
hem equal to any given numbers, and proceed as 
before. Thus if x=20, and y=3o0, a ==. Then 


r 42 + AT B& and by re- 


5 1.2 3-4 5. 
erſion p is had, then rr = . = 208, and then 
| p [4 
M 4 | each 
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Fig, each value of y is found as before. And the pon 
D is found by Prop. VII. for the aſcent BED, 

Or having the curve conſtructed, where the heigh 

and half the breadth are equal, as in this 2 

a ſegment AZR may be cut off by trials, who 

keight to the breadth is in any given ratio, | 

than 1 to 2. oe: 


P R O P. IX. PRoB. 


19. Let AFZR be an arch 3 a fluid APO 

' fo that all the parts F of the arch ſhall remain in 
librio ; gSQ being a horizontal right line. To ful 
nature of the curve ZF. 


Let 28 Z 4, SI = x, Fl = y, ZF==z. Tha 
ſince the preſſure of the fluid at F, againſt the uc 
is as the depth Fg; and the ſtrength at F is asthe 
cutvature at F; therefore the height Fg is a th; 
curvature at F, or reciprocally as the _ of cu. 


vature, and that is reciprocally as = 3 being 


given; that is — is as x, or Z = = 2xx (4 ; 


ſuming the given quantity ). and taking tit 


fluent, — rry = xx2, and by correction rr rve 

= %x — 48 X , and rr *. aa —XX XZ = rry, N 

0" Tr +aa=bb) bb- bb-=xx.3 = : I7'y, and I 
= bb—xx* Xx x +5 = , which reduced, is 


i bb — | 
gives py = —==—= 1 for the nature af 


W1*—b4*+ 2bbxx—x+ 
the curve; and may be found by infinite ſeries, 


So HO. 


. v. OF ARCHES. » 164 


S o HOTL. Fig. 


om hence, if a fluid could be made to ſtand 19. 
n an arch, the curvature at F being as the 
oht Fg, muſt be greater at the bottom and leſs 
he top of the arch. But if the fluid ſhould be 
gealed into ice or ſome ſolid body, the preſſure 
d not be the ſame ; for the preſſure would then 
directed downward, and not directly againſt 


PROP. X. 
If AZFR be an arch ſupporting the wall APQR, 20. 
ab wall conſiſts of perpendicular columns Fg, and © 
each of theſe tand upon the part of ihe curve 
; and was only kept from ſliding down the arch by 
next adjoining column. I ſay the curvature at F, 
he as the height Fg, that all the parts may remain 
— | 


Lit ZI x, IF =, ZF = z. Then ſince z is 
en, the weight of the column Fog will be y x 
ght or y x Fg. Draw Fs perp. to the curve, 
u perp. to IF or perp. to the horizon. Then 
will repreſent the weight of og, F its preſſure 
anſt Fg, and Fs the preſſure againſt the curve. 
ſhence the weight (/ x Fg): preſſure againſt the 
we: :: FS: :: 8. Therefore the preſſure 
ZN Xx Fg 


anſt Fo = = Fg x Z. But the cur- 


ture at F muſt be as that preſſure, that is as 
FX 2; that is, the curvature muſt be as Eg. 


Cor, Hence the curve ZF is the ſame as that in 
ela Prop, For it comes to the ſame caſe as in 
% Prop. | | 


* 


' PROP. 


” 


776 CONSTRUCTION 
Fig. 
PROP, XI: 


FA Je an arch ſipporting the wall 2 
22. mich is made of arch ones GE fo bing Mope, þ , 
all thy joints GF, gf, may be perpendicular to thety 

of the arch ZFf. To find the A of an 
Hause, in any place; ſo that the whole arch may i 


Let Z be the vertex of the inner curve of 
arch, ZS the height of the wall; HZ the rad, 
curvature at Z, OF the radius of curvature ul 


Take CB = /HS* = HZ}, and through B& 
BE parallel to the horizontal line CA. Andi 
poling E/, the baſe of the ſtone FGyf, to he 
imall part of the arch. Draw the radu FO, {0 
and ED, C4 parallels thereto; then the angle 
= angle GOg. Note, the triangle CBD my 
taken more commodiouſly out of the figure. 

The ſtone FGgf is kept in equilibrio by its dei 
and the preſſure of the two plains GF, gf. Bu 
three forces ſuſtaining one another are as three lind 
drawn perpendicular to their directions; there 
i Dad repreſent the gravity of the ſtone, DC # 
be the preſſure againſt the joint GF, and Cit 
preſſure againſt the joint gf; and the ſame dC ml 
alſo be the preſſure againſt the next ſtone, ſince i 
tion and re- action are equal. And for the ſame r 
ſon, DC muſt be the preſſure of the next ſtone u 
wards Z, againſt the joint GF, to preſerve the <q 
librium, &c. 

The ſectors OGg, OFF, and CDA4, as allo t 
fluxions thereof, are as OG*, OF*, and C 
Whence'OG* — OF: CD* : : area GF /g: triany 
DCA. And in the vertex it is HS* — HZ: CB 
area SP : triangle CBh. But by conſtruction H 


— HZ* = CB*; therefore area SP triangle 0 
, NN 
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conſequently, to preſerve the equilibrium, the Fi 
FG 2 triangle CDa, and OG* — OF* = > 
) OG* =O & AP | 18, 
herefore to conſtruct the exterior curve, find 
center of curvature O for any given point 
e curve F, and draw FO, and CD parallel to 
xd produce OF to G, and make FG = 
F:+CD* OF, and G is a point in the curve. 
thus as many points may be found as you 
and the curve SGg drawn through all theſe 
ts will be the top of the arch required. An 
thus conſtructed will remain in equilibrio, as 
> 25 the arch ſtones have liberty to ſlide down 
inclined planes on which they lie. 

EXAM. I. 
AZR be the arch of a circle; and let ZS be 21. 
ight at the vertex Z, and make CB = 
HZ,, and draw BE parallel to AR. From 
center C draw CF, and produce it to G, ſo that 
may be equal ACF + CD* — CF. Then G 
r -3 
ECF=452; then CD 5.83, FG=1.9. 


EXAM. 2. 

Let ZFA be an ellipſis, whoſe latus rectum is J. 22. 
ke any point F, at which point ſuppoſe a tan- 

he to the curve to be drawn, and draw FO per- 
{dicular to the tangent, and whoſe length FO = 


„ And from O, draw OFG, Ofz ; and let 8 


the top of the arch. Take CB=/ HS'—HZ?, 
| draw BE parallel to CA, and CD parallel to 
and make FG = OF* + CD* — OF, and 
vill be a point in the curve. | 

If AC=8, CZ =6, ZS = 1, and ZH=10.66, 


= 1.66, whence CB=4.73 ; then if the ordi- 


nate 


CONSTRUCTION 

Fig, nate at F, perpendicular to ZC be = 5, then 
22, ſubtangent to the axis ZC, is = 2.99 ; whence; 
angle BCD = 30 53, < FIA = 59 7, and H 


5-46, and FO = (S-) 8.06, where / = g, 


latus rectum of AC, and CN=5.51, whence u 
FG = 1.71. 


- EXAM g. 


If ZFA be a parabola whoſe latus rectum i; 
CZ=4, ZS=1, CA=4. Having taken anypy 
F; by the help of the abſciſſa and ordinate, | 
the ſubtangent, and the angle the tangent mi 
with the ordinate, which is the fame angle they 

ndicular FI produced makes with the axis A 
— the ſubtangent and ordinate to be eq 
that angle will be 45 degrees, and BCD AfA 
let R = radius of curvature at F = 24/32, 
curvature at Z = 4, whence CB = 3g, CDV 


And FG RR CD* —R=FG=+.77, 


EXAM. 4. 

Let ZF be the catenary, and let the tangent 
F make an angle of 45, with the axis, and Fin 
make the ſame angle, and in this caſe ZF = | 
@=6, ZS=1, radius of curvature in Z = a= 
whence CB Vlg. and angle BCD alſo =4 
therefore CD=4/26. And radius of curyaturel 


FS =24 = 12, becauſe 3 = 4. Whene 


FG /144+26— 12 = 1.04. 


Ex AM. 5. 

Let ZF be a cycloid, the diameter of the gen 

rating circle CZ =6, ZS = x, rad. curvaturel 

Z = 2CZ=12, and ſuppoſe the ordinate drawn! 

F, to paſs through the center of the generating r 
c 


S = 4 


\\ HEE 


2 
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hen cut the axis ZC at an angle of 45; in which 24. 
ene che radius of curvature at F V = 


2 =8.48, and CB , CD=\/50. Whence 
=+/122 — 8.48 = 2.56. This is the beſt 
x tried yet for the figure of an arch of this ſort. 


SCHOL, 


one of the three caſes mentioned in the three 
propoſitions can hold good in the conſtruction 
rches, For the wall is not in the nature of a 
I (Fig. 19.) nor do the columns endeavour to 
down in direction oF (Fig. 20.) or in direction 


er by the mortar, they will all act perpendicu- 
to the horizon, and are each fixed to the parts 
arch, as ſuppoſed in Prop. III. 

hat has been demonſtrated in Prop. VII. in re- 
Ito the arch AZR (Fig. 15.) holds true in theſe 
arches alſo, only taking the joints inſtead of 
dendicular lines. That is, if ZS, FG, , and 
the other joints, be divided in any given ratio, 
a curve line drawn through all the points, for 
top of the arch; the arch will ſtill remain in 
ilibrio, Or if the joints be increaſed in any 
en ratio, the line drawn through all the points 
Il be the top of the arch, which will ſtill be in 
librio, See alſo Prob. 58. Art. 18. 


PROP. XII. 


urve of ſuch a nature, that drawing LQM, and 
IN perallel to it; ſo that LQ be the radius of cur- 
Wure at Q, and 2LQ + QM Xx QM be always 
ual to CN* ; then all the parts of the arch ZSMQ 
remain in equilibrio. Y 
or 


9 # 
— 
«4 


then the tangent at F, and alſo the perp. GI Fig. 


Fig. 21.) For when the parts are cemented to- 


If SM be a line parallel to the horizon, and Z 
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Fig. For by Prop. XI. if CB HN Hz 
22. LM*— LQ = CN*, then the arch Z will f 
in equilibrio, But LM = LQ + 175 
10. = LQ. + 2LQ x QM + 
= CN*, that is, 2LQ X GM + V. 5 
therefore all the parts of the arch bounded | byt 
right line SM and the curve ZQ will _ 
equilibrio. 


But the calculation of fuch a curve is fo ver 
tricate, that it can be of na manner of uſe n 


building of bridges. 
PROP, III. 


23. em curve AFZ be made to revalue round it 
ZC, and form thereby a concave ſurface or vaul; 
if a wall SZFg be eretled thereon, which is to 
ported by that ſurface, like an arch. Then ile le 
of that wall at any point F, ſe that ail the part 
fant in equilibrio, that is Fg, will be as 5, 

where-FT is a tangent at F, Fl an ordinate, al 

the radius of curvature in F. 


Let ZAC, ZaC be two planes, comprehendi 
the ſmall part of the vault Z Aa; then the dif 
FF at any 3 F will be as the ordinate Fl; a 
the incumbent weight on the line FF will be Fyxt 
or as Fg x Fl. 


Let ZI=s, Fly, ZF=z, and let z be agi 
part of the curve ZF; and y a ſmall part of Wk 


ordinate Fl. Then y = 1. and y is as 


becauſe z is given. Then the incumbent vey 
on the ſmall part of the ſurface at F is as I 


; FI* 1 
* or 8 H & N By Prop. II. the preſſure 23. 


Cot. 1. Hence "4 is as = Putting & invariable. 


62 3 i. therefore Fg 


7 3 
| FT: 23 23 = F 
n ng = 
L & is allo hewn in my book of Fitrzions, 


* 


r thus, R = = 77 when y is given, whence Eg is as 


AXE ==. 


tot - 


Cor. 2. Hence no curve can produce the figure of « a 
vault, except the radius of curvature in 4 ver- 
x be infinite. 
For in the vertex, FT = Fl, and Fg in 8 
„ FI "IT. TIO" L 
bf =) hm FHR = infinity, when R is fi- 
ite, and FI =o, therefore to make Eg a real quan- 
12 R muſt be infinite; otherwiſe ZS will be 
nite, 


Ex AM. 1. 
Let FZR be the common non parabola, y, then 24. 
TS zx, and FT=\/y +4xx= ** 


1 


f 
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"ig. Re Cie”. Therfore Fg is as EE 


—, K 
2 —— — N : Fae ol that is, Fe is as 1 


* 1 
or a 2 or Fy is a 2 and therefore a 


3 
vertex Fg i is infinite. And fo it will in the e 


EXAM. 2. 


26. Let AFZR be a cubic parabola, whoſe er 
is x . Here IT S 3x, and. ET = 


2 8 22 
e. And R = 3 * _ 


4 IT: or as 2 VETS — = = 
Ty IR 1 = ©: 
28 6 a given 3 Therefore Eg is 2 
ſame, and the curve Sg is alſo a cubic p 
the ſame with the former, but in a higher pc 
After the ſame manner if AFZ be a dig 
parabola, where x =y+4, there will come out * 
* z and therefore the height at the vertex is o. 


PRO P. XIV. Pros. 


* 2 o inveſtigate and confiru? the curve or arcb 
by - whoſe revolution à vault AER is formed, f 
| which the wall or building APQR being erefied, 
being bounded by the borixancal line PQ, the beyh 
ZS being _ Z all the ny =y remain it f 
guilibrio. 


Draw ZG Mx to QSP, x and let SZ =& 
ZI=s, Fl=y, AC=6, ZC=b, Then 3 


but (by Cor. I, 2 XIII.) Fg i CERT 


920 . 


22 


Fig. 
as a+x; and taking the conſtant quantity , 26 


ovy* + , y being = fo 
ding the indices (by Rule III. Prop. X. Sect. 
xions) to be 3, 6, 9, 12, &c. 


zx= Af + By* + Cy? + Dye. 
+= 9 + 6By* + 2 + 12Dy c. 


421.3 Ay + 5.6By* + . + 11.12Dy* *&c- 
# =2.3r Ay +5. 625 By* Is gr* Cy7 +11.12#3Dy* oc. 
r Cee. 
equating the co-efficients A = 2 12 
r 
L, D — put p 2. 
8.9 11. 127 
- | 
ence 12 2. + 2 ay? 


2. 37 238567 2J75.6.8.97 


0 —— —. — &c. 
4s 2.3. 17 * 2. 3.5.6.8. 9 Saas 
Sk A, B, C, D, &c. for the preceding 


Bia it Fo WJ 7 
++ LAa+£3+ 4 C+7: * 
82 a, zie, e Then 


dr, we have . = 2442144 2 B * 
4 6 30 72 


&c. = 20, And by reverſion of ſeries p 


=® and r = 2 = 3375. = 18. 

pi 26.37 37 26.37 

dr? being known; put y =o, 1, 2, 3, 4, &c. 
which find the ſeveral values of p by the equa- 


=P, and from theſe the correſpondent va- 


. by the foregoing ſeries, 
N Eaher 


y 
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Fig. Zafer thus. 
2 


Inſtead of aſſuming ſome value for a, aſſume 
z 


value of 1, then the equation 5 S p. gives þ 
which being known, the ſeries 6 + 2 A+! 


B &c. gives 2. whence à will be known, Buti 


4 is not of a commodious length, aſſume 1 an 
till be of a proper magnitude. 


For example, take * = 130, then p = 2 
11 


= 25-9615, in this caſe. Then 2 2471 


B C D 
— — 2 4 — 2 9.72285, ul 

p + — — us 9.72285, 
1 2 

4 = 552273 1.02851, Now put p == 
aſſume y =o, 1, 2, 3, 4, &c. ſucceſſively, the 
ſo many values of p will be had, and then the: 


zeſpondent values of x, by the ſeries x = 1 


E, ATZ BT E c&c. And theſe bi 
5.6 8. 11.12 


9 
all computed will be as in the following Tabl. 


values 


des values || values values 
net „of 'p.. | of x. of y. | of þ. - | ; 
| 00769 |.0013|| g | 5-60770| I. 
es þ 06154 |.0106|} 10 | 7.69231 
20769 [. 0368 [11 [10.23846 
+! .49231 |.0858 |} 12 |13.29231 
| 96154 |.1702|| 13 16. 90000 
Bu! 1.66154 |.3009 || 14 21. 10769 
hair 493515 2596154 
3.93846.7687 * 


grees, 


N 


lt is eafy to conſtruct this curve by the Table, 
ting off ZD or y by the firſt column; and DF or 
by the third; and drawing a curve through all 
e points, The curve is very flat at the top, and 
the bottom riſes at an angle of about 71+ 


ART. 


Fig. 


27. 


force. 


+ 


ral 


r 


The Preceſſion of the Equinoxcs. 


N Prob. XXVI. of my book of Fluxion, | 

have given a calculation of the Preceſſion d 
the Equinoxes, ab origine, that is, depending up- 
on nothing but the laws of motion. What J gin 
here is deduced primarily from the motion of th 
moon's nodes, which makes the calculations vi 
ly ſhorter, 


PROP. I. Pros. 


Suppoſing the denſity of the earth the ſame thrugh 
out, to find the preceſſion of the equinoxes, by the ul! 


Let QAR be the earth, CA its radius, and put 

4 = earth's radius CA, | 

6 = 72706", motion of the moon's nodes in 1 
year, Ic 

n = 1430, a ſyderial day, 

d = 40217! the moon's periodic time, 

e = 52441 the matter in the earth, 

/ = 459 the matter in the cruſt, 

x = col. 5*, and c = coſ. 232, F = general 
force. 


By Cor. 3. Prop. 28. Centripetal Forces, d: 11 
7 the yearly motion of the nodes of a moon, It 


volving in the time #, or of an equinoctial ring 
Now by Prop. 59. Mechanics, the ſame ang 
motions will be produced, if the bodies of M4 
ring, and of the earth, be placed in their centers 0 
 gyratidhy 


n d 
1 
gin 


the 
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ration, or at the diſtances , and ; there Fig, 


e (by Cor. 2. Prop. 56. ib.) it will be as : 27. 


Ir 

f : : ſo angular motion of the equi- 
1aa+eX 44a 3 5 | 
al ring _— motion of the nodes 


the whole earth; that is, when the force (J) acts 
ogether upon the matter / in the equinoctial ring. 
t the force upon the cruſt or exterior part, dif- 
ed over the whole ſurface of the ſphere, is but 
ZXi 
d X 21 ＋ 


= motion of the earth's nodes, ſup- 


f the equinoctial force. Therefore 


lbn 


dx Aae 
ſing the equinoctial elevated above the ecliptic, 

more than the moon's orbit. But the force 
d conſequently the motion) will be leſs in pro- 
tion to the coſines of elevation; therefore x : c 


, clbn : 
motion of e : _ = the true motion of the e- 
xdw 


inoxes, by the ſun's force; putting 21 + 2e =w 
106030. 
Operation. 
log. c = 9.962398 
] 2.661873 
53 4.861570 
1 = 3.157154 
20.042935 
* = 9.998344 
d = 4.604409 
W 5.025429 
19.628182 
log. 1.01 
Motion of the equinoxes Ws 246 by the ſun, 
N 3 PROP. 


PRECESSION OF 


PROP. Il. 


Suppoſe the denſity of the earth to be reainud 
- as the nu power of the diſtance from the center; 
the angular motion of the nodes in the uniform ſylm 
is to the angular motion of the nodes in this vun 


Jpbere : 48 5:10 5—n; ſuppoſing both of the | 


denfity at the ſurface. 


Let CA=r, CB or CO x, c= 3.741, 
denſity at A at the ſurface. Then A will bet 


denſity at B; and the ſpherical ſurface at B 
and by the variable denſity, the matter in the 


3 
at B AC N X 5 d = Acd r-. But (h/ 


5. Prob. 23, Fluxions), the diſtance of the cent 
of gyration of the orb BO, is XV = Cpu 
of the ſphere i. Therefore (by Cor. 2. Pry 
56. Mechanics) the force remaining the ſame, f 
angular motion of the nodes in the uniform ſpher 
to that in the invariable ſphere : ; ——— 

tink able iphere Tila 
PF WR EE FR 
r 
Alſo the ſum of all the Cp* X4cdr*x*—2x, or of allt 
2xx X46dr*x*—*x, or of all cdi dex lun 


of x = eur x r But when #= 


ede x fl. = = Zadre x log. x. Whence the 
gular motion in the uniform ſphere : to the 


gular motion in the variable ſphere : : -= 
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- or when x r, as gc. of Few Fg. 


1 

ir, or as = „ Or As 5 to 5h 

Cor. 1. When n = 1, or abe denſity reciprocally as 
Mante from the center; the angular motions in 
uniform and variable ſpheres, will be as 5 to 4, for 
motion of the equinoxes. 


Cor. 2. Fg, the motion of the equinoxes will 


thing. 
For the motion of the uniform ſphere is as log, 
but when x =o, log. x = infinity, and the mo- 


pn as log, x — log. o = log. — S infinity. And 


erefore the motion of the variable ſphere, is o in 
pect to it, | 


Cor. 3. Fu is greater than 5, the mation is nega- 
r or backward. | 


Cor. 4. If n is negative, or which is the ſame 
ping, if the denſity be as x", then the motion of the 
uinoxes in the uniform and variable ſpheres, will be 
5 1% +n. 


PROP. II. 


the ſurface A, in any ratio as n to 1. 'The motion 
F the equinoxes in #he uniform ſphere, is to that in the 
ariable ſphere ; as n + 5 to 6 ; ſuppoſing them both 
F the ſame denſity at the ſurface ; and in the latter to 
ucreaſe uniformly from A to C. 


Let AD g d the denſity at the ſurface A, CG = 
| the denſity at the center, BC = #; draw BH 
N 4 parallel 


= . 


Suppoſe the dewfity at the center C greater than that 28. 
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Fig. parallel to CG or AD, then BH will be the 4 


28. ſity at B. Draw DF parallel to AC, and PG 
71. d. By ſimilar triangles DF: FG: : DE: F 


that is T: n—1.d:: r—x;EH = : „ 


and BH = _ Xn—1.d+d = denſity 
BD, by ſubſtitution. Then 4cx*x x D = ng 
ter in the orb at B. Then reaſoning as bein 
motion in the uniform ſphere, to the motion int 
I I 

Do 

| Year, ſumof all * 4c xx) 
or as ſum of all the cr x D to Arcade; 
the ſum of all gc, xD = ſum of ac A 


variable one; as 


fluent of cx x by ud — = x n—1:=| 


| zend x — = x1 Xn—1 _ rendx 5 — = 

105 
X x5, Therefore the motions in the uniform u 
8d x 
„ 
to rcar. And when # =r, theſe motions at 
as: rend — cd. n—1 : x 15 to cds, ora! 
n — r 1 +73: 37» or as: TT TT Xn+-5 
+3» that is, as 1 ＋ 5 to 6. | 


variable ſphere, are as rcd — 


Cor. 1. f So, or the denſity be © at th! 
ter; the motion of the equinoFial points, in the u 
form and variable ſpheres , will be as 5 to 6, 


Cor. 2. If n= 1, theſe n will be equal, 
For then they are both uniform, 
ph 


P R O 


1 
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PROP. Iv. Pros, 
[tt AR be a ſphere ſo formed, that the decreaſe of 


%. in going. from the center to the circumference, 
at B, may be as CB", that is, as any power m of 
r diſtance from the center, to find the motion of. the 
vinoftial points. | 


Let AD d, be the denſity at A, CG=b=2g, ' 
the denſity at C; and let DHG be the curve of 
nfity. Draw BEHO 74 to CG; and let CB 
60 x, FG ga, CA or GK =r. Then by 
ture of the curve GH, GK” or CA: FG or 
D:: CB* or GO®: OH; that is, r* :@:: 4 


DH = = a, the decreaſe of denſity at B; there- 


re þ — = = denſity at B; and 4 X — 4 
\ 1 ; 
matter in the orb at B. And the ſum of all 


e zx X 4cx & x o = a, or the fluent of c 
Lee 8caxm+5s - 
bn em! (bx) — — Whence 
P 37” x5 
e motions in the uniform and variable ſpheres are 
8caxm+ 
E bs — —===== and *,cdr* ; and (when 
3-5 37" Xx m+5 7 
arm 


ht = #23 * Bpf wm —= to. drs or — 
2 to d, that is as nd — Xn—1.dtod, 

al, + 5 X f 10 TY 2 
hence the motions in the uniform and variable 
pheres arè AS 1 Aw = to 1, or as mn +5 


0180 m» + 5, 


Cor, 
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Fig. Cor. If m = 1, the motions are as n+5 1( 
29. agreeable to Prop. Ill. 


PROP. v. Pazos. 
27. Suppoſe the dinfity of the earth at any plat}, 
be as s going upwards from B to A. but tha 


is hollow below the ſurface BFD; to find the nu 
of the eguinoctial points in this hollow ſpbere; hin 
that of 4 fimilar bollow ſphere of uniform denſity, 
having the ſamt denſity at K. 


Let CA r, d = denſity at A, CB =x, 
ceeding as in Prop. II. The ſurface at B = wa 
and the matter in the orb = 4cx*x x A for thew 
form ſphere, and for the variable ſphere = 4 


_ d or 4:d/"x*—*x ; theſe multiplied by 320 


ſquare of the diftance of the center of gyratin 
will be + cdx for the uniform ſphere, u 
cdx for the other. Therefore the moti 
in the uniform ſphere : motion in the variable u 
. 1 A » I 2 „ | 
rr” WE rcd ſum : cd. - = 
3:d x r"x*—*x : fluent of 3cdx+x : : fluent of rx" 
PR X 
— : 5 for the hollow pit 


fluent of x*x :*: 


BOFD. Put x r, and the fluents are — 


AA for the whole Tpheres. SubtraR the reips 


5 
tive parts from the wholes, and rhe motion of 0 
equinoxes, for the uniform and variable how 
ſpheres, will be as — to ., 
Pheres, => : 


) 
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| | 3 Fi 
wr. The motion in the whole uniform ſphere, is to = 


motion in the variable hollow ſphere ; as 2 to 


/ 


5 4 


5— 2 


— | 
For the motions of the uniform and variable 


e mat I I 8 
| 4 — — 

* h e Dany XS =: 0 

" or az 2 and 22; and the mot. 

KX ** ** 

x the whole uniform ſphere, to the motion in the 

e n 

„ e 


What is done here with regard to the ſecond pro- 
ſition ; may as eaſily be done upon the ſuppoſi - 
dns laid down in the 3d and 4th propoſitions; and 
refore I ſhall not trouble the reader with them. 
ſhall only give one example of this Prop. and 
| Corol, | | 


Let n=1, x =4r = CB. Then the mot. in the 
form and variable hollow ſpheres ABFDQ, are 


2 9 * or as — to . 


hat is, as 75 to 62. 
And the motion in the whole uniform ſphere, to 


ut in the variable hollow ſphere, is as 2 to 


75 


| . or as 5 to — — or as 75 to 64. 
Hence if the motion of the equinoxes be known 
or a earth of uniform denſity, the motion of a 
earth formed according to any law of denſity will 
allo be known, by the foregoing propoſitions. 
| | An 


Fig. And thus I have compyeared that difficult probt 


known, and we have not ſufficient data to dem 


ve muſt judge as well as we can from the forey 


PRECESSION OF, &: 


of finding the preceſſion of the equinoxes by c 
ſun's force, upon any ſuppoſicion of denſity, 


SCHOL, 
The moon's / diſturbing force is not preciſy 


mine it. Let P = earth's periodical time, 
year, and p = earth's periodical time about i 
moon at reſt; then the moon's diſturbing force 


— X ſun's diſturbing force. But as p is unknom 


ing propoſitions, 
Preceſſion of the equinoxes by obſervation 500 


—— 


in a earth of uniform denſity, by the ſun 103 
by Prop. 2. Cor. 1. 121. n 
by Prop. 3. 2 =2. I 


Hence this may be concluded in general, uh 
ever be the law of denſity, if it be greater within 
the earth, the motion by the ſun's force will be le; 
and conſequently the moon's force ſo much great, 
Neither is there any way to make the moon's force 
leſs, but by making the earth hollow, or elſe ut 
within, which is not probable. Hence we can 
well ſuppoſe, that the preceſſion by the ſun is great 
er than 10.34; nor conſequently that by the mom 
to be leſs than (50.3 — 10.34) 39.96; then 10 _ 
= 3.86 for the moon's force, ſuppoſing the ſun 
force 1. But by the foregoing Props. the prectl 
ſion by the ſun muſt probably be leſs, and therefore 
its force leſs, and therefore the moon's bigger tha 
is here ſet down. 


ARTIE! 


p | 
Ko Fig. 


„ 
The Conftrudtion of Logarithms. 


Deſign not here to treat of the beſt and moſt 
expeditious methods of making logarithms, I 
e already done that in my book of Fluxions. 
all here only ſhew how this may be done by the 
ices or roots of numbers; by ſuch methods the 
bles of logarithms were with great labour con- 
Red at firſt, And though theſe methods are 
tedious, and require a great deal of time and 
ns to perform, yet they ſhew the nature of loga- 
ms, and their relation to the numbers themſelves 
e cleareſt and plaineſt manner. 


A PROP L 

it 

ih [o make logarithms by the indices of the roots of 10. 
acer 


his method depends on aſſuming ſome number 
he logarithm of 10, and the ſeveral multiples 
reof, for the logarithms of the correſponding 
ers of 10; and then finding the logarithms or 
ces for the intermediate powers, According to 
method, ſuppoſe log. 1=0, 10*=1, 10'=10, 
=100, 10*=1000, &c. where o, 1, 2, 3, &c. 
the aſſumed logarithms of 1, 10, 100, 1000; 
n to find the logarithms of the intermediate 
mbers, ſuppoſe an immenſe ſeries of geometrical 
portionals from 1 to 10, &c. Then all num- 
may be ſuppoſed to be contained in this ſeries, 
every number may be ſome power (or root) of 
and the index expreſſing this power or root, 
I. be che logarithm of that number; and 8 
c 


| CONSTRUCTION 
Fig · ſineſs is to find that index or logarithm. Thiz{ 
ries may be denoted thus, 1, x, &, *, x, x, 
&c. . « . to x:99900080 = 1&, And therefore to fy 
the logarithm of any number is to find its place 
the ſeries. And this may be done, by help of f 
following Table of the ſquare roots of 10. 
Table is made by continually extracting the qui 
roots of 10, till the indices of & all vaniſh 
follows. 


Square roots | powers of . el 
of 10. = x10900009 
3-1622776 = gx59000090 e 
1. 7782794 = a*5929000 7 
1. 3335214 = X1252900 h 
1.1547819 = a635900 
1.0746078 = x312599 } 
1,0366329 = x'56250 
1.0181517 = x7; y 
1.0090J350 = 439962 . 
1.004507 3 = 2198531 1 
1.022311 = a97% 
1.0011249 = x4; 7 
1.0005023 = x2441 ch 
1.002811 G 
F,.COOI405 — x6519 0 
1. 0000703 = 5 r { 
1.000331 = #153 
1. 0000175 = wt 176 2 
1.000008 7 => x38 
1.0000044 — x19 q 
1.0000022 = * it 
I.0000011 = X5 N 
1.0000095 = &* nt 
1. 000003 = x" 
1.0000001 = &x* 0 


In this Table it may be obſeryed, that an) Wyic 
dex of x, divided by 10090000, is the logaik 


* 
8 
- 
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its correſpondent number. Thus 1 is the log. Fig 
10, nd 35 the log. of 3.1622776; and .25 * 
he log. 1. 7782794; and fo on through the Ta- 
And ſince the addition of theſe indices or lo- 
ichms, anſwers to the multiplication of the cor- 
pondent numbers; therefore to find the log. of 
number by this Table, we muſt ſeek out ſuch 
mbers in the Table, that being multiplied toge- 
r (or perhaps divided), they will produce the 
en aumber; ſo the indices being added (or per- 
os ſubtracted) will give the log. of that number. 
ercfore to find the logarithm of any number, 
Proceed thus. Take the neareſt number thereto 
he Table (on the left hand), which ſet down 
h the power or index of x againſt ic. If it be 
little, multiply by ſome following number in 
Table, found by trials, ſuch that the product 
y come the neareſt to the pom number ; bur if 
yas too great, divide by ſuch a number. Set 
vn that number and the index of x againſt it; 
n below, ſet down the product (or quorient) of 
numbers, and againſt it, the ſum (or difference) 
the indices. 
Go on the ſame way, by continually multiplying 
dividing) by leſs and leſs numbers, and addi 
T ſu ing) their indices, as you proceed, an 
$ you will continually approximate to the num- 
and to its logarithm. So that at laſt when you 
re obtained the number, and irs index; divide 
| — by 10000000, and you have the lo- 
uhm, 


Mete 1, To find the next multiplier expeditiouſly 
nthout too many trials); divide the given num- 
, by the laſt number, ſo far as to get a figure or 
o in decimals; then the quotient will point out 
multiplier in the Table, Or divide, to get a 


viſor, 
Note 


= 


12 CONSTRUCTION 
Fig. Note 2, You may always uſe multiplication 
you pleaſe, provided you never make a produd 
exceed the number given; but the work will; 
on ſlower. 


Ex AN. T 
To find the logarithm of 2. 

| Num. Indexes. 
1.7782794 | 2500000 2 

X 1.15478 19 62.5000 
pr. 2.0535247 | 3125000 6 

— 1.0366329 156250 
qu. 1.9809567 | 2968750 5 
X 1 0090350 39062 1 
pr. 1.9988546 | 3007812 DO 

* 1.000562 3 2441 

pr. 1-9999785 | 3010253 
X 1 0000087 38 
pr. 1-9999959 | 3010291 1 
X_1-0000022 | 7 
Pr. 2.0000002 | 3010300 | 


then 3922390 = . 3010300 the log. 2. | 
10000000 

Here the neareſt number to 2 in the Table, 

1. 7782794, which I ſet down, and the index of 1 

| 2 500000, the neareſt multiplier to produt 
2, is 1.1547819, which I ſet down and its ind 

of x, 625000. And below I ſet the prodv 
2.0535247 ; and the ſum of the indices 312500 

Then this laſt number being greater than 2, 1 fl 

the diviſor 1.0366329, which I ſet down, and 

index of x, 156250. And below 1 ſet the quot 
1.9809567; and the difference of the ind 
2968750. The next multiplier I find to * 

1. 090g 50, which I ſet down, and its index 3900 
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en 1 ſet down the product 1.9988 546; and the 
on of the indices 3007812. And thus I proceed 
8 1 per 2 and the index 3010300 and thence the 
ll , 2010300, _ | | 

To get the multipliers as I proceed, I divide 2 
1.77, and 755 = 1.13, and the neareſt num- 


in the Table is 1.1547819, - get the diyi- 


2-053 — 1.026, and the neareſt number is 
2 


26329, To find the next multiplier, _ 
1.9809 
1.009, and the diviſor is 1. oo 903580. And ſo 


to the laſt. 
here note, a greater number (than 2.) requires 
rior, and a leſs, a multiplier. 


Ex A M. 2. 


0 find the log. of a great number as 37. 
rſt find the log. of 3.7 as before, which is 
682017 3 and then the log. 37 is 1.5682017. 


SCHOL. 1. | 
n the contrary, the number may be found by 


lame Table, anſwering to the given logarithm ; 
is done by continually approximating to the 
n index, as before you did to the number. 
ch is done, by continually — (or ſubtract» 
) ſuch indices; as to make the ſum (or differ- 
the neareſt the given index; and at the ſame 
multiplying (or dividing) the numbers, 


O E x A Me 
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Ex A M. 


What is the number of the leg. 2.54067 25 


Firſt find it for .5406725, thus el 
br Number; Index, 
3-1622776 | 5000000 
1.0746078 312500 
3-32982080 | 5312500 
r.or81517 | 78125 
3-4598912 | 5390625 


1.0045073 19331 
3-4754858 | 5410156 
1.000562 3 2441 


34735377 | 5407715 
1.0002811 — 1221 


3-4725501 | 5406494 


1.00002514 | 1832 
3-4726785 | 5406646 
10000175 | 76 
3-4727392 | 5406722. 
1.000000; 2 


3-4727410 | 5406724 


So that 3.4727410 is the number of theh 
5406724 and therefore 347. 257410 is the nun 
of the log. 2.5406725. But in ſuch caſes they 
neral Table ought to be made to more places 
fipures. 

In this example, I take the neareſt in 
5000co0,. and its number 3.1622776, Then 
rake the index 312500, as the neareſt to 4067! 
and I ſet it down and its number 1.074608. TI 
adding the indices, we have 5312500; and mil 
plying the numbers, gives 3.3982c80. Tha 


take the index 78125 (the neareſt to. oon 
VI 
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at is wanting to make up 5406725), and its 
mber 1.018 1517. Then I get the index 5390625 
| its number 3.43989 12. And fo proceed to 
end. 

S BO. 2. 

nſtead of making a Table, by taking the ſquare 
ots of 10 continually, one may uſe other roots, 
the cube root, &c. But in working by it, the 
mbers will not converge fo faſt. And obſerve, 
- nearer 1, the index of the root is, the faſter 
numbers will converge, but-there will be more 
hour in making the Table. Thus inſtead of + 
e index of the ſquare root) take + or rather 4 for 
index, for making the Table, In working 
th 2, each number muſt be cubed, and the ſquare 
vt twice extracted, to get the next ſucceeding 
amber in the Table. In ſuch a Table the differ- 
ces are leſs, which makes the numbers approxi- 
ate faſter. The index + or rather , would be 
ceeding good, but for the labour of calculating 
Table. In -£ the-cube of every number mult 
cubed, and the ſquare root of the 5th root 
ken, which would be an immenſe labour. Bur 
en ſuch a Table will ſerve for all numbers; and 


25 


ber ill converge 6 or 7 times as faſt as the ſquare 
undes i 
he | | 

PR O B. II. 


Tofind the relation between the indefinite root of any 
nber, and its logarithm. - 


The indefinite root of ariy number is 1 + ſome 
ry ſmall quantity, as 1 +x; and if m be that 


0 then 1 + * may repreſent any number, 
s indefinitely great. Let N be that number, 
g | O 2 | then 


196 
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then 1 + x =N, or N* = 1 + , whence x 


N= — 1, But by the property of the "og 


curve, if be the ſubtangent, then mt xN= n 
log. N; where if 7 = 1, it will be Neper's L 
iSerithm if 1 43429448, it is the common! 
'garithm. 


Cor. 1. If r be any other indefinite root, rt 
Nr —1 = leg. N. | 


Cor. 2. n N . 


are both * to 


Cor. i. 9 be any other number, then Nn 
l N: leg. P. 


Cor. 4. m X NI -I: IX P —1:: I N. 
log. P 
Cor. 5. Leg. N= 3 1. This follows 


IO” — 7 


Cor. 3. by putting P = 10, and its log. = 1, 3 
00 
P R OB. III. 
4 
To make logarithms by the indefinite roots of tk 

numbers, 284 
| B+ 

From the laſt Prob. or from Cor, 3. the log". 
rithm of a number N may be found, if its ide 
| {nic 
Wave 
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te root can but be extracted, which indeed is all 
difficulty. | 


To find the log. N. 


nvolve 2 to ſome power large enough for the 
ex, as ſuppoſe 2** = 8388608 = m, which is to 
made uſe of for all numbers N. Then mt = 
$8608 X .43429448 = 3643126, Then extract 
ſquare root of N 23 times, which will be 


, then mt X N= —1 = log. N, for the com- 
4 log. 0 


rl 


E x A . 
To find the log. 2. 


lere N, andN = = 1. 000006 26293879 5 


ao} 


N= — 1 = ,07826295879 (or denoting 7 cy- 


, then mt Xx N=" — 1 = 3643126. X 
26295879 = .3010300 for the log. 2. 


Or thus. 
t1 T 8 = N= 2. Then by the me- 
of extracting the roots of adfected equations, 
g the 3 firſt terms only, we ſhall have 1 + 
bo8x + 8388608 x 8388607 x Ag = ax 
2 


I 
1943032 X = , whence x = 
9 838800 
= =.0'8; and repeating the operation once 


ice, at laſt x = .07826295879; = N= — r, 
mx 3010300. as before, for the log. 2. 


avolving the quantities here is extremely diffi- 
; 3 3 cult; 


l 


"gh — 
106 
nite 
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cult; and beſides, it does not anſwer in large oy 
bers, but diverges. 


Or thus. | 
Extract the ſquare root of 10, for 23 extract 


then 10* = 1. ooo0002 7448957, and 1072 
0274489543 then by Cor. 5. Prob. II. log. N 
ö 


N= —1 
0627448954 


EXAM. 
To find the log. 2, 


Here N =2, and N* — 1 = 0782629 


therefore 01826295879 — .3010300 for the i 


0627448954 

If you chuſe to have 10000000 &c. for th 
dex m, you muſt extract the 3 root, and then 
ſquare root of that, which gives the 1005 
Again, extract the 54 root of this, and then 
ſquare root, for the 1004 root; and proceed! 
as often as you bave cyphers in the index, . 
here requires 7 repetitions; and the laſt root 
be 1 +x. Or elſe extract the 10# root a oil 
by Rule III. page 269, Algebra ; which is the q 
eſt way. | * 
It is evident all theſe methods are impradiicd 
from the great labour required in extractions 
involutions. Yet as difficult as it is, the me 
by continually extracting the ſquare root, ws 
made uſe of, at the firſt invention of logatit 
Bur, however, theſe methods ſhew us very ch 
the nature and conſtitution of logarithms, and 


dependence they have on the numbers theme! 


41 


1 199 ] 
e aw 


. - 


The Interpolation of Quantities, 
=1 PROB. 1. 


77 inveſtigate a general rule for the interpolation of 
#1 ilies. 3 9 


ET m, u, p, g, &c. be a ſeries of numbers, 
ind 3 b c d, &c. a ſeries of quantities, a- 
ong which another is to be interpolated, Let x 
the number in the firſt ſeries, and y the number 
be interpolated in the ſecond ſeries. 
Aſſume the powers of x, affected with unknown 


1} Wicficients, to repreſent y; thus, let y = g + bx 
he r + A &c. then to determine g, B, &, I, &c. 
e mult take N 

* grun &c. S4. 


g + bn + kt + Im. &c, . 

g + bp + kp* + nc. 20. 

g + bg + kp* + A&c. d, &c. 

ere having as. many equations, as unknown co- 
ficients, g, b, k, 1; theſe coefficients will be de- 
mined. Hence for 4 quantities we get, 
*. . E. i . 
7— .g—t—d K nn. 


— — 


fm » n. . . . 


Ns — EXp—n—b X p—mt+ Cc X tnoiw —Ix aft. 
ar cy 5. 2 2 — 2. 
ad = — SR mm un -A x 1m +1. 


= == + Imn x 7m + km. 


7 O 4 Therefore 
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4, to be o, 1, 2, 3. Then by ſubſtituting num 


INTERPOLATION 


Therefore all the numbers and quantities a 
p, 9, and a, 6, c, d, being known, g, b, K, | yi 
be known, - | | 

Then aſſume any value for x, according to th 
place it is to have in the ſeries m, u, p, q 3 d 
correſpondent value of y will be known, in the lu 
place, among a, b, c, d: that is, y=g TK 
kxx + Is, Y | 


Cor. F only 3 quantilies are concerned, as m,n, 
and a, b, c. And y=g bx Aux; then | 
a.p—n—b.p—m+c n- 


þ = ——_—_——— 


p- .-. — 1 


'Scnor. 
Some other methods of interpolation may beſt 
in my Treatiſe of the Differential Method. 


PROB, Il 


To find a rule for the interpolation of a quanlity 
among 4 quantities, at equal diſtances. 


Suppoſe the numbers (in the laſt Prob.) m, »,}, 


bers for theſe letters, we ſhall have 


72 24—6b+bc—2d _ d=a+3 x b—e * 
— —— — K 6 J 
4 = a — 2þ+c 7 
8 3 d 
Z =6. q 


Al 


7. VIII. INTERPOLATION. 
All theſe methods are the ſame -with M. De la 
is, but are very laborious, | 


Otherwiſe thus. 


x as before a, 5, c, d, are equidiſtant, 
po, lies between b and c. By Prop. V. Dif- 


ata Mae y=A ＋ xB + u. — C+« 


- ' 4 D, or putting I + v for &, and 4, 


2 
4, 4 for A, B, C, D; then y=a+1Fv.d+ 

— —— — — 4. But b+c— . is 
* of y by the mean motion, and þ=a+&, 


| -b=d' +4", then this value of y is a ＋1 +9. 
vd; this ſubtracted from the true value of of . 


2 vd .. 1 4 2. —1 
2 0 2 


—*45" for the correction = 


V.V—1 __ V,v—1 
* . * 


3 
But (Cor. 1. 3 II. Diff. Method). 
„„ + 4 1 
uſt: c=a+2d4 ＋ 4 
d a ＋ 3d ＋ 34" +4", whence 

e 24 ＋ 3d +4 

+4 =20 + 34 + 34 +4”, ſubtracted 

72742 —24— i, 
F v.15 0 b+c—a+d — r g” 

2 2 2 
q this is extremely near the correction 3 
| an 


Al 
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and when v = x it is exactly ſo. Therefor 


M = value of y by mean motion, M + x! 
2 


NT. 


tt 
me 
* LEEDS =, required, where M 
4 — J. v. 

Cor. 1. F there be only three eguidiſtant quaniiz 


v. 1— v tb 


an d wanting ; then y = M + N 
Cor. 2. , there be only three equigitant qui 
V. 19 


ties, and @ wanting; then y M + — 
= 


2 | EX A M. 
Four longitudes of the moon being give, 
follows; to find it at 164 22! 16”. - July 16, 1 
July 16. Noon 11, 29* 29! 34 =4a 
| Midnight o 6 40 25 =6 T7 
17 Noon o 13 47 48 Se 4 
Midnight o 20 51 27 S d 
Here a = 30 26, then c — þ 2 2 
v = 4 22 16, and 1 —v= 7. 37 441 
"IC 


M S 0 6* 40 25” + 2.723 221 


12 
o 9e 16 6", w 
b + c = 20* 28' 13% cc 
ſub. a +d = 20 21 1 b 
+ 07 12 ce 
— fi 
v. 1 — v. = $ $2.46 72.3744 410 0 
12 12 
2216 e 
5 231 1 Cot 25 


2 2 
Therefore — M + 25" — 9? 167 3% 
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t the beſt way is to turn the quantities into de- 
mals. 


Five or more quantities 8, B, c, d, e, being given at 
al diſtances; to inter polate @ quantity between b and 
; or between c and d. | 

By Prop. V, of the Differential Method, we haye 


ATB + x. — cr . = D 


4 . 2 An Put 1 +v-=, 
id 4, d, , 


4 
2" S B. C, D, E. Then y= 


1b —— S TAL ——.— 3 


1 . 19 — 
.., between þ and c. 


24 
But if y is to ſtand between c and d, put 2 + v 


„ and then y = 0 + FF od + nn 


—ͤ u—ä—ä— 


+ 2＋v. 1 ＋ v. v 3 2 .— I ＋ v. v. 1 4”, 


24 
where 4, 4, 4", 4", are the firſt, of the firſt, ſe- 
cond, third, and fourth orders of differences. in 
b quantities, put allo x = 2 + v. 

They that want to ſee more of this matter, may 
conſult the ſaid Differential Method, where he will 
find general folutions to all queſtions of this nature, 
whether the quantities ſtand at equal or unequal 
liſtances. | 


ART. 
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A R B's IX . per 
Of finding the Longitude at Se. 


AVING in my book of Aſtronomy gm 

H a ſhort ſketch of a method for finding 
longitude, by the moon's diſtance from a ſtar;| 
ſhall here proſecute the ſubje& further, and cn 
pleat that method; and alſo lay down ſome ode 
rules of like fort, by which the ſame thing mayk 
performed. But I do not adviſe ſuch merhody 
be commonly practiſed at ſea, for they take n 
much labour and calculation; and beſides we u 
not to expect that any method by the moon, au 
be ſo exact as one could wiſh, owing to her (by 
motion from the ſun ; being only 12 degrees 1 
day out of 360. If we were bleſſed with ſud 
ſatellite as Jupiter, that revolves in leſs than m 
days, nothing would be more eaſy. - But as tt 
caſe ſtands, we cannot reaſonably expect ſuch at 
curacy, without the moſt laborious calculation, 
and an incredible degree of care and exactneſs i 
making obſervations; and even the frequent v 
peating of them. At this rate ſome people ougit 
to have nothing elſe to do a ſhip-board ; but ther 
is ſeldom occaſion there for ſuch ſupernumeray 
hands. The right uſe then of theſe methods is in 
time of diſtreſs, when a ſhip, by ſtreſs of weathe;, 
has loſt her way, and cannot purſue her reckoning, 
In ſuch a caſe as this, ſuch a method becomes ule- WF. 
tul; for if the ſhip's longitude can be found this 
way tv a degree or two, it will generally anſwer the 
ſame purpoſe, as if they had it to a minute or two. 
It would not be difficult to make Tables to fact 
litate the calculations, as well in this as in other 
methods, 


IX THE LONGITUDE. 


e method is to be uſed ſo ſeldom, And when 
happensy a man need not grudge the labour of 
4 hours, to ſet the ſhip right; which may not 
en above once in a voyage. To do it often 
d be ſlavery, indeed, when the common 
wn methods are ſufficient to guide a ſhip in mo- 
te weather. And therefore the ſeamen will ne- 
thank us for impoſing ſuch a taſk upon them; 
they will curſe us for it, as being a thing as 
Iles and uſeleſs, as taking in the ſpheroidical 
re of the earth. And yet in the time of dan- 
and diſtreſs, when the reckoning is loſt, and 
na ſhip is rambling ſhe knows not where; they 
be glad of ſuch a rule, to ſet them right; and 
is all the uſe it can have. | 


PROB. I. 


the apparent diſtance of the moon from a 
their zenith diſtances; to find the true 


6 


at of the ſtar; and m, 5, their true places 
re Miz is the moon's parallax leſſened by the 
ion, and Ss is the ſtar's refraction, both which 
known, for the known altitudes. And let Z 
be Zenith, t | OF oY 
den in the ſpherical triangle MZS,; there is 
n the diſtance MS, and the ſides Z M, ZS, the 
ltirudes z to find the angle Z, by Caſe 11 of 
ical Trigonometry. | Fy 
he angle Z being found; in the ſpherical tri- 
e mZs, there are given the ſides Zn, Zs, and 
angle Z; to find the diſtance ms, by Caſe 8“ 

pherical Trigonometry; and ms will be the 
„ WE diſtance, 

g SCHOL, 


hods, but that would not be worth the while, Fig. 


M be the apparent place of the moon, and 31. 


466 or rinDiNG 
Fig. Senor, 
31. In Prob. XVII. Set, VI. Aſtronomy, I han 


in the Appendix, an accurate method by the g 


ing the right aſcenſion and declination of the 


moon's right aſcenſion for four days; two bel 


given a ſolution to this, by approximation. 


tural ſines; and I believe a ſhorter method cam 
be found. | a 

Note, the difference of the ſides MS, m,, i 
never amount to a degree. 


PR O B. II. 
To. find: the longitude of a ſbip at ſea. 
r. To perform this, we muſt Have Tables ſt 


and moon, to minutes and tenths, every dy 
hoon, made for a certain place as Greenwich; a 
likewiſe of the principal fixt ſtars, that lie next 
moon's way. 

2. At the place propoſed, the' moon's diu 
from ſome known ftar, muſt be truly taken nit 
good inſtrument; and alſo their altitudes at 
time, and the exact time noted down, which( 
duced to degrees) is the ſun's weſting from the fb 

3. The altitudes muſt be cleared of refrafli 

and parallax, and the 7 < 5,80 diſtance reduce 
the true diſtance, by Prob. I. 
4. Take the longitude as near as you can by! 
dead reckoning, and convert it into time, wii 
reckon weſt from Greenwich, becauſe the ſun's t 
parent motion is weſtward, Add this time vn 
ume of obſer vation, gives the hour (þ) at 
wich. or the time elapſed fince noon at Se 
(rejecting 24 hours, if it exceeds), Reduce i 
the decimal of a day, which put = 7, and tbe 
mainder of the day = v, and get 7v. 

5. Lay the Tables before you, and take 
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2s (A, D), from the ſum of the means (B. C), 
icall che remainder F. Then the mean change 


right aſcenſion, in the time 7, is XK z; 
i the true change = x CFA Z F'=x 
the moon's true right aſcenſion — 5 
— =B +y: 


. | 

6, In like manner, for the moon's declination; 
re four days: declination; two before, and two 
er the time, which call a, 4, c, 4; and theſe of 
ntrary denomination muſt be marked negatives 
en ſubtract the ſum of the extremes (a, d), from 
ſum of the means (5, c), which call f. Then 


declination by mean motion, is = 
| the true declination = & + 2x = + f, 
4 


1. Then having the diſtance” of the moon and 
, and their polar diſtances, find the angle ac 
pole, (by Caſe 11 of Spherical Trigonome- 
„ which is the difference of right aſcenſions of 
moon and ſtar, This, with the ſtat's right af- 
blion, gives the moon's prefent right aſcenſion, 


3. The moon's preſent right aſcenſion, and her 
pit aſcenſion at noon (by the Tables), being now 
wn; we ſhall have the right aſcenſion gained 
), 1a the time t, or & hours. 
9. Then G2 = ſun's weſting from Greenwich 
„ | 
hours; from this ſubtract the time at the ſhip ; 
e — r= turned into degrees, is the longitude 
ip. 5 
: io, If 


| co aſten, the time at Greenwich, which call Fig- 
B, C. D. Then ſubrratt the ſum of the ex- 31. 
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Fig. 10. If more exactneſs be required, either ts 
the laſt reſult for a new operation, or elle the ne 
eſt round number, for the eaſe of calculation; w 
find ; and b anew; and then repeat the operaig 
But if che longitude was near the truth, 2 u 
xtvf, may remain the ſame, as alſo g and b. 4 
when moſt of the quantities remain the ſame, at 
operation will ſoon be done, | 
30. 11, The moſt expeditious way of working, ut 
uſe decimals for all the quantities. And to gin WP" 
true notion of the work, always draw a figuy 
Here Se is the time at the ſhip, G © the tim 
Greeawich, and GS the ſhip's longitude. 
This method. may be equally applied to the fi 
as well as to a ſtar; but with ſomething more un 
ble. For the change of his right aſcenſion and d 
clination muſt alſo be found. 
Note, the proceſs, Art. 5 and 6, is foundedt 
Prob. II. of the laſt article. 


II. Otherwiſe thus. 


Here we muſt have Tables of longitudes ad 
titudes of the moon and ſtars. And inſtead uf 
tight aſcenſion and declination of the ſun, mod 
and ſtars; make uſe of their longitudes and l 
tudes; and work by the very ſame rule as befon 
Thus Art, g. gives the moon's true longitude, 
Art. 6. her true latitude. And Art. 7. finds 
dift. lorigitude of the moon and ſtar, and cont 
quently the moon's prefent longitude, By 7 
8. is had the moon's longi:ude gained in the time 
And fo on. 

It is worth obſerving, that the very ſame n 
will anſwer for the Tables of longitude and latitud 
as well as for thoſe of the right aſcenſion and 
clination, mutatis mutandis. And it is the pecul 
advantage of this method, that the problem f 
be ſolved either way; and therefore it may be doi 
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\mbers be true and correct. 


Kerne. 

When the moon has little or no declination, one 
not find the quantity F nor f, nor the correction. 
In addition and ſubtraction, the ſigns of the 
antities muſt be carefully obſerved. And there- 
e when a greater quantity is to be ſubtracted 
Im a leſſer ; the remainder muſt be ſet down ne- 
ive, as may happen in Art.'5 and 6, Alſo in 
t when the time at the ſhip is greater; the re- 
inder is negative, and the longirude caſt. 
When the ſhip lies eaſt of Greenwich, it may do 
well to reckon that diſtance negative, | 
ate, moſt of the work will be beſt done by lo- 
ichms. Ir 


III. Otherwiſe thus. 

. From the aſſumed longitude and given time 
obſeryation, having got the moon's right aſcen- 
„by Arc. 5. from the Tables; Sh 
nd likewiſe having got her right aſcenſion by 
ulation, by Art. 7, compare them together, If 
ae the ſame, you may be ſure your longitude 
ght: if they differ, note the error. | 

b. Make a nearer ſuppoſition for the longitude, 
jou may eaſily do. Then having found the 
on's right aſcenſion twice (by Art. 5. and 7.) as 
ve; it they differ, note the error again. 


zitade of the ſhip will be found. 

ind the ſame thing may be done, by making 

of the moon's Tongitude (inſtead of her right 

lion), according to Rule II. 

Nate, one may calily know, as ſoon as the firſt 

ation is over, by cohparing the. right aſcen- 

8, &c. whether the firſt longitude be taken too 
P . great 


> 
titud 
nd 
ecult 
m a 
e do 


ſome of the common almanacks, provided their Fig. 


hen by the method of trial and error, the true | 


— r 8 K 
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Fig. great or too little; and take the next according 
30. This Rule comes very near. | 


euer. . 


After the mean proportional part of the de 
nation is found; if you would not take the trout 
of finding F or F; take + the degrees of decly 
tion ; wy. add (always) ſo many minutes (2) to th 
declination; and + of that to or from the (mea 
right aſcenſion. Or more exactly, for o, 3, 6,i 
9 hours before or after noon, take o, +, -7.,i 
12; of the greateſt correction (z), to be added 
ways) to the mean declination, When the did 
nation decreaſes, add; when it increaſes, ſub 
the correction to or from the right aſcenſion, 


IV. Or thas. 


1. From the ſuppoſed longitude, and given ti 
of obſervation, proceed by the firſt Rule, wx 
the moon's right aſcenſion (m) by the Tables; u 
likewiſe her right aſcenſion (n) by calculation; a 
find the angle at the moon, Then, 


2. Put v = cotan << at the moon. 
s = fine. moon's polar diſtance. 
q=e—b;pz=C—B, then 
6Xn—m | 


2— 2 7 


tude of the ſhip in degrees; to be added ore. 
tracted, according as the ſign directs. 


Note, p and q are in degrees, but # — 
minutes; and r is negative, when the angle is ge 
er than go degrees. 

For let # + x be the true time, x being the 
crement of 7, then g = variation of declinati 
or of the polar diftance, And (by Cotes, 1 

| 


= correction of the |ong 


«4 
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cenfion, Then m + ps = n + _ 4x, and px — 
qx = 1 in degrees; or px — ＋ 1 4X 
„ (1 —# being minutes); therefore x = 


22, the increment of time in days, and 


1 
W Ns _ om)... LOT 1 | 24X15 
w 3 — = incr. time in hours, and —— 
| EF Ba. 

I or £XY=" = increment of the de- 


3 p—<e 

tees of longitude. 

This is ealily wrought by logarithms ; and this 
orrection will come very near, when the ſuppoſed 
ngitude is within a few degrees of the truth. 

This is as eaſily done by making uſe of the 
oon's longitude, inſtead of her right aſcenſion. 
hut then the angle at the moon muſt be found in 
e triangle whoſe two ſides are the co-latitudes of 
e moon and ſtar, inſtead of the co-declinartions. 


ExXAM. I. 

On April 4, 1767, at 4 28 apparent time, 
be diſtance of the moon from the ſun was obſerved to 
74 16, and allitude of the ſun 22* 18', of the 
on 80 53'. The longitude by the reckoning 17 46 
8 1% 11 in time.) To find the ſhip's true lon- 
Hude. 
Here Ss = 3, Mu = 9. Therefore there is 
ina ven, ZM, 28, MS, and Zm, Zs; then by Prob. 
Ig. ms is found = 74* 12'. 

a P 2 Preparation. 


1 1s 
$ ON 


the! 
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3, Pa. 17.) J: 1: : *: 7 qx = variation of right 30. 


31. 
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ig. 
Preparation. 


By Rule I. 


30. Long time 1% 11" 
time of obſervat. 4 284 


5 397 = 5-655 =b 


„ _ 
: 


5.655 
8 = 7 3 
24 7644 => is, 

A =" 700 a = 200.48; 
B = 85.533 5 = 26.18; 
C= 99.483 e = 28.650 
D = 212.706 d = 23.300 
B+C = 185.016 b + c = 52.433 
A+D = 183 766 a + d = 49.78; 
1.280 f = 2.050 
C—B = 13-950 C—b = = 1.132 
C—B NK 3.2866 KUIXc—b = — 260 
ztvF = .056 fvf = .u9 
y = 3+:342 þ = 26.783 


B+y = 88.875 ds true declin. 26.636 
the is right aſcenſion. »'s pol. dilt,'= 63.304 


63 22 
O's change of declin.in a day | Change Or. aſc. in a day, 54! 
is 22'.8| and .2354 X 545 = 124 
and .235X22.8 = 5.31 Or. aſcenſ. Ap 4. 13 1% 
© decl. Ap. 4th 5 42.8] © preſent r. aſc. 13 3% 
© preſent decl. 5 48.1 | 


| Operatitt, 
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Fig, 


Operation. 
Baſe, © diſt. from) 74* 12 32. 


8. ) polar diſt. 63 22, co. ar. o. 0487 142 
8. O polar diſt. 84 12, co. ar. o. 0022290 


diff. ſides 20 30 


+ baſe 93 02 
half 47 31, S. 9.8677466 


— diff. ſides 26 41, 8. 9.0523025 


2)19.5709933 
S. 37 36.3 9.784966 
Wor. 


Lemma 


<P = 75 12.6 diff. right aſcen, 
13 32.3 Or. aſcenſion 


88 45 Der. aſcen. now 
85 32 Dr. al. at noon 


G =: 3 13 . #*: ab. gained 


or 3.216 f 
eee 
then 3-216X 5.655 — 35.44 = 5* 26 
- 237342 | 
y And 5* 262 © weſt from Greenwich | 
94 — 4 28 time at the ſhip 
22 o 58 = 14 deg. the longitude weſt, 


F 


The ſame Ex. by Rule II. 


The quantities ms, b, t, v and | ty remain the 
ine; then, 


P 3 Preparation. 
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Fig. Preparation. þ 
30. A= 73-053 a = 4130) 

B = 86.006 b = 3-364 
C = 98.556 E-= 246 
D = 110.782 = 1.46 

B+C = 184.562 b+c = 5.818 

Ay orc = 

= 2227 f = 24 

C—B'= 12.550 c—=b=— 0 Wi 
C—B x? = 29579 IX cob = =— 2213 
dog; xivf = .105 
83 3 b = 3-304 
: B+y = 88.996 )'s true lat. 3.25 
) *s Jongitude is co. lat. 86.744 
or 86 44* 

Operation. | 


32. In the quadrantal triangle MPS, where PI 
the pole of the ecliptic, and PS the ſun's pol 
diſtance = 90*; MP the p 's colat. 86 44';; M5 
the diſtance of the ſun and moon 74 12“. To fue 
the SP. 


Coſ. Mu or S. 86 442 99991473 
rad. 10. 
coſ. 74 12 94350161 
col. 28, or coſ. P, 74 100 9.4358688 
then dif. lon. of © and ) = 74* 10 
O's long. 14 42 
v longit. now 88 52+ 
) long. at noon 86 oO ; 
longit. gained _2_52 = 2.866 


then 7 S8. = 5 255 © welt from Gree! 


wich, — 4 28 time at the ſhip. 
O 57 = I47 the long. wel 


ur. IX. THE LONGITUDE. 


If this had been wrought by mean motion, we 
ould have, the moon's right aſcenſion 88” 49 
the moon's declination 26 31 

and the longitude 16 degrees, 


EXAM. 2. 


454 
818 Sept. 5, 1767, at 15% 7 apparent time, the 


fled diſtance of the moon from the ſtar « pegaſi 
Jas 44* O'7 3 the longitude by the reckoning 64 32 E 
= 4' 18" time). To find the true longitude, 


910 

15 By RuLE I. 
105 Preparation. 
1 4 18* longitude time 


— 15 77 time at the ſhip. 
— 10 497 B, hour at Greenwich. 


47 or 10.822 = B, 
| and 10-822 —_ 4 ty = .2476 
P 24 5491 = V 
* A = 290 16 „ 
| 4-5 . 8 b = 19 19 
Jn GC =. 319 31 'E = ES, 
D= 333 35 d=_7 58 


B+C = 624 36 b+c = 33 26 
A+D = 623 51 a+d = 31 11 
o 45 f = + 38 
or F = 75 or f = 2.25 
C—B = 14 26 &— = — 5 12=—5,2 


ztvF 046 5 = 19.316 
= 0©.554 d's true decl. 17.109 
B = 305.083 17 6.7 


B+y = 311.637 0's amy; * £ of 
the )'s right aſcenſ. diſtance 7 6.7 
P 4 Operation. 
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Fig. 


34. Operation, 


0 
Baſe, or # diſt, from 5, 44 07 F 


S. )'s polar diſt. 107 6.7 coar. 0.01966 
S. #'s polar diſt. 76 2 ceoar. 0.0130; 
diff. ſides 31 4.7 | 

I baſe 75 5 
half 37 32.5, 8. 9 7845 
— dif. ſides 6 27.8, S. 9.05144 
2)18. 869003 
S. 15 46.8 9.43055 

2 


SP 31 33.6 diff. right aſl 
343 18 * right aſcenſ. 


311 44.4 D'S right af. now 
305 5 DÞ'sr, alc, at nog 


8 39-4 7s r. af. gained, 
606 


then = = 10.99 = 10 59.3, © welt fr 


Greenwich. 
: — 15 7.3 time at the ſhy 


4 8 = 620 the long. 


The longitude by mean motion comes out 6;* 45 


Again, for another operation. 


Aſſume 60 for the longitude of the ſhip = 
hours, | | Sas 
+ Preparatiit 


„I. THE LONGITUDE. 


Preparation. 
4+ o ſuppoſed time 
— 15 7+ time at ſhip 
11 7+ = 11.122 , the time at Greenwich, 
11.122 


A 2.434 = 45 tv = .2486 


5366 = v 
CB = 6.688 IX cb = — 2.409 
B = 305.083 2 = 138 
F — 46 3 — 19.317 
347 = 311.817 17.046 
)'s right aſcenſ. the 's declination.” 


andy = 6.734 des polar diſt, = 72% 57 


Operation. 
iſe, or ) diſt. from # 44 0.3 


S. vs polar diſt. 107 3, coar. 0.0195197 
8. & polar diſt, 76 2, coar. 0.90130330 


diff. ſides 31 1 


+ baſe 75 1.3 
half 37 30.6, S. 9.7845569 
— dif. ſides 6 29.6, 8. 9g.0534890 


2)18.8305986 
S, 15 487 9-4352993 
3 


2 37 dif. right aſcenſ. 
343 18 # right aſcen. 


311 41 ) right aſcen. now 
305 5 Þ right al. at noon 
G = 6 36 p rightaſ, gained 
or 6.6 
| then 


ain 
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4 then = ty 10%,g © welt from Greenwich. 


— 1557.35 = — 15.12 time at the ſhip, 


4-22 the long. in hours E. 


4-22X15=63*%.3 = 63* 18' the longitude . 

degrees. 
Calculation of the ſame for 62® 4o' (= 4 10 
Preparation. 


h m 
4 10.6 ſuppoſed time 
— 15. 7.3 time at the ſhip 


10 $56.7 = 10.945 S, hour at Greennid 
222292 = 456 , tv» = 248 


t B = 6.581 txc—b=— 2.37 
LF = 047 32 114 


W 


5 * 6.688 b = 19.317 
B = 305.083 9's declin. 17.087173 


B-+y = 311.711 os pol. diſt. 10); 
= 311 42.6 
the »'s right aſcen. 
Operation. 
Baſe, » diſt. from # 44 0.3 
S. »'s polar diſt. 107 5.2 coar, 0.01960} 
S. * polar diſt, 75 2 coar. 0.013033 


diff. ſides 31 3-2 
+ baſe 75 3.5 Ut 
half 37 31.7 8. 9.78471 

— diff. ſides 6 28.5 8. 9.05210 
2) 78.8695 1 
9.434113 
S. 15 47:5 
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S. 15 47-5 Fig. 
2 
LP = 31 35 diff. right aſcen. _ 
343 18 # right aſcen. 
311 43 D's right af. now 
305 5 d's right al. at noon 
G = 6 38 right aſcen. gained 
5 
er 6h = 10.95 = 10 57 
7 


— 18 23 
— 4 10.3 62 35 the 
longitude E. 


The ſame Exam. by Rule II. 


Preparation. 
aving found as before 1 = .451, 1 =.2476, 35. 
b=10.882, from the Tables of longitude and 

tude, we ſhall have  * 


II 


A = 288.566 a = — 1.043 S 
73 B = 302.847 b = + 0.242N 
C = 317.558 £ = cas 
D = 332.613 => 2272 
B+C = 620.405 b+c = 1.790 
A+D = 621.179 ard = 1.729 
HF =— 0774 2323 
* C=B 14.711 cb 1.306 
c—b xt =. 396 
BN 6.634 Hof = 004 
3 HF =— 048 12 242 
+ 5=: 6.586. »'s true lat. .834 
By = 309.433 ds polar diſt. 89.166 
the p's — 2 8 6r 89 200 


Operation. 
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Fig. 
75 Operation. "y 
Baſo, or æ diſt. from »— 44 0. 3 j 


— — — 


S. d's co-lat 89 10 coar. o. oo⁰ 
8. #'s co- lat. 70 35. 3 coar. 0.0250 


—̃ä ( — — 


diff. ſides 18 34.7 
+ baſe 62 35 
S. half 31 17.5 8. 9.715 
— diff, ſides, S. 12 42.8 8. 9.34: 
219.083: 
S. 20 22.45 9.5416 


2 — 


<P = 40 44-9 diff. lon. ) ado! 
350 14.5 long. * 


6.38.8 | longitude gan 
or 6.686 . 


- time at the ſhip — 15.12 


4.20 
and 4.20 X 15 = 63® the long. el 


Otherwiſe thus, by Rule III. 


1. Suppoſe (as in the firſt calculation) that ! 
longitude is 64 32, then 

vs right aſcenſion is 311 38, by the Tabe 

and her right aſcen. 311 44.4 by calculatil 


difference + 6.2 long. too gie 
2. Suppal 
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Suppoſe (as in the ſecond calculation) that the Fig. 
tude is 60% OO, then 

's right aſcenſion is 311 49“ by the Tables, 

d her right aſcenſion 311 41 by calculation. 


difference — 8 long. too little, 
le of falſe, 4:533X:2 = 10 
hen by the rule of falſe . 19.98 


0 gg / the correction, and 64 32' — 1% 59'= 

2; for the longitude, where 4.533 = 64 32 

0. 

Ex AM. 2. 

u 134, 1767, at 10% 2, the diſtance of the 
from regulus, when craliad was 469 3 2. To 38 
the longitude. 

5 here is no longitude given, we ſhall aſſume 
oitude, for the firſt trial. 


Preparation, 


long. in time o# O 
of obſery, 10 27x 


10 27% = 10.454 = bh. 


d 10.454 


=-4356 = 4, ty = 2458 


"9 5044 = v 
2 93 11 a 7 
B = 96 59 1 
& = 110 1 6 
52 223 id = 20236 
B+C = 207 12 b+c = 50 22 
1+D = 205 39 ard = 48 3 


E +43 0 
* 097 erf 117 
—3 = 13 14 —3 = — 2 

13.233 = 


OF FINDING 


2 2 
Fig. tXC—B.= 6.751 Xx (+ = — 9 1 
35+ Ivor = 075 ιο = 12 
= 65.826 2 b = 26:49 
B = 96.983 —_ 
102.809 or 25 1 
or 102 49 D's declination 


D pol, diſt. 64 12 
Operation, 


36. Baſe, » diſt. from &, 46 324 
S. )'s polar diſt. 64 32 

8. „ polar diſt. 26 54, 

diff. ſides 12 22 

+ baſe 58 543 


the ) right aſcenſion. 


COAar. 0.044 
COAT, ©,01 us 


half 29 27, S. 9.6916 

— diff, ſides 17 5 S. 9.4679 
2)19.21550 

9.60775 


8. 23 544 
2 


<P = 47 49 dif. right aſcenli 
148 59 * right aſcenlion 


101 10 ) right aſcenſ. u 
96 5g Þ right al. at nod 


Wa £2 right aſcenſ gane 
er 4188.5 0 


G 


then = N. 505 = 7 30 
9 


— 10 27 
| - 
and 21 377 = 44*; longitude E. 
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Then for a ſecond trial, take the long. 44; or Fi | 
er 40 E. here now # &c. being found, and the 36. 
ration performed, the true longitude will come 


43; E. 
only the mean motion had been uſed, the lon- 


de would have come out 43* O. 


Otherwiſe ſolved, by Rule IV. 


the foregoing Example, ſuppoſe the longitude 
E. then 
long. 40 E. = — 24 40 

time at ſhip = 10 27.2 


— — 


7 472 =74.787 


Preparation. 
having found | .; 
C=B = 13.2332 e— 52 — 2.133=q 


B= 4.293 iXc—b=— 691 


* 066 5 = 26.250 
= 4359 atof = +127 

B = 96.983 25.686 
101.342 or 25 41 

m = 101? 20 »'s declination. 


the ) right aſcenſion. ps polar diſt. 64 19 


* 


Operation 
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36. Operation for the < P, | But 


Baſe SM, » diſt. from & 46 32+ 
» pol. diſtance 64 19 coar. 0.04 
* pol. diſt. 76 54 coar. 0,01; 

diff. ſides 12 35 


+ baſe 59 7z 
half 29 34 S. 9.00% 


— diff, ſides 16 59g S. 9% 
219421; 5 

8. 23 543 4.60. 

2 on 


<P = 47 48: diff. right ace 
148 59: * right ale, 
n = 101 11 ) Tight ak, 


Operation for the < M. 


S. SM (46 32;) coar. o. 13914 
S. F (47 48;) 9.86976 
S. SP (76 54) 9.98855 


8. M (g6 12). .  9:99745 


- 0 4 | 
then  8= 21207 11 
101 10 


n— 1 2 — of G6xnmm=— 54 
T = — 109 9 =.13.232 
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zut this method requires too much labour; Fig. 
fore rather work by Rule III. 36. 


Se not. 


\ny method of finding the longitude by the 

n is clogged with many difficulties ; as, 

The uncertainty of the ſun's declination, when 

obſervation is made for getting the time. 

The uncertainty of the ſhip's latitude, at the 
of obſervation. | 

. The difficulty of taking the diſtance of the 

n exactly from the ſun or a ſtar, particularly 
ſun, | 

The inaccuracy of the Tables made uſe of in 

calculations, 

. The danger of miſtakes by the numerous cal- 

ations to be gone through by any of theſe me- 


Q ART. 


2261 


Of Intereft. 


E RE I ſhall, compute. the intereſt, and: 
mount, of. any ſums or annuities for any tine 
in general, as well as whale years, at both ſn 
ple and compound, intereſt; and. alſo their preia 
worths. ; 
Let 2 = principal or preſent worth. 
2 = annuity or yearly rent. 
s = amount or ſum of all the arrears, 
I = whole time of: continuance. 
5 = fractional part of a year. 
t the even years. 
R the ſum of 10. and its intereſt for a qu 
7 = the intereſt of 11. for a year. 
hence T =z +6, and R=1+r, 


EAQP.-S 


The principal, time, and rate of interiſ bi 
given; to find the amount or arrear; at ſimple ini 


As 1: T:: p: rp, the intereſt of p fora) 
And 1: :: T: Trp, the intereſt of p fort 
time T. Therefore p + Trp = whole arreat 1 
the end of the time T; whence p+prT or p+! 
+prb = whole amount = 5. | 


Cor. 1. pTr = intereſt of p for the time J. 


Cor. 2. = the diſcount of s for tht i 


SLY 
Tr+1 
T, whereof p is the rebate. 


C 


X 


+2 


Ir. 2 I N T E R E 8 T. 227 
Cor. 3. in equation of payments, time = 

m of the diſcounts ; 

in preſ. worths X 7 


3 £+ 7 8 6 
"Annuity, time, and rate of intereſt being given ; to 
nd the amount or arrear, at the end of the time, at 
EImple intereſt. 


By Cor. 1. Troy: 1 8 

bra = intereſt of the rent due at ? years end. 
Ira S intereſt of the rent due at i years end. 
ie intereſt of the rent due at 2 years end. 
ira = intereſt of the rent due at z years end. 


bia S intereſt of the rent due at /—4 years end. 
and ſo on till 


Ii Thru = intereſt of the rent due at 1 years end 
herefore if a be the rent, the ſum will be bra 


＋b. ra + 2+6.ra + 3+6.ra &c. to n—1+6.ra 


=b+1+b6 +2+b + 23+6...#—1+6: X ra, 
for the whole intereſt. But the ſeries, conſiſting of 


{—1+26 5 2 50 tra, to which 


- terms, its ſum is = 


ye dd the ſum of the rents Ta, then 5s = _—_ +264 
y Xra + Ta. | 
1 Co — | 
1. — —— 5 
8 ti—t+2btXxXr+2T 
Ke 8 ; 4 
* . 
tt—t+26t 


Cor. 3. To find T, put 5 =o, then 252... ra 


+21, and 4 + ZE t 2, whence 7 will be 
. ra ra 
Q 2 found, 


1 


C 


J 
| 
| 
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Enn 
found, which will be ſomething too big, but the 
next leſſer whole number is to be taken. Ther 
to find 5, we have 25—21/a—2ba= 114207 xrg, 
and 2btra + 2ba=2s — 2a ＋ tra —ttra, and þ > 
— —2t+tr—ttr | 
88 21r +2 
another whole number for t. 


PROP, UL 


| Having given the annuity, time of continuance, al 
rate of ſimple intereſt ;, to find the preſent worth, 


when this does not anſwer, Pu 


By Prop. I. p+prT =s, and by Prop. II. . 


ttt + 2bt 
2 


X ra+Ta=s; thereforep+prT= ye 


th—t+26t X ra--2Tsa 
2rT +2 : 

Car 4. S'= — 2 Serie 

t. -t 2c ＋2T 
2Ta—2p : 

20T +t—tt—2bt K 


Cor. 3. To find T, put 5 =o, then in the egu- 
Hf —f 


＋Ta, whence p = 


Cer. 8. = 


tion p + pri = ra + ta, t will be found, 


2 
the neareſt whole number. Then proceed asit 
Cor. 3. of the laſt Prop. to find . 


S e. 0 bo 


In fimple intereſt, each ſum of money is to gall 
intereſt after it becomes due. And compound ite 


tereſt, or intereſt upon intereſt, ſuppoſes that tis 


intereſt itſelf ſhall alſo gain intereſt, 


PRO! 


r. X. LN T E R E 8 12 


oe N. 


Having given the principal, rate of intereſt, and 
we of continuance ; to find the amount, at compound 


reſt. 


R = amount of 11. in a year. 

R:: K: Rf, amount in 2 years. 

R:: R“: R., amount in 3 years. 

W:: R.: Re+6, the amount in ? + 5 years. 
ence 1: R*+5 : : : pRr+5 the amount of p in 
ime E or T. Therefore pR*+5 =s, _ 
or, 1. N= — 1 X Þ = the compound intereſt of 
ile time T. 15 | 


2 
Ol. 2. Þ = NZ. 
Re+5 —1Xs5 _ 


Ir, 3. = diſcount or rebate of s 


Wes 
tbe time To | 
or the diſcount is the difference between the 


5 
4 and its preſent worth, = N 
RFF 


PROP. V. 


Waving given the annuity, time, and rate of in- 
M 4% find the money due at the end of that time, 
pound intereſt, | 


Prop. V. we ſhall have BW 
rent due at the end of T or {+6 years with- 

out intereſt, 
Srent due at # years end, and its intereſt till T. 
Stent due at . 1 years end, and intereſt till T. 
_ Q 3 aR 
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Irrer. 
aRZ rent due at .— 2 years end, and intereſt fili 
aR3+5=rentdueati—3 years end, and intereſt ili 

and ſo on, till 

gRi—1+5 = rent due at 1 year s end, and inter 

till the end of T years. 

ay” on s = ba+ R + R1+6 + RZ + Ry 

4 .. Rf—1+5: X into a. =Za+ba, by ſubſtituin 
But by Cor. 3. Prop. XXVI. Geom. Proport 

the ſum of the ſeries R* + wa +6 + R2+6 &c,q 


| | (HR 
ſiſting « of t terms = * R = Z: there 


5 =ba + Za=bo+ Nx a. 

rs f 
W 
Cor. 2. R. RR — = 2 — 7 


From which equation, R ** be found, ye 
tracting its root. 
Cor. 3. To find T; put Y g, then aR - 
4 -, whence # will be found, the neareſt wh 


2 


number. Then by the equation, Cor, 2. þ vil 11 
found the ſame way. 
of $8 A. © I 
Having given the annuity, time, and rate q . 
dereſt ; to find its preſent worth; at compound in 1 
' By r IV. s=pR:+5, and by Prop. V. 00 
* Re+ K X 8; therefore p R= inde 
; r & th 
L, then prRc+6 = bro + Rei 


* a; and p = — — 


9 


. INTEREST. 


: 2 pr Re+6 : 


Cor. 2. PR/+5+1 R = baR — ba + 
Va — Ra, 3 oy 4 3 | 
y which equation R may be found by extracting 
he root. 


nte * 


R3# 
Wutin 
Ortig 
C. C 


reid 


Cor. 3. To find T; put 4=0, then orR. =R'a 
4, or R'= ——, whence # will be found a 
ear whole number, which bring Bat 5 will be 
und, with a deal of trouble, by the equation 
YR! R = bra + R. I X Rea. 


Cor. 4. If t be infinite, then pr Za, and p = : 


12. = _ = number of years purchaſe. 
p FR 
For then prR*+5 = R*+5 a, as all the other quan- 
ties are infinitely leſs, whence pr = a. 

Theſe propoſitions and corollaries are beſt wrought 
by the help of logarithms; and 1-+r7 may be pur 
for R, as there is occaſion, and the contrary ; and 
RIO ! +6 for T. . 


SCHOL, | 
If þ be put S ©, in theſe propoſitions ; then 
will be had all the rules which are commonly laid 
down, by the writers upon intereſt. 

Theſe laſt propoſitions, ſuppoſe compound in- 
tereſt to be paid for parts of a year, which admir 
only of ſimple intereſt by law. Whence they are 
indeed no more than a mathematical ſpeculation ; 
& that method is not practiſed, Under a year com- 
pound intereſt converts to ſimple intereſt, 
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Fig. 


FREE r - 3 oo 


The Figures of Sines, Cofines, &c. erefitly 
on all Points of the Arch; their Areas ; » 
Solidities when erected upon the Surface of i 


$þ here, A 
IT PROF. | 

0 

To find the area of the figure of verſed fines, u 
coſines, tangents and ſecants. An 


ERE we ſuppoſe the arch of the circle, 

vided into an infinite number of equal pan 

upon each of which is erected the ſine, coſine, | 
belonging to that arch. To find the area of & 
curve formed thereby. | 
37. , 1+ For the verſed fines. Let radius AC = r, ot 
AB =2, verſed fine AP = v, ſine BP = y, colu 
CP = x, tangent AT t, ſecant CT = /; the 
270 vv S , and rv v =}, Make A 
arch AB, and ordinate % = Ap v. Then ti 
fluxion of the area Alp. v, but by the nam 


a0; 
of the circle 3 , and vs = 22% = W 
; * „ Viaru— in 

= . But by Form 10%, Fluxions, tit 
Vane b 1 


. 9 
fluent of vv — arch AY =. And (Fom 
27 — 7 . 


3 
11) fluent 25 = 7p —V2ry — vv 


arch AB—y ; and fluent of 2 or — 


W2r—yv Vir 
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7x arch AB— fine y, for the area of the Fig. 


And when Ab = quadrant AD, the area = 


416rr 2.1 rr. 


; 
And when AZ = a ſemi-circle, the area = 
416 = AFG, | | 
2. For the fines. Make Ab = arch AB (fig. 37.) 387 
| ere& the ordinate bp = fine BP, then the flux- 


of the area = yZ = rv, and the fluent is = rv 
1X AP, for the figure of ſines. 
And when Ab is a quadrant, the area = rr, 
And when A# is a ſemi-circle, the area = arr. 


. For the figure of cofines. Make Ab = arch 39; 
, (Fig. 37.) and at 5, erect bp = CP the coſine; 


. . a F o 
n the fluxion of the area is g X =x X — = 


— 


— 2 — and the fluent is =ry/rr—xx 
rr — xx 

yy. When Ad is a quadrant, the area = rr, 

| there the curve ap interſects the axis at 4, and 
ms the ſame figure on the other ſide. This Fig, 
＋ as Fig. 38, beginning at the center, that 

= Abp. | 

When A a ſemi-circle the whole figure =2rr, 
n Art. 2, 

. For the figure of tangents, Make Ab = arch 40. 
b (Fig. 37.) and at þ erect the ordinate 5 = the 
gent AT, Then the fluxion of the area = 7Z. 


- _ 


— *** nnn = = 


t by Trigonometry, x: :: 1 ==; then /Z 


2.30258 — 
the fluent = rr x —2--2-- x log, r—v. But 
1 


2 — eats — — — 
— 
* " \ s — 
bo th. l wad . 
T 4 l = = _ =# »* 


when 


2 
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eee eee eee 00" th fluent 


reed is 290258 x log = for the area, © 


Or chus; fluent of — 25 = — X i. 
* but when the area is o, x = do therein 


correct bee = =2: 30258 K 108. 


ISS | Otherwiſe thus. 
Since x 151 :r7:4, therefore xx : yy ::m 
» and x3 **: x Jy (er): e irt. Whe When 
rn =#4, in Fluxions, 2x X N + tt, rr + tt, 41 
x So, and i X x = — XX OOTY the 


»W 3b = VE. But 65 = = E, there; 
r.. * a 


| = — the gurion of the area; and (Form 4 


3 is 2.30258 vr * log. — 


8 — 


i 


2.3025 log, — N = that area. 


Since the det of go degrees is infa 
Ad be a quadrant, the ordinate de will be an 
tote to the curve. 

It is evident when Ad is a quadrant, the areal 

is infinite, l Y 

41. 5. For the figure of ſecants Make Ab = 

AB, and ordinate bp = ſecant CT. Then 

fluxion of the area ; and by Trigonoml 


* 1 * 1 08 * 


r __ 


8 „ „„ 
———— mä re am — 


— 4 


* 
1 
„ as = 


” 
” 
= 

"4 


"4 
- 
. 
OO — — — . hers Ss © 4 
* 40 * 
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= . and S== Xo Bu — = 


; whence r = = And (by 


Vr 

"4 Ty 
9, n the fluent of 1 = 
0258 log. WT + V'—rr+/. But when the 


is o, r; therefore the fluent corrected 
2.30255 x log. , and the fluent of 


LN = 2.30358r7 x log K for the - 


a Abpa. 

If 15 be a quadrant, the ordinate dc will bean 
mptote to the curve; and the area Agca will be 
unte. 

From hence the meridional parts in Mercator's 
hart may be calculated for any latitude AB or As. 
or the mer. parts for any latitude : is to the arch 
| latitude Ab : : as the ſum of the ſecants : to the 
m of as many radil : ; or as the area Aaph : ta 
x radius Aa. 

6. It is evident the area made by erecting the 
{dil at all points of the arch AB is = zr or Abxr, 


PROP, II. 


To find the ſum of the ſquares of all the fines, co- 
nes, verſed fines, Sc. eretied upon every point of the 
ni AB 3 or to fd the flies of the bdic formed 
bhereby, 


# in the firſt Prop. we ſhall have vv for the 


Fig, 


t 41, 


1. For the verſed fines. Denoting the quantities 37. 


J 


' 333 X 3.1416. 


«a. = =, and (Form 11.) fluent af 
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37 


: fluxion of the ſolid ; but z = os 


J Vang 


Form 10%,) fluent of . AD, 
Vr— 1 


— A2 AB — N 


— 7 d th fl a j 
: V/2rv—vv, and the fluent of . 


v 
V 2rv—vv 


for the ſolid content of all the verſed fines. 
When AB is a quadrant, v = r, and the {lid 


= 3r" —— 
And when AB is a ſemi- circle, the ſolidii 


= 7X AB — t ir | 


— 273. 


2. For the fines. The fluxion of the ſolid =y! 
but by the nature of the circle & = Z = 7 


ry'y 


whence yZ = =. But (Form 100.) fuent 
Ry ( 


vV 1799 7 
2 —Y, and fluent dt 
Vr —y 2 2 


, = area APBxr (Fig. 31) 

Vrr—yy 2 

for the ſolid of ſines. | 
When 
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hen Ab is a quadrant, the ſolidity = quadrant Fig. 
) x7 = +78541% 38. 
When Ab is a ſemi- circle, the folidity = 
0, 


For the cofines. The fluxion of the ſolid is 39. 


= xx X 7 = rxy S n=, the fluent 


— arch AB by Form 100. And 
2 2 


of I = E , 


rXAB+ay 


2 


(Form 13.) fluent of t= = 


= r, for the ſolid of colizes (Fig. 37.) 


ſhen Ad is a quadrant, the ſolidity = x AD 

2 

uadrant AD r. 

For the ſolid of tangents. Here the fluxion of 0. 
10 ad is 144 = * — — But by * 
de laſt 3 xtt 33 
e laſt Prop. — x —I77 wn 7 3p 

10 i = . = „ „ 1H x 

eat y 1 rr. y 


— 7 X But (by Form 


— = z and (Form 11) 


| the fluent of 


t of Poon rr 
bent f = ZZ 0+ 15 =— AB+ 
37) = 1 I 


5 = 


S — 


= 
N 
— — — — ——— — > 
by — \ \ = * 


LE . * — 
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Fig. f | ; | 
40, ft = t— 2, and the fluent of 7 — 


= $ aw 
it 2 * 


= AT— AB X rr, for the folid of tangen 
(Fig. 37.) 0b 
When Ad is a quadrant, the ſolidity is infni 
becauſe the tangent is infinite. 
5. For the ſecants: The fluxion of the ſolid 


41. 7 
2 _ But by the 5% Art, laſt Prop, = 


det cf, Wee ; 
==> and — = erefore ſz 
A5 Err | T 
D A = N = LL, MM; 
by $I V= 
the fluent is r tr = rrt, for the s. 
ſecants. a 


It is plain when the areh AB or A5, thats | 
is a, quadrant, the ſolid is infinite. 

6. Far the. ſum of all the ſquares of the n 
trefied on the arch AB, we have rrs for the fu 
of the ſolid ; and the fluent is i for the fun 

all the radii ſquare, or the ſolid farmed therchy, 

Cor. 1. It follows from the three laſt Articles, l 
the ſolid of ſecants is equal to theſe to ſolid, 
ſolid of tangents, and the ſolid farmed of all ther 

Cor. 2. Hence alſo the ſum of the ſquares of it 
fines in the quadrant = half the ſum of the [quits 
as many radii, From Art. 2. and 6. 


PO P. . 
To find the ſum of all the fines, coſines, verſed 


Sc. erefied upon every point of the ſpherical ſuſa 
or to find the ſolids made thereby, 


42. Here we ſuppoſe the circle ABD to revolve i 
the axis AC, and to deſcribe a ſpherical {ur 
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d that upon the annulus deſcribed by BP, there Fig. 
ereted at every point of it, perpendiculars equal 42. 
BÞ for the fines, or CP for the coſines, &c. and 

for every. annulus. But this is to be underſtood, 

it every annulus is laid down in a plain, upon 

\ abſcifſa equal to the arch AB; then each annu- 

will be the baſe upon which we are to ere& the 

d perpendiculars. Then theſe form ſo many ſo- 

| bodies whoſe contents we mult inveſtigate. 

1. For the verſed fines. Suppoling the quantities 
noted as in Prop. I. and let c = 3.1416, then 

72 is the arca of the annulus at B; multiply this 

the verſ A nine v, and we have 2c = fluxion 

the folid. But by nature of the circle yz = rv, 


fore the fluxion of the ſolid = 2cyvv, and the 
t = erwv, for the ſolid formed by all the verſed 
jes ſtanding on the ſpherical ſurface deſcribed 
Arg. 

Wben the arch AB becomes the quadrant AD, 
n the ſolid. = cr? : for then v Dr. 

And when the arch becomes a ſemi- circle, or the 
face, that of the whole ſphere, the ſolidity 
For then c = 21. 

2. For the fines. The general area of the annulus 
is 2092; which multiplied by the line y, is 
Ya; expunge 52, by taking its equal rv; then 
fluxion of the ſolid is 2c:yv. But the fluent 


S area BAP. Therefore the fluent of 2cryv 
ur x area ABE, for the ſolidity. 
And for the hemiſphere, the ſolidity = 2c x 


drant ADC = = for the ſolid of all the fines, 


þon the hemiſphere. 
And conſequently the ſum of all the ſines upon 
k whole ſphere = cer. 


3. For 


42. is 20, which multiplied by the coſine x is 2002 
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3. For the cofines. The area of the annulus pj 


put — 7X = 2, and the fluxion of the ſolid 
— 2c1xX, and the fluent is — crxX. But at A th 
ſolid = o, when x = r, therefore they fluent c 
rected is cr — crxx = x rr — xXx = cry, forth 
ſolidity. And hence the ſum of all the coſines yy 
on the hemiſphere = 7", 

4. For the ſum of all the tangents. The areaq 
the annulus BP = 2cy2, which multiply by d 
tangent 7, then 2/2 = fluxion of the ſolid, 


32 =; therefore the fluxion of the ſolid 


2 — — But by Trigonomety 


x Vrr — yy 


P 
(Vr): y: 71:2 = therefore 
i N 2c ry 
fluxion of the ſolid = = X —== 
1 3 
222 2, LI — 2crry. But (Form 


119 3 
the fluent of 2 — 2.3028 log. . T 
4 27 Foy 
1 ＋ 
fore the fluent = 2.30258 c x log. - wah 


the ſolid content of all the tangents. 
And in the hemiſphere, the ſum of all the tan 
gents is infinite. | 


g. For the ſum of the ſecants, Here 20 =! 


of the annulus, and by Trigonometry x: 7: T. 
and /x = rr, in fluxions /x + x{ = 0, and &. 
—_ but 3 — whence the fluxion of t 
. a ſoli 
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a2 


2 1 5 X 2 = =, and the fluent = 


"x 2.3085 log. }, for the ſolid. But when the 
d is o, / r; therefore the fluent corrected = 


7! x 2.30258 log. Z, for the ſum of all the ſe- 


its on the ſurface ABP. 

And in the hemiſphere, the ſum of all the ſecants 
finite. 

6, For the ſum of all the radii, The annulus = 
yz = 2crx, And the fluxion of the ſolid = 
rx, And the fluent is 2crrx, for the ſum of the 
ii upon the ſurface deſcribed by BAP. 

And the ſum of all the radii upon the hemif- 
ere, is 2c73 3 and upon the whole ſphere 4c. 


Cor, 1. The ſum of all the verſed fines on the bemiſ- 
ne i equal to all the coſines on the hemiſphere. 


Cor. 2. The fins of the fines, cofines, and radii, 
n the 5 we as ic, 1 and 2. 


or they are as ==, 1 ri, and 2c, 


R ART; 


Id = 20% = — 20% f = — 2< „ = Fig 
| F 244. 
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Fig. 


A R . XII. 


FORTTEICATIHION. 
ORTIFICATION is an art that teach 


how to fortiſy any place, city, or town, 
incloſing it with walls and other works to make 
ſecure againſt the attack of an enemy; wher 
ſmall number of men may defend themſch 
againſt an army. It is called regular fortifia 
when it is built upon a regular poligon, as a peny 
gon, hexagon, heptagun, &c. and irregular fari 
fication, when the figure is irregular, the parun 
uniform, the angles and fides unequal, 


DEFINITIONS. 


DEF. I. (85x 

43. The poligen is the figure upon which the fi 
cation is built; the exterior poligon is the figure 
the outſide, and the interior poligon is the figure 
the infide. Thus ABO is the exterior polign 
_ GKLMN is the interior poligon, GK theb 
OT It, | 


D FE F. II. 


A baſtion is a great work or bulwark built be 
an angle of the poligon, ſtanding out towards! 
field, as FDAEH. It is built of ſtone or bid 
or ſometimes of earth. There are ſeveral forts 
theſe, as a full baſtion is one quite filled up Wl 
earth. A hollow baſtion is that wherein an empl 
ſpace is left, to hold magazines, proviſions, à 
A flat baſtion or plat baſtion, is that made up 
right line and not at an angle. Irregular laſi 
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whoſe parts are out of due proportion. A cut Fig. 
ion is one with two points. A detached baſtion, 43. 
- ſeparated from the body of the other works. 
lmi-baſtion is but half a baſtion, as ADFG, A 
le baſtion is one built upon another; or one 
another. 5 

D E F. III. 
he demi-gorge or gorge line, is a part of the fide 
the interior poligon, from the outſide to the 
ter of the baſtion, as FG. 


_ DEF. Iv. 
he face is the outſide of the baſtion facing the 
U AS DA. 
= DEF. V. 


he flank is that part of the baſtion joining to 
face, as DF, It is called a right flank when 
pendicular to the curtain. An oblique flank is 
that makes oblique angles with the curtain. 
retired or covered flank is one made hollow. The 
er of the flank is the point D. A ſecond flank 
8 in a part of the curtain. 


D E F. VI. 
he capital is a part of the radius of the exte · 
poligon, contained between the angle of the 


nor poligon, and the extreme point of the baſ- 
„ as GA. 


; D E F 5 VII. 
[he curtain is that part of a ſide of the interior 
gon, that lies between two baſtions, as Hl. 


DEF. VIIL 


he line of defence is the line drawn from the end 
1 flank to the extreme point of the baſtion, 


8 R 2 D E F. 
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Fig. D E F. IX. 


43. The angle at the center, is the angle that a ſi 
the poligon ſubtends, as GC. 


D E F. X. 


The angle of the poligon is the angle made h 
ſides of the poligon, as NGK. And the ay 
the triangle is CGK half the angle of the poly 


DEF. XI. 


The angle of the baſtion, is the angle mak 
the two faces of the baſtion, as DAE. Soneq 
it the flanked angle. 


DEF. XL 

The angle of the ſhoulder, is that made by thy 
and the flank, as ADF. 

DE F. XIII. 


The angle of the flank, is that made by the 
and the curtain, as EHI. 


DE F. XIV. 


The angle of tenail, is that made by two lun 
defence, as ATB, called alſo the flanking anl. 


D E F. XV. 


Angle diminiſbed, is the angle which the flat 
tends at the oppoſite end of the curtain, as E 


Be 


DEF. XI. he 

A line raifant is a line running in direction e 
other line, as the face of the baſtion. © 0 
inu 

D E F. XVII. tot 


A re entrant angle, is that which has its point 
wards it is allo called a tenaile angle, Aud? 
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to the entrant angle. 


Fefides GCH is the fank-forming angle ; and Gl 
lengthened curtain. 


meral Rules and Maxims in FoRT1pICATION. 
I. 

very part of a fortified place ought to be de- 

ed from another place, and therefore ought to 

pen to its view. For if any part of the forti- 

jon is not flanked or defended, the enemy could 


e there and be covered; and ſo the place would 
more eaſily taken. 


II. 


he line of defence, or which is nearly the ſame 
g, the ſide of the interior poligon, ought to be 
un muſket ſhot; and therefore ought to be 
t 700 feet, or between goo and 800 feet. For 
gh both cannons and muſkets are uſed, yet the 
th ought to be adapted to the reach of a muſ- 
; becauſe a cannon requires a deal of time and 
ble to charge and diſcharge z; and conſumes a 
of powder; often makes random ſhots ; and 
able to be diſmounted by the enemy's battery; 
at muſkets muſt be provided for. | 


Hl. 


he line of defence mult be a line raiſant, when 
is no ſecond flank z and muſt terminate in the 
e of the flank, When the face of the baſtion 
nued cuts the curtain, the ſpace between this 
tof interſection and the angle of the flank, is 
which is called the ſecond flank. And the line 
efence muſt never interſe& the flank, for then 
5 there 


ont 
od! 


t angle is one that looks, or points with its legs, Fig. 
ards, or has the angular point outwards, con, 43. 


| 
| 


Fig. there would be a part of the flank, from which g 
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face of the baſtion could not be ſeen , the baſte 
ought to be defended from the whole flank, 


IV. 


The flanks, demi-gorges and ſecond flanks, ouy 
to be made as great as poſſible, provided the n 
of the works are not injured thereby. For then 
are fitter for defending a place, and can holdn 
ſoldiers, and more cannon, 


V. 

The angle of the baſtion ought to be about 
or 80 degrees, not ſo well when go. Here re; 
is to be had to the number of baſtions or ſid: 
the poligon, For a leſs number of baſtions regu 
a more acute angle; and a greater number am 
obtuſe one. When the angle of the baſtion 1 
acute, it is ſo much the ſooner battered to piecal 
the enemy. The baſtion itſelf ought to bed 
middling ſize, neither too great nor too little, gt 
ones are too expenſive, and ſmall ones want 
and convenience. The face ought never to bel 
than half the curtain, SY "mM 


VI. 


It is better to have a ſecond flank than ot 
wiſe. For by this means more room will be gat 
for fire. Allo by this one may ſhoot further ut 
breach made in the baſtion, and hinder the ent 
from lodging there; and one may do more hu 
the enemy paſling the ditch, as more of the Mn 
can be diſcovered, on 


VII. 
The flank ought to be perpendicular to ther 


line, or rather ſomething greater than a right 
gle, otherwiſe it ought ro be drawn to the c 
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e, but this makes the gorge too narrow. Others 
ke it perpendicular to the curtain, but this is 
ended with the ſame inconvenience. And both 
ele methods make the flank too oblique. But if 
e angle be much greater than a right angle, the 
k is too much expoſed to the enemy's cannon. 


VIII. 


The greater the angle between the ſide of the 
ward poligon and the face, the better is the face 
fended; for it is better ſeen from the flank; and 
ides, a ſecond flank may be obtained by this 


ans, 
IX, 
A part of the flank ought to be covered. As 
flank is the chief part that defends the place, 
d fights for its ſafety; every thing that can, 
ght to be done for its ſtrength and preſervation, 
{to hinder it from bein demoliſhed. There- 
an orillon is very uſeful to cover the flank. 
n orillon is an additional part of the baſtion, be- 
built farther out at the ſhoulder, by which 
ans the flank will be hollow, and is better ſecured 
dm the enemy's ſhot. 


X, 


A fort ought to be equally ſtrong throughout; 
d be ſo high as to command all places round 
out. And all outworks muſt be lower than the 
dy of the place. If a fort be weaker in one 
ace than another, the enemy will certainly attack 
in that place. If any place be out of ſight of 
e fort, the enemy could cover his deſigns, and 
ry on his approaches unnoticed. 


XI. 


The works that are moſt remote from the center 


the place, ought to be open to thoſe that are 
R 4 Jenna 


the place. Some draw it perpendicular to the Fig. 
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Fig. 


expoſed to the enemy's cannon. If the gorg 


money be laid out upon the defence of a place, ł 


FORTIFICATION: 


nearer. And therefore thoſe that are nears}; 
center ought to be higher than thoſe that are fun 
off, For thoſe that are furtheſt off, are mo 
able to be taken by the enemy ; but lying oper 
the fort they may more eaſily be defended, audi 
enemy hindered from covering himlelf therein, 


XII. 


The more acute the angle at the center is t 
ſtronger the place is; for then there will be u 
ſides of the poligon. B12 


XIII. 


All theſe maxims muſt be ſo practiſed, as to 
ſpire and agree with one another, as far as poſh 
Yet it often happens when we adhere too ftrid 
one maxim, we deviate conſiderably from aul 
Thus, if we increaſe the ſecond flank, eithert 
oppoſite face of the baſtion muſt be increaſe, 
the flank diminiſhed ;' if the angle of the bali 
be made very great, the defence it has fron 
flank or ſecond flank is diminiſhed, and it bn 


made great, it cauſes the face of the baſtion u 
too great. There is always advantage zwa 
with diſadvantage, and our reaſon muſt judge l 
far we may ſtretch one maxim, and not ecm 
too much upon another; but endeavour to 
them all agree as near as can be. 

| Likewiſe the expence of the works is a mil 
article, and ought to be well conſidered ; leſt m 


all the advantages of it amount to. 


P R 0 We b: 
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eſt 
fink P R O B. I. | 
ot 76 deſcribe à regular fortification about any place 


en. 


t very ſeldom happens that a place is regular of 
af, yet when there is field room enough about it, 
e may make it a regular one. | 
ln the firſt place fix the ſide of the figure, as ſup- 
ſe 700 feet, then divide the circumference of the 
ce by that number, and the quotient gives the 
mber of baſtions. The quotient will ſeldom 
me out a whole number, therefore make the fide 
mething more or leſs than oo, that the quotient 
zy come out an integer. Suppoſe then there are 
des, or that the figure is a regular pentagon. 
he angle at the center GCK is = 72*, and the 
f is 36. Then $.36 : GK (350) : : rad. : CG 
eradius of the circumſcribing circle 595. There- 
re with the radius 595 deſcribe a circle from the 
nter C, And in this circle inſcribe the pentagon 
KLMN, each fide being 700 feet. Produce CG, 
that GA may be 194 feet, or thereabouts, for 
e capital. From G ſet off GF and GH = 146 
r the demi-gorge. Through F and H draw 
FD, CHE, and ſet off FD, HE = 117 feet, 
r the flank. Then draw AD and AE, for the 
ce, Or elſe ſet off the demi-gorges NS and KI 
before; then through D and E draw SDA and 
A to interſe& in A, the angle of the baſtion, 
the flanks EH, DF may be otherwiſe drawn, to 
lake a certain angle with the curtain HI and FS; 
with the raiſant lines IA, SA. And thus if at 
ich of the other angles K, L, M, N, a baſtion 
drawn; then the fortification will be finiſhed, 
ben the counterſcarp or outſide of the ditch is 
aun, abcdef, &c. being parallel to the faces of 
e baſtions, 20 fathom wide. ir 
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Fig. If inſtead of drawing AD, AE to 8 and I, 1) 

43. be drawn to ſome point of the curtain, then nc 
will have a ſecond flank. 

Note, all theſe things may be laid down 05 
ground as well as on paper, by the help of 
Propoſitions in Sect. I. of the Surveying, Ang 
ſave the labour of making a deal of calculi; 
I have here inſerted (from Mr. Ozanam) à T; 
containing all the lines and angles of a font 

lace, from the ſquare to the dodecagon, ſupp 
E ing the fide of the interior poligon 120 fat 
As for triangles, they are hardly to be fortified 
other way but with half baſtions. 


poligons IV, V. [VI. VII., — IX. X. AI. I 
| angle at ®:4] © — > 1 o *lo 7 7 


the center | go 0 72 60 of 51 26] 45 of 40 % 36 o 31 6% 
| 4 | — — 


angle of 
the poligon 


| 
go of108 ojſrt2o 128 34 140 91144 o 147 161; 


— — — 


the flank 


angle of | N a 
the hould. “3 © 126 180/124 560125 210126 14}127 65130 0 155 10 


135 0 
angle of | | 
120 58[112 5gjro8 tos 7102 28/100 39] 99 16 98 3291 


— — | —  — Brees fo c__—_— 


angle of „o .6| g x 88 6 '$ If 
baſtion | 70 3 1 22] 86 22 87 28] 85 28] 8: 34 $ 3,01 
demi- | 
26 2 0 
N19 1 pj | f 
curtain 72 0 70 68 66 64 62 60 bo 
36 


flank | 16 20 24 28 32 
| line of de F / 
fence 24 


ee 


face 36 1] 37:5] 40: 1 42 45:2} 48: 5 52 2 3i 5050 
capital | 28 33:3] 39: 4] 46: 1] 53 : 4] 61 : 2} 69: 4 67:5 ta 
| radius 84 : 5102 : 11120 138: 2 7557 50175 : 2[194 312175 ; 


The Table above will be ready for laying de 
the fortification of any place that has no more il 
12 ſides. And the computation of it is as folio 
for any of the figures, as ſuppoſe a pentagon. 
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e flank FD = 20. 
From the fide of the poligon GK 120 
ſubtra& twice the demi-gorge GH 50 


2. Remains for the curtain 70 


2, If 360 be divided by 5 the number of ſides, 
e quotient is 72 the angle at the center GCK. 
And 72 taken from 180, leaves 108, half of 
hich 54 is, 

. The angle at the baſe CGK, or half the angle 
the poligon. X 

4 To find the radius CG, by Trigonometry, 


4 cofine of CGK 54 9.76921 


7. to balf GK 60 1.77815 
T rad, „ 
(G 102.1 2.00894. 


5. To find the angle of the flank DFS or CFG, 
6 ＋ GF = 127.1, and CG - GF = 77.1, and 
lo—FGC (54) = 126 = ſum of the angles F 


4 dd C, the half is 63. 
J Then ſum fides 127.1 2.1040I 
difference 77.1 1.88705 
lan, — 1. (63) 10. 29283 
. 
; 12 17988 
4 tan. — . 49 59 10.07587 


en 63 + 49 59 = 112 59 = angle DFS of 
e flank, 

Id 63 — 4 = 13: 1 = angle GCE. 

6. To . angle of the | ar ADF or 
DF, SF + FD = go, and SF — FD = zo, and 


0 — DFG (113) = 67, half is 33 30 = =, 
N Sun 


i. The fide of the poligon GK being 120 fa- Fig, 
oms, the demi-gorge FG is 25 for the pentagon, 43. 
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Fig. Sum ſides 90 1.95424 
43. diff. fiaes 30 1.69897 
tan. 33 30 9.82078 
11.1975 
tan. 2— 20 12 9-56551, and 


be calculated for any figure or poligon. 


33 30 +20 12 = 53 42 = FDS, 
Then 180— 53 42 = 126 18 = angle ADF d 
the ſhoulder. 
Alſo 33 30—20 12 = 13 18 = angle DF, 
7. To find the angle of the baſtion FAD. Ti 
ADC (126 18) add DCA or FCG (13 1), th 
ſum is 139 19, which taken from 1809, lea 
40 41 for DAC half the angle of the baſtion 
therefore the angle of the baſtion is 81 22, 
8. To find the line of defence SA, and cj 
AG. SG = SF + FG = 95. s, 


Then S.SAG (40 41) 9.81416 
GS (95) | 1.97772 

S. ASF or SGC (54 o 9.90795 

| | 11.88 567 

SA 117.9 2.07151 
S.ASG or DSF (13 18) 9.36182 
11.33954 

GA 33:5 1.52538 


So the line of defence is 1177 5, and the cn 


tal 337 F. 
9. To find the face AD. CA=CG+GA=135t 


Then S.ADC or SDF (53 42) 9.90629 


"AC (135-0) ©: - 2.13225 
S. ACD (13 1 9.35263 
11.48488 

AD 37.9 1.57859 


So the face is 37 fathoms, 5 feet. 
And after the ſame manner, the requiſites mi 
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To conſtrut# the figure from the Table. Fig. 


The ſide of the poligon being 120 fathom, the 43+ 
dus for the pentagon is 102f : V; with this ra- 
us, and center C deſcribe a circle, in which in- 
be the pentagon GKLMN. Through the points 
K, L, M. N, draw the lines CA, CB, CO, 
„CQ. And ſet off the capital 33 fathom, 3 
from theſe points = GA, KB, LO, MP, 
Q. Then the demi-gorge being 25; make GF, 
U, NS, KI, &c. each = 25. Through F, H, 
t. draw the lines CD, CE, &c. And the flank 
ng 20, make FD, HE, &c. = 20. Then 
m 8, I, &c. draw lines through D, E, &c. to 
erſect in A, &c. making DAE the angle of the 
ſion, and ſo of the reſt, till all the parts be 
Nite, if you would have the ſide of the poligon 
dre or leſs than 120 fathom, it is but taking a 
jgth proportionally bigger or leſs than a fathom, 
d dividing it into 6 parts. Then all the num- 

may be taken out of the Table the ſame as 
fore, and ſet off, after this new meaſure or ſcale, 
ler upon paper, or on the ground. 


Scnuor. 


We have laid down in this Prob, a general way 
drawing a fortification, as is commonly prac- 
d. But different engineers have different ways 
d meaſures, for every article here mentioned. 
ball therefore mention the ſeveral methods that 
erent writers have laid down for that purpoſe. 

1, In the method before laid down, the faces 
A,EA of the baſtion are formed by drawing lines 
Im the angle of the flank, SA and IA. But 
me chooſe rather to make the angle DAE a right 
gle, by which means they will generally have a 
ond flank, if the poligon has many ſides. _ 
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Fig. if DAE = o', its half is 45, which taken fro 
43. SGC, half the angle of the poligon, leaves the d 
miniſhed angle ASG, to which add the angle d 
the flank DFS, gives the angle of the ſhoulde 
ADF. The ſecond flank is found by producing 
AD to cut the curtain. 

2. Others make the gorge-line FH equal to th 
capital GA. Here the demi-gorges FG, GH er 
ing given, and the angle of the poligon FOH 
the right line FH will be found by plain Trigon 
metry; then CG + FH (AG) = CA. Then d 
angle of the flank DFS or GFC will be knoyn 

the Table; and in the triangle CFG, all the anglaiſe 
being given, and the ſides FG, GC; the fide! 
will be found. To this add the flank FD (taken: 
you pleaſe), gives CD. In the triangle ACD, 6 
fides AC, DC, and angle ACD (from the Title 
being given; the fide DA and angle DAC mill 
found; and 2DAC=DAE the — of the baſtion 

3. Others conſtruct the Problem after this nu 

ner. Let P be = the length of the perpendicul 
drawn from the center C to the middle of any li 

of the poligon, » = number of ſides of the pal 
gon. Ihen make the demi-gorge GH or Gt 


=. P, and the capital AG = - P. Th 
+ 1 n +1 


* . 
draw the raifant lines SA, TA; and through Fg"! 
H, draw from the center C, the flanks FD, HE 
This is a good conſtruction, If you have a m 
to compute the quantities by Trigonometry, 
will have this proportion, 

radius, a dug 

tan. half the angle of the poligon KGC, 

ſo half the fide GK, 

to the perpendicular P. 50 
Then we ſhall have FG or GH, and AG. TN 
GK — GH = HK or GI. Then in the trian! 
AGI, there is given AG, GI, and the angle AG 


T 


fl 
f 
fol 
Ai 
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and the angle GIA, and the angle GAI, or Fig- 
f the angle of the baſtion, The radius CG 43+ 
found by this proportion. 

4s the fine of half the angle of the poligon CGK, 


CG. 
en AC is known, And in the triangle CGH, 
re is given CG, and GH, and the angle CGH , 
find the angle CHG or EHI, the angle of the 
k, and the fide CH, and the angle GCH or 
E, then the angle of the ſhoulder AEC is 
wn. And in the triangle CAE, the ſide CA, 
{all the angles are given; to find the fide AE, 
face, Laſtly, in the triangle IEH, all the an- 
1 given, and the ſide HI; to find the 
K , 
It may be obſerved, that this method makes no 
ond flanks. | 
Another way of fortifying is this, Let AB 
the outward fide of the poligon. Make the 
les CAT, CBH, each 45 degrees. Biſſect the 
de CBH by the line BI, to cut Al in I; and 
s IH parallel to AB, to cut BH in H; then 
s the curtain. Then draw the flank HE per- 
dicular to Al, and ſo of the reſt ; ſo the ſhoul- 
vill be a right angle. This is to be performed 
n the ſquare to the octagon. But in poligons of 
re ſides, the flank HE muſt be perpendicular to 
curtain IH. And all the requilites may be 
mputed trigonometrically like the reſt, But 
ugh has been ſaid about ſuch computations. ' , 
5 This is another method of fortifying. Make 
exterior ſide BO = 180 fathoms, to the middle 
DO draw the perpendicular CR. Make VR = 
fathoms (but in the ſquare only 24); draw 
dough V, the lines of defence OX, BY. Make 
laces B1, Oz, each = 55 fathoms, * hen 
raw 
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Fig. draw the flanks 1X, 2Y, _ ndicular to the 
43. fant lines XO, IB. An through the points ( 
interſection X, V, draw the curtain XY, 
6. Another way of fortifying. Make the in 
ſide of the poligon GK = 120 fathom; make d 
and IK = a fifth part of GK, for the demi-gorgy 
and FD, HE = a fourth part of GK, fo 6 
flanks. And make the angle of the flank SED 
IHE = 100 degrees. Through D and E drayt 
raiſant lines SDA and IEA interſecting in A, 
angle of the baſtion, and the faces are DA andi 
7. Or thus, if the inward fide GK be 144 
thoms, the demi-gorge GH, IK muſt be 28; t 
curtain HI = 84, and the flank EH = 5; U 
make the angle of the flank EHI = 100 degree 
Then draw through E, the line of defence 
likewiſe draw the line of defence SDA, to int 
JA in A, the angle of the baftion, whoſe fat 
AD, AE. | 
- 8, Otherwiſe thus; let » = number of (ids 
the poligon ; then make the diminifhed angle Al 


= 45 — — degrees = angle ASF. That 


lines IA and SA being drawn, the interſection gi 
the angle of the baſtion at A. Or rather make 


angle ABH, and BAI = 45 — 12, Make! 


7 
Al each = 7, of AB. Draw HI for the cum 
Let AE =ET = AD, then AE, AD, ail 
the faces of the baſtion. And draw EH for 
flank, and ſo of the reſt, 

9. Or thus; upon the outward fide BO let! 
the perpendicular CR, which biſſects BU; t 
RV = IBO for the ſquare, BO for the penug 
or 350 for the hexagon, heptagon, &c. throug! 
draw the lines of defence OVX, BVY. M 
Oz, and Bi, each = 250. And make 11, 
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= 12, a line drawn from 1 to 2. Then draw Fig. 

for the curtain; and 1X, 2Y, for the flanks. 43. 

is is a very good method. 

o. Or thus; make the inner ſide GK 130 fa- 

n; make the demi-gorges GF, GH, each = 

and likewiſe the flanks DF, EH = 25; and 

the flanks perpendicular to the curtain HI, 
And make the fecond flank 3 fathom. From 

ch pdint draw a line through E or D, will in- 


& the radius CG produced, in A the point of 
d baſtion. But the ſquare or pentagon are better 
401 gut ſecond flank s. | 

Ir one may make the flanks and demi-gorges a 


hpart of GK. And make the angle of the baſ- 
DAE a right angle, eſpecially in the hexagon, 
ugon, &c. whence the capital will be equal to 
line. * | 
are ſeveral other methods of fortifying ; 
in all theſe methods each of them has ſome ad- 
ves, which the others have not; but which, 
booſe, muſt be left to the judgment of the en- 
r, who muſt take that method which beſt ſuits 
particular purpoſe, 


P R O B. II. 
tnfiru an irregular fortification about a place. 


any places cannot be incloſed by a regular fi- 
or a regular fortification; in which caſe all 
t can be done is to reduce it as near to a regular 
n as is poſſible z and then we muſt apply the 
8 of a regular fortification, as far as the nature 
the place will admit of, The principal defign 
b in regular and irregular fortification is to 
Ke all the parts equally ftrong. For if ſome be 
Ker than others, they will certainly be attacked 
ie weakeſt places, Longer ſides of a poligon 

8 are 


Fig · are ſtronger than ſhorter ſides, provided they 
44+ within muſket ſhot. Alſo greater angles of xy 


FORTIFICATION, 


ligon are ſtronger than leſs or more acute angy 
But to come to particulars. x 
1. Let GELMN. be an irregular poligon; 
the center C of a circle whoſe circumference pi 
through three of the moſt diſtant points K, M, 
Draw lines from the center C to all the ang 
the poligon, CK, CG, CN, &c. and meaſun 
the angles at the center KCG, GCN, &c, 
compare them with the angles at the center i 
general Table, to find which they come neared 
Then fortify that ſide by the rules of that poly 
that is, divide that fide into 120 equal parts, wi 
will ſerve for a ſcale; then ſet off the gorge 
flank, by the numbers in the Table belong 
that poligon. As if the angle GCK be 46 dgr 
350 divided by 46, give almoſt 8 for the qui 
therefore GK mult be fortified as an oCtagon, 
then the demi-gorge will be 28, the flank 32," 
muſt be drawn from the center C. After the 
manner mult the demi-gorges and flanks bem 
for the reſt of the ſides, and the baſtions dam 
2. Or thus; when the poligon is very irregi 
take two adjoining ſides GK, GN; and find 
center of a circle O, paſſing through the tl 
points K, G, N. Then meaſure the angles I 
GON. Then the flanks and demi - gorges ar 
taken from the Table as before, according u 
poligons they agree to, and the half baſtion 
each ſide compleated. When the poligon bu 
odd (ide; hiſſect the two angles at the ends 
by two right lines, whoſe interſeRion will git 
center required; then make two half baſtion 
before : a good method. 
3. Otherwiſe thus; biſſect all the angles of 
irregular poligon by right lines. The two 
drawn from the two ends of any one fide, vl 
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led fide. And that fide is to be fortified accord- 
to the angle at the center. Thus if the angles 
K, be biſſected by the lines GC, KC; then C 
be the center of the poligon, and GK a ſide of 
And the angle GCK ſhews by the Table what 
gon it agrees to. And two ſemi-baſtions are to 
conſtructed at G and K. | 27 
Let GK be a fide of the poligon. Biſſect the 
le K by the line KC, and biſſect the ſide GK 
the perpendicular O, to interſet KC in x, and 
the center of a regular poligon whoſe fide is 
I and angle at the center, 2 Kum. Accordin 
which the demi · gorge and flank muſt be ſet off 
n the Table, and the half baſtion made at K. 
wn; divide the angle G into two equal parts, 
the line GO, to interſect O in O; which muſt 
taken for the center of a regular poligon, whoſe 
GK, and angle at the center 260m; accord- 
to which the demi-gorge and flank mult be ſet 
nn  *® Gy from the Table, and the half baſtion A 
„ And this work mult be performed for all 
angles and ſides in the poligon. 
+ Otherwiſe. Let AB, AQ, be two ſides of 
aterior poligon, biſſect them in q and w; and 
eu the two lines O and wp perpendicular to theſe 
AB, AQ, to interſe& in p. Then p will be 
ions center of à regular poligon, whoſe angle at the 
er is 5piv, Then for a hexagon or more ſides, 


* e FAB, and wq = AQ, but take + for 
ne re, J for a pentagon. Then the demi - gorges 
* lanks are to be fer off from the Table; and 


ines Af and Ag drawn to form the baſtion at A. 


oo fortify a fide that is too long, as MP. 
vil ide being too long to be defended þy muſkets, 


ron that the baſtions at M and P, are too far 
S 2 diſtant 


ir interſection, give the center of a ſuppoſed re Fig. 
lar poligon, one ſide of which poligon is the in- 44. 


Fig. diſtant to defend one another; there muſt be eres 
44. ed in the middle of MP, a flat baſtion Z, in whid 
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the gorge muſt be about 60 fathoms, and the flan 
about 30. And the flanks muſt be perpendic 
to the fide MP. And the capital muſt be equal 
the gorge, and the angle of the baſtion a right a 
gle. And thus two baſtions may be placed ot 
hde that is very long. 

7. When a ſide is too long, but not long enoy 
to require a flat baſtion, as PL; it muſt be fan 
lied, with a curtain retired inwards as F. In f 
caſe, the demi-gorges of the baſtions at P and 
are PL, and the flanks the ſame, which are g 
pendicular to the curtain, the retired curtain 
F = : PL, and the flanks of it, LP. Andie 
flanks muſt alſo be perpendicular to PL. 

8. In all ſorts of fortification, regular or | 
gular, for the greater ſecurity of the flanks i 
very common to make them hollow as in theh 
tion at R. This is called a retired or covered ju 
for it is covered by the butment at the ſhould 
called the orillon; and this is called a round mi 
when it is round, and a ſquare oriilon when i 
ſquare. This flank is ſometimes an arch of a at 
deſcribed from the angle of the oppoſite bal 
Q; and ſometimes a right line, and then is 
ends are equally diſtant from Q. This retired 
is half the length of the whole flank, by i 
and ; of it, by others, or more. And half aer 
is allowed for the depth; but ſome allow bu gor 
as much for the depth. 

9. When an angle is too acute, it is cally Ws be 
tered down by the enemy's cannon z- thereio 
muſt be defended by ſome additional works Mon e 
the adjoining fide be long, demi-baſtions mu 6 
erected on theſe ſides; the greater flank to! pet. 
the angle. and near double the leſſer flank; 
both of them perpendicular to the ſide it ſtan6 


— 


9 


S ee 


2222 
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ewa cutting off the angle, and making it into a cut 44. 
whid fon, called a baſtion with a tenaile; which will 

fan two demi · baſtions, where the longeſt flanks are 

lic the angle; and theſe flanks mult be perpendicu- 

ui co the ſides, as you ſee at M. 

1 10. To fortify an inward angle (of which there 


none in this figure); you may conſtruct a curtain 
wed inwards, as is done at F, in the line PL. 
you may make a platform before it, as V in the 
eKL. There are other ways of defending an 
ple; inſtead of making the platform a parallelo- 
Im, it may be made a triangle, &c. 

11, Along a river fide, or by che ſea; it is uſual 
have an indented line made, which runs in and 
t; and theſe lines are called ſaw-works, as being 
noular like the teeth of a ſaw. The lines per- 
dicular to the ſide are the flanks, being about 
or 25 fathom, and furniſhed with cannon. Ma- 
other methods may be uſed in fortifying irregu- 
lides and angles, which the experience and 
pment of the arciſt will eaſily find out. 

v to the different ſituation of places, ſome are 
antageous, and ſome the contrary, and want 
re help. In a town already walled about, the 

ral parts of the wall will ſerve for curtains ; 
| baſtions are to be made at the angles; and 

iſe flat baſtions, when the angles are too far 

der. If the wall be bad, and no ditch; it will 

neceſſary to circumſcribe the town with a new 

gon, and then fortify it according to art. 

hen an eminence is very near the place, it 

be taken in with the fortification, or elſe build 
alte on it, to hinder the enemy from taking pol- 
on of it. But if it be in the enemy's poſſeſſion; 
baſtions muſt be made ſolid, and full, and the 
pets raiſed higher than ordinary; ſo that they 


command ſuch an eminence, if poſũble. 
S 3 When 


at if the angle be very acute, it may be fortified Fig, 
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44. 


be ſufficient to fortify the avenues that lead toi 
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When a town is ſituated upon a rock or a mou 
tain, it is hardly acceſſible without great difficyly 
and therefore requires leſs fortifying; and it g 


which are generally very few. 
If a town be ſituated near a river, that ſide ger 
the river muſt be defended with a rampart, aud 
it be very long, mult have one or more flat baſtia 
placed on it; and ſometimes out. works mu 
made the better to guard the river ſide. Or if 
lace be ſituated near the ſea, it mult be fortif 
y the ſame rules; and to hinder great ſhips fy 
entering the harbour, baſtions muſt be placed i 
the oppoſite ſides. | 
Places that are ſituated in an iſland need nat 
regularly fortified ;' for the enemy can ere nohy 
teries upon the water. Here the water is a nay 
fortification, and therefore requires leſs arti 
work. And inſtead of baſtions, redoubts that 
fend one another may be ſufficient. 
Places of a high fituation, have a good air, 
all the works of the enemy, and command 1 
places round about, and therefore can do morea 
cution. No works of the enemy can be nit 
but what may be eaſily demoliſhed. The deft 
ders can ſee without being ſeen, Mountains belt 
naturally Rrong, are fortified more eaſily, and 
leſs expence. But on the contrary, it is more d 
ficult to ſhoot downwards with cannon ; and tht 
is often a want of water in ſuch places. And de 
places often want room as well as regularity, vt 
makes them very troubleſome to fortify. 
Places ſituated in a plain have plenty of i 
room, where one may fortify to the beſt advaniaf 
It is more caſy to get neceſſaries in ſuch a pil 
= then the defenders have no more advan 
rom the ſituation of the place than the enemy 


P 
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Places ſituated in vallies have all the diſadvan- Fig. 
es poſſible ; they are encompaſſed with hills that 
mand the place, whence the enemy will deſtroy 
| their works, diſmount their cannon, and demo- 
h every thing. The fortify ing ſuch a place to 
I purpoſe is an immenſe expence ; and therefore 
is better to abandon it. 
Places ſituated in marſhy grounds are well ſi- 
ted, for they can be atracked but in few. places, 
ich may be ſoon fortified. The enemy cannot 
earth near to make batteries, nor can they 
le any mines. Yet ſuch places having only ſoft 
v their baſtions often ſink or fall down. And 
etimes the place may be laid under water; or 
water that ſurrounds the place, may be let off 
| drained, | | 
Places near a river or the ſea, have this advan- 
je, that near the water they are eaſily fortified. 
d the town may eaſily receive neceſſarles by ſhip- 
jg. Great ſhips cannot ſtay long to annoy the 
ce for fear of ſtorms; and it requires more force 
deliege and take it. Yet the enemy has the 
adyantage of the ſea as the beſieged, and may 
ent ſupplies coming to the town. 
In iſlands fituated at a good diſtance from the 
re, the people have nothing to fear from the 
d. And they can eaſily hinder the deſcent of 
enemy, Generally theſe places may be fortified 
little expence, Yet they may be ſurprized by 
enemies fleet, who may do them a great deal 
miſchief, But the town has an equal advantage 
receiving ſuccours by ſhipping. k 
The advantages of a good ſituation, are good 
and good water. Bad air breeds the plague, 
dad water the fever and ſcurvy, The place 
at to be ſo high as to command without being 
nmanded, It is neceſſary the earth be good to 
« withz that its r may make it difficult 
| 4 to 
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facing the field, there is raiſed a bank of e 
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to beſiege; and that it may be ſuecoured in fj 
of the enemy. Near the ſea a good harbour f 
ſhipping is one of the greateſt advantages, 
likewiſe places ſituated upon ſome large navieg 
river, not far from the ſea, are proper for cam 
on trade and commerce. | 


FROST 


To deſcribe the profile or ſeftion of a forlifuti 
its rampart, parapet, ditch, &c. 


The RAMPART. 


The rampart is a great bank of earth n 
round a town, to defend and ſecure it from theq 
my, as ABC DS; the earth it is made of, is 
out of the ditch EFGH. The height of then 
part Ba is generally about 3 fathom, and its br 
at bottom Ab, about 15 fathom. The ſides 
and Db are ſloped, becauſe earth cannot ſtandf 
be built upright; the ſlope within at A is lux 
that the baſe Ag is about equal to the height 
and the ſlope without at D is but half as much, 
ſuch that ch De. But theſe ſlopes dependn 
upon the conſiſtence of the earth they are | 
with; for looſe earth requires a greater bale, d 
cannot ſtand, And che Lope on the inſide ma 
as great as you pleaſe, that the people maj all 
go up, or cohvey the guns to the top (called 
terre plain), for the defence of the place. 

rampart is built upon ſome poligon, and at thed 
ners or angles are placed the baſtions alſo made 
earth, as deſcribed before, Sometimes thele! 
tions are ſolid earth and ſometimes hollow, tok 
for magazines to keep ammunition and provili 


The PARAPET. 
Upon the out edge of the rampart, or 


cal 
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led the parapet, or breaſt- wort, CDc. This is Fig. 
out 20 feet thick, and 6 feet high towards the = 
ice or on the inſide, and 4 or 5 feet high towards 
field. Which difference of height at C and 
makes a ſlope for the muſketeers to fire down 
tothe ditch z' 4 is a foot - bant to ſtep upon; on the 

de is left a ſpace SE called the berm, 3 or 4 feet 
ide, to receive the earth that falls from the para- * 
t, and to hinder it from falling into the moat. 
he uſe of the parapet is to cover the beſieged, 

4 to defend the men from the enemy's ſhot. 

|| along the parapet at certain diſtances, there are 
enings called the embraſures for the cannon to fire 
dugh; they are generally about 12 feet diſtant, 


The DiTcn, 


The ditch or moat is a hollow channel made be- 
ind the rampart, as EFGH, and goes round 
out the place. The level of the ground is EH; 
s dicch is made at the ſame time the rampart is 
ide, for the rampart is built of the earth that 
mes out of it. The edges of the ditch EF and 
Gare made ſloping ; and the ſlope EF next the 
is called the ſcarp; and that next the field 
IG is the counterſcarp. The counterſcarp is made 
und or circular over againſt the point of a baſ- 
0n, the reſt of it is parallel to the reſpective ſides 
the baſtions. But the counterſcarp ſometimes 
eins the covert-way and glacis. The breadth and 
pth of the ditch cannot well be determined, as 
depends on ſeveral circumſtances, as particularly 
pon the nature of the ſoil, whether it is dry or 
atery. But it muſt be wider than the longeſt 
* can reach, and ought never to be leſs than 
o feet. | 

The edge of the ditch towards the field, over 
galnſt the middle of the curtain, where it is 
jroader than over againſt a baſtion, is terminated 


7. 
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Fig, by a re-entrant angle, called the angle of the an 
46. terſcarp. So that each part may be ſeen and 
fended from the oppoſite baſtion, Ditches may 
either dry or filled with water; in dry ditche 
there is made a lefſer ditch f, about the mids 
called a cuneite, which muſt be funk to the was 
And in ditches full of water, ſtakes or banks ; 
land muſt be placed about the middle, to ſtop i 
enemy's boats. 


Te CoverT-way. | 
The covert-way is a way left upon level groun 
beyond the counterſcarp, whoſe breadth is about 
fathoms, it goes all round by the edge of the mos 
it is denoted by HI ; it is about 18 feet wide, 
the end I is a breaſt-work or parapet 6 feet tig 
as KI; and a foot-ſtep at I. Upon the covert 
at a little diſtance from the parapet, palliſadiu 
placed, which are great ſtakes ſet faſt in the grow 
with ſharp points at the top, and 4 or 5 feet ligh::, 
and ſo cloſe as one may juſt put a maſket thro, 


The GLacis. 


This is the part beyond the covert-way, as 
it is made ſloping from the top of the parapeth 
to the level 2 at L, being about 20 fathon 
The ſlope KL ought to be ſuch, that the line L 
continued will paſs through C. 

Beſides the parts mentioned, there are ſont 
others that are ſometimes made uſe of, as the ſi b 
bray, which is a parapet made between the ramf 
and the ditch, about 6 feet high, and a way | 
between it and the rampart 3 fathoms wide, calle 
the chemin des rondes. From this one may ſee u ban 
is done in the ditch, lth 


PRO! 
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10 deferibe the out-works of 6 fartification, and 
ir uſes, 


All the works made beyond the ditch are called 
works, as ravelins, balf-moons, born - works. 
N- works, &c. Theſe are deſigned to cover the 
dy of the place, and are made one before an- 
er; theſe that are nearer muſt be made higher, 
to command thoſe that are further off. The 
works are the moſt important places in a forti- 
ation, and are the main ſtrength of it. For 
wever ſtrong a rampart may be, if it is not de- 
ded by out- works, it cannot ſtand out long, be- 
þ continually battered by the enemy. But out- 
diks ſtop the enemy, retard his progreſs, and 
in time for the beſieged. I ſhall here lay down 
plan of each of theſe ; for their heights differ, 
cording to the ſituation of the place. 


A RaviLiy. 


A ravelin is a work placed upon the angle of the 45. 
unterſcarp, over againft the middle of the eur- 
u, as CDE, the angle is towards the field; it 
like the fore-part of a baſtion with the flanks 
It of, The two faces CD, DE, make an angle 
bo degrees or more. A, B, are two baſtions, 
GF the ditch. Its uſe is to cover the flanks of 
e baſtions A, B; and alſo a bridge or a L 

is a ditch on the outſide of it, half the 
adth of the great ditch. The faces CD, DE, 
unt to the centers of the baſtions A, B. It has 
rampart and a parapet, to be cannon proof; and 
l theſe are parallel to the faces. They are gene- 
y made of earth, but ſometimes for greater 
agth and laſt, they are walled, eſpecially againſt 
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"Fig. gates and bridges, which ought to be well defer 
ed. Flanks are ſometimes added to a ravelin, , 
then they muſt be perpendicular to the cur 

but theſe flanks are of little advantage. 


A Halx-Moox. 


47. This is an out-work conſiſting of two f. 
which make an angle whoſe point is from the fel 
Its gorges bend in like a bow or creſcent, ant 
always placed before the baſtion. ABCDE 
half-moon, ED is the counterſcarp, CD and! 
are each = half the demi-gorge of the baſtion 
and in the direction of the faces HI, KI; and 
CB, muſt be parallel to the counterſcarp at E. 
D, or to the faces of the baſtion HI, KI. Ont 
outſide there is to be a ditch of the ſame bignei 
in the ravelin. The uſe of this is to cover and 
fend the point of the baſtion from the cnen 
cannon. | 

A Horn-work, 


48. Horns are placed before the ravelin, towards 
field, to cover it and the curtain. Theſe are ma 
ſeveral ways, ſome have long ſides parallel too 
another and perpendicular to the curtain; thd 
fides are called wings. Some grow narrower, a 
ſome wider towards the place. But the beſt u 
is to make them with two demi-baſtions. Fr 
the ſhoulders of the baſtions B, D, draw BA, D0 
perpendicular to the curtain LM, and equal 
120 fathom. Draw IK for the breadth, which 
vide into 3 equal parts at F, H. Making Al 
IF, and KC = KH raiſe the perpendiculars F 
HG, each = FH, and draw AE, GC, a an 1 
AEFHGC is the horn work, which is to cover i 
ravelin N. There is a ditch on the out ſide, 2 
the other works. The horn-work muſt have 
rampart and parapet, made of the earth that com 
out of the ditch. It will be proper to place a rant 
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geen before the curtain of the horn, to cover its Fig. 


In, q 
uu: ravelin before deſcribed. 


\ 
A Crown-work. 


demi-baſtions, and a whole baſtion in the mid- 
To conſtruct a crown; from the ſhoulders 
the baſtion, draw two lines Al, BC, perpendi- 
ar to the curtain, and not ſo long as muſket- 
* perpendicular to them draw the line AB, ſo 
tthe angle AOl, and BOC may be 30 degrees; 
O, BCO, 60 degrees; from O (the middle 
AB) deſcribe a circle with radius Ol, and make 
angles IOD, DOC, 60 degrees, or elſe ID, 
=10. And let I, D, C, be the centers of 
daſtions; at D make a whole baſtion, and at 
C, make two ſemi-baſtions, ſuch that the demi- 
ge and flank in each be a fourth part of ID, or 
. It muſt have a ditch and rampart, like other 
ks. The uſe of theſe is to cover ſome large 
t of ground, to ſecure ſome riſing ground from 
enemy. The ſides Al, BC, are not drawn to 
ir full length, to ſave room. Theſe are the 
veſt ſort of works that are made, and often 
iced before a ravelin or other works, When the 
es AI, BC, are without muſket-ſhot, ſhoulders 
flanks) ſhould be made in the middle of the 
ks, which will ſerve to defend the crown - work. 
There are other ways of making theſe crown- 
ks, as when the out- lines Al, BC, are not pa- 
lel, as when the work is broader at the crown 
an towards the town, it is called a fwailow's-tail. 
n are alſo ſeveral other ſorts of out- 
orks, as 


nd 4 
Ion 


aking two re entrant angles at C, E. In both 
theſe 


ks and curtain, conſtructed the ſame way as an- 48. 


A crown is a kind of horn - work, made up of 49. 


Tenailt; ABCDE is a /ingle tenail, making a re- 30. 
trant angle at C. ABCDEFG is a double tenail, 5 1. 
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Fig. theſe the fides AB, DE, or AB, FG, are 8. 
50. rallel. # 
61. A lunetie, is a work placed on both ſides of FP" 


and placed before a ravelin, or before a baſtiy 


ravelin to ſtrengthen it. It is almoſt in form ct 
ravelin. 

Bonet, à ſmall work; conſiſting of two faq 
making an angle ſaliant, like a ſmall ravelin, 

Prieſts- cap, this is a ſwallow's-tail with tuog 
nails or angles; it conſiſts of 3 ſaliant angles, u 
2 re. entrant angles, it is uſed to take in ſpri 
and high ground. | 

Counter- guard, a work ſomething like a tai 


and has its ſides parallel to that ravelin or bſti, 
Coronment, ſome ſmall additional work to a cun 
Traverſes, trenches with parapets, made ſan 
towards the enemy, and are deſigned to hindertin 
from paſſing through ſome narrow place or paſig 
And they ſerve to cover the pioneers. Tra 
may be made many different ways, and geren 
run in ſeveral directions, making many angle, 
Redowuts, theſe are little ſquare works, vid 
ditch and parapet, but not ſo ſtrong as to reli 
carinoff, They are uſed to ſecure the lines of y 
proach; and often made on the trenches to ſeeutt 
the workmen, or pioneers. 
Lines of circumvallation, lines or trenches vic 
paraper, thrown up by the beſiegers, round th 
place befieged, and at a cannon-ſhot diſtance. Thi 
is to cover and defend the beſiegers. 
Lines of contra vallation, are trenches with a pt 
rapet, made nearer the town than the lines of ci 
cumvallation. Between theſe lines of circumvil 
lation and contravallation, the ſoldiers lie that 
ſiege the place, 
Trencbes or approaches, are works carried on 
the beſiegers, being cut into the ground, and p 
rapets made of the earth. By theſe the belicg* 
gi | 
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ir . 
* ſmall fortification, made at a ſmall diſ- 
ce from a town; made to ſecure ſome ſpot of 
und, or ſome paſs; or to defend the trenches. 
hey are of ſeveral forms, as triangular, ſquare, 
tagonal, &c, ABCD is a ſquare fort with half 52. 
tions ; and ABCDEF is a ſtar fort with 6 points, 5 ;. 
ude of ſaliant and re-entrant angles. It is a work 
trenched on all ſides. | 
A citadel or caſtle, is a ſmall fort, erected in a 
wn, containing 4, 5, or 6 baſtions. Ir is placed 
high ground to command the town, or hindes 
approach of an enemy. 
Caponiere, a lodgment ſunk 4 or 5 feet into the 
ound, and raiſed 2 feet above ground. Here 15 
20 muſketeers are lodged, who fire — 
9-boles made in the ſides. Theſe are generally 
ade on the glacis or in a dry moat. 
Cavaliere, a heap of earth raiſed high, at the 
Ip of which is a platform or battery, with a para- 
to cover the cannon planted on it. 
Battery or Platform, a place to plant guns on, it 
laid with planks, that the wheels of the carriages 
ay not fink, They ſlope or deſcend a little to- 
uds the parapet, that the guns may not recoil 
uch, and be more eaſily drawn back. The guns 
12 feet diſtant. A funk battery, is one laid 
d in the earth. Croſs batteries, thoſe that play 
wart. Murt bering battery, is one that beats up- 
the back of any place, &c. | 
dappe, a deep trench ſunk far into the ground, 
nd deſcending by ſteps, and covered over head, 
his is uſed when there is a hot fire from the place, | 
avoid which, the beſiegers work by ſap, that is, | 
der ground till they come to the covert-way and | 


le ditch, 7 
Galery, 
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ig. Gallery, a pa made from the ſap, acroſst 

Fig . qe —— over head with _ and eiii 

This leads to the place where the enemy intent 

bhbuave a mine. A 

| Mine, a hole dug under ground, being ak 

paſſage, with many turnings and windings ing 

at the end is the chamber of the mine, made wi 

ſome place deſigned to be blown up. In that 

lodged a quantity of gun- powder for that pu 

The chamber is a hollow cube 6 feet every 

If the ground be wet, the powder is in band 

if dry, in ſacks. They are fired at once by lem 

ſaucidges or pipes of tarred cloth, which reach 

the mine to the place where the engineer ſtand 

ſpring the mine. The beſieged allo make full 

hole and gallery under ground, to find the 

my's mine, and give it air; and this is cal 

counter mine. ts 2 

Enfiled, or enſiladed; the ſituation of a poll 

can ſee and ſcour all the length of a ſtreightm 

or greet which by that means is rendered 

de celeſs. — Ty | 

Thus I have deſcribed the principal out- 

and other additional works of a fortification. I 

out- works are made one before another all mal 

of ways, to fill up the field. And their gan 
uſe is to advance forward in the campaign, W 

der the ſudden approaches of the enemy, ud 

ſpend his time before he comes to the main v 
All ditches that are made, ought to com 

cate with one another, when filled with water 

then one will ſupply another. ö 


92 | 4 So HO. | | 
If it be required to find the ſolidity of any 
theſe works, and to caſt up the expence req 
to do them. The content may be found Oy} 
rules of Menſuration, and it is no matter Wis 
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rampart or ditch be meaſured, for one is nearly Fig. 
| to the other, as the matter of the rampart 
filled the ditch. But ſome engineers ſay, that 
earth dug out of a moat, being beat os ram- 
down, goes into a leſs room by vr part. Now 
ole the ditch to be EFGH (Fig. 46.) the area 
Aion is eaſily found in ſquare yards, and this 
tiplied by the length of the curtain or rampart; 
$ the ſolidity of the rampart for that length 
f the breadth of the ditch be not the ſame all 
way z take the greateſt ſeftion and the leaſt 
dn, half the ſum gives the mean ſection, for 
length of the ditch. Now the ſection multi- 
| by the ſages, ives the ſolid yards in that 
= q the like tor every part, and for every 
r ditch, 
to the expence, workmen will dig earth for 
ceor three pence a yard; but if it is to be 
ed off, the price will be greater. Likewiſe 
ime may be computed. For if a man can dig 
5 yards in a day, 1000 men will dig 4 or 5 
land yards. And the rule of proportion will 
tow many days 1000 men will be in digging 
umber of yards. | | 
Ally, if you would repreſent any work in per- 
ve, * muſt follow the rules laid down in 
I. Per ſpedive, t6 which I refer the reader. 


PRO B. V. | 
 deſeribe the manner of befieginig, and defending 


hen proper fortifications have been made about 
vn, and a ſiege be feared z proviſion mult be 
for a ſufficient quantity of victuals, accord- 
o the number of people, and the time of con- 
ance, Alſo the "—_ muſt provide plenty of 

| arms 
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Fig. 


- _ The town Af thus ſupplied with all neceſ 


to this, they muſt pitch upon a proper place, wi 


FORTIFICATTIO N: 
arms and ammunition, as cannon, muſkets, py 
der and ball, &c. Alſo all forts of implements 
work with, as ſpades, ſhovels, Pick-axcs carriagg 
&c. and a ſuffieient number of foldiers to def 
the place, as about 300 men for every baſtion, 
that 2000 may be reckoned a good garriſon, if 
place is not very large. 


ries, and the flanks well lined with cannon, 
the ſoldiers muſt be called to their particular po 
the inhabitants ordered to keep in their houles, 
ſervations muſt be made on all ſides to diſcover 
motions of the enemy. | 

When an army propoſes to beſiege a town, t 
arc obliged to attack the out-works firſt. In ori 


out muſket-ſhat, to begin the line of contrangl 
tion or breaking ground. This line is to be 
about the town, if the garriſon be very ſtropg; 
elſe only incloſing a part of it. 4 

When it is probable that an army will reli 
the place, a line of circumvallation is to be m 
further into the campaign, this line is to be car 
round about, incloſing ground enough for the 
ſiegers to lodge in; its parapet is thrown up 
wards the campaign; wil at proper diſtances, 
forts and redoubts to be placed, to defend the 
diers and workmen, | 

The next thing is opening the trenches, or beg 
ning the lines of approach, which are to be cat 
on obliquely towards the town, ſo as not be <p 
laded by any of the outworks. 2 

As ſoon as the beſiegers approach towards 
town, the beſieged are to ſhoot off ſeveral ca 
for a 17 5 that all may come into the town. / 
ſeveral ſhot are to he made to keep off light E tic 
men and ſpies. 
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he beſiegers will endeavour to ſtop all ways, Fig: 
hoes; and communications of the town and 
ry, to hinder any ſuecours or any intelligence 
may be ſent; this is blocking up the town. 
hile the trenches are drawing near the town; 
garriſon ought to make a fally every opportu- 
, 40 annoy them in their works; this will pro- 
ly draw the army nearer to the town, which may 
cannonaded from the town, and perhaps ſome 
the principal officers cut off. 
ben the garriſon is ſtrong, and the enemy at- 
u any out-works, makes any mines or the like, 
garriſon is to counter-mine them, and obſtinately 
nd them, and to make retrenchments and barri« 
y all along, and loſe all things inch by inch. 
u the trenches go on, batteries muſt be erected 
aſt ſallies, and when they come nearer the town, 
en muſt be made to ruin the defences: At the 
je time the cannon from the town muſt play up- 
thefe batteries of the enemy to demoliſh them. 
he beſieged conſtantly do this, the beſiegers may 
forced to raiſe the ſiege. | 
Ihe befiegers, while they work in the trenches; 
de ſupplied with faggots, ſacks of earth, gabi- 
ke. far defence. And to avoid muſket- ſnot, theſe 
ces muſt be carried on in the night, and are 
carried on by turnings and windings, from right 
eat, but never to go directly towards any work 
de place, for it would be impoſſible to ſtay in 
d trenches, And near the trenches, bodies of 
lers muſt be poſted to defend the pioneers. 
hen the enemy is come to the glacis, againſt 
de efforts of the town. They muft dig thro” 
unterſrarp, or work by ſap, till they come to 
ditch. A battery then muſt be raiſed, to facili- 
the paſſing of the ditch z the next thing is to 
ea gallery, which muſt be defended by the bat - 
In the mean time the cannon from the town 
T 2 will 
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Fig. will endeavour to deſtroy the enemy's battery; 
if it does, it retards the work, which cannot » 
forward, till the battery be repaired or another eres 
ted. It the enemy be ſucceſsful in getting throyp 
the ditch, working in the night eſpecially, 
they want to blow up the baſtion, the miners n 
be ſet to work to make a mine; and as ſoon ax i 
ſprung, the beſiegers go and give the aſſault, 3 
if the beſieged by help of their counter-mines, g 
air to it, it will have no effect. 
If making a mine be impracticable, the beſeg 
batteries muſt continually play upon the flanks 
the fortification, to diſmount their cannon; vl 
other batteries are employed to make a breach, 
to break the faces of the baſtion, which being dy 
The enemy muſt mount the breach, or ſcale 
place, and take it by ſtorm. If the beſieged 
opt of hopes of defending the place, they mul 
ther ſurrender, or capitulate. 

After this manner the whole time of the bele 
is employed in erecting works of defence, and 
ing batteries, to fire upon and deſtroy the fort 
cations. While on the contrary, the time of 
beſieged is taken up in deſtroying the others vc 
and driving them back. And this muſt conti 
till the place is either taken or the ſiege raiſed, 
Thus I have given a ſhort account of the mar 
of — in a ſiege; but my room wilt 
permit to make a longer diſcourſe. . 
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UNNERY is an art that teaches how to 
ſhoot with great guns, by finding what ele- 
jon any gun ought to have to hit a mark whoſe 
jon is given; as likewiſe what quantity of 
der is requiſite for that purpoſe. Ir teaches 
method of managing all forts of artillery, in 
ting an enemy, or in defending or attacking a 
„ It is a proper ſequel to fortification, and 
together make but one compleat art, which 
eart of war. This art of gunnery depends 
| the motion of projectiles, which gives rules 
inding the velocities, diſtances, elevations, &c. 
ul requiſites concerned in ſhooting, ſo far as 
ſliſtance of the air is ſuppoſed to be nothing, 
7 ſmall ; for when the reſiſtance of the air is 
ered, it makes the Problems of Gunnery too 
dex to be of any uſe. When the reſiſtance of 
x is ſo great that the rules for projectiles do not 
t then recourſe muſt be had to tables made 
experiments. 


DEFINITIONS. 


DEF. I. 

ndom or amplitude, is the diſtance to which a 
s ſhot, from a gun, which is meaſured upon 
Jane of projection. 

DEF. II. 

ation, is the angle to which the axis of the 
| of the gun is raiſed above the plane of pro- 
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D E F. II. | 

Altitude, is the height a ball acquires, above iii 
plane of projection, or the higheſt point of j 
_ Thee | 
| 2 D E F. IV * 


Battery, a place to plant guns on. It is | 
with planks and fleepers, to reft on; that 
wheels of the carriages may not fink : the guns 
generally placed about 12 or 14 feet from 
another. 


Yig- 


BY ' 2. 
_ Charge, is the quantity of powder and bl 
per for any gun. 


DEF. VI. 


Cannon or great guns, are round hollow cylind 
made either of braſs of iron, charged with pon 
and ball to ſhoot with, and mounted upon cini 
to be eafily moved from one place to anoll 
There are ſeveral ſizes of them, called by & 
names, as whole cannon, baſtard cannon, & 
cannon, or 24 pounders, whole culverin or th 
pounders, demi-culverin 6 pounders, ſakes, Mme 
nians 3 pounders, drakes and pedereroe, 
Cannon royal, the bore is 8 inches diameter, 
feet long; charge 32 pounds of powder, b. 
inches diameter, or 48 pounds weight. Ther 
particular terms uſed in Gunnery, as 
To terijate 4 gun, is to try whether a 
à due thickneſs of metal in every part. 

70 diſpart à cannon, is to ſet àa mark on thet 
zle- ring to be of an equal height as the bale 
ſo that a line drawn between them, ſhall bep 
lel to the axis. This mark is for the guns 
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u gun, Without fink ing below the line of di- 
on; or how far it will go in a direct line. 

„ Windaps of à gun, is the differente berween 
diameter of the ball and the diameter of the bore. 
he parts of a piece of ordnance of cannon, are, 
talher, Which is the diameter of the bore. 
wer, the purt where the powder and thor lie. 
ting, the ring going round the gun at the 
l. Mazsle- ring, the ring at the muzzle: 
ions, the two knobs or pitis that hold the gun 
2 carriage. 

tings belonging to a cannon are, ladles, ſponges, 
fidaes ; Alſo needles, thread, twine, nails, hand- 
ts, crows of iron, baſkets, the pick-ax, mat - 
ſhovel, ſpade, &c to work with. 

heſe things ate to be ſhot out of a cannon. 
„ Which are hollow balls of iron; theſe are 
ved with powder; and à fuzee (which is a 
poſition that burns Nowly) put in at the touch · 
to lalt all the time the bomb is flying, and 


nes, are ſmall bottibs of ſhells of iron; 
metimes made of wood ot tin, or even of paſte- 
d. Theſe are thrown by hand amongſt men. 

8 bot bullets, theſe ate cannon balls heated till 
have a flame heat, and ſhort out of a cannon, 
ve light to the field, or to fire a town. 

mins barrels, or fire barrels, called alſo bun- 
rp barrels, Theſe are filled with granadoes and 
pots, or pots filled with gun- powder and a 
udo; thele barrels ate ſhot out of a mortar- 
& which is a very ſhort gun, with an extraor- 
ty wide bore, 

r:aſſes, are boxes full of powder, made with 
hoops, filled with granadoes and piſtol barrels 
gd, wrapt up in oiled tow, or ether combul- 
| 14 tible 


| 42 ſets the powder in fire, which burſts 
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„ Hank, is the diſtance a ball can be ſhot Fig. 
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Fig. tible matter, and ſhot out of a mortar, T 
mortars are elevated pretty high, that the bomb 
&c. may fall from a great height. 4 
Pederero or petterero, a ſmall cannon to fire tons 
or pieces of old iron out of, when the enemy | 
tempts to board a ſhip, &c. | 

Petard, an engine to ſhoot with, in form of 
high crowned hat; about 8 inches deep, and 
diameter at the mouth, and 1 inch or 2 att 
breech. It is filled with powder, and covered wi 
a plank bound down with ropes, uſed to 
down gates, bridges, &c. | 

Sauſages, are pipes made of tarred cloth, fl 

with powder, and rolled up in form of a gut, abe 
2 inches diameter, it is to burn gradually, a 
reaches from the mine to the engineer, andisf 
on fire when the mine is to be blown up. 

Ammunition, ſignifies all ſorts of warlike fte 
particularly powder and ball. 

Artillery, all forts of ordnance, or guns ge 
and ſmall, as cannons, martars, muſkets, & 
fire arms. 

Blunderbuſs, a ſhort gun with a very wide bo 
to carry a number of bullets, to ſhoot in a crout 

A fuzee, a pipe full of wild-fire put into 
touch hole of a bomb to ſet fire to it. 

Shot, all ſorts of bullets for fire arms, from 
cannon to the piſtol, Thoſe for cannon ar 
iron; thoſe for muſkets, carbines, and piſtols, 
lead. Chain ſhot and bar-ſbot, are two half bull 
Joined by a chain or iron bar, which cut eve 
thing they meet with. 1 

Chace guns, are thoſe guns in a ſhip that py 
directly forward or backward. 

Swivel guns, guns that move in an iron fl! 
that goes into the ſhip's ſide. 

Fire- ball, this is made of powder and other co 
bultibles, as big as a granado, wrapt up in 
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4 coyered with paper; when primed and ſet on Fi 

1 is caſt into apy works N the night to diſ- * 
over them. , | 

7 nail up aannon, is to drive a large nail into the 
uch-hole, or pieces of ſtones; this is to render 

em uſeleſs to the enemy, when they cannot be 

\ of buried off. The remedy for this is, to drill a 
touch-hole. | 


NO.. L 
7a deſcribe the compoſition, the nature and force of 


Gun-powder is but a late invention, ſaid to be 
und out about the year 1340, or not much ſoon- 
. Before this invention men fought with bows 
id arrows, and ſuch like things, which did not do 
deal of execution. But the dreadful havock 
hich is made by ſhooting balls of iron and lead out 
if guns of all ſizes, by the force of gun- powder, 
uſed all the former ſort to be laid aſide. ; 

Gun-powder is a mixture of charcoal, brim- 
Jong, and nitre; the proportion of theſe is differ- 
tin different authors. But powder made for the 
drernment is compoſed of 10 pounds of brim- 
tone, 15 pounds of charcoal, and 75 pounds of 
litre, Powder made for the uſe of merchants has 
els nitre and more charcoal. At firſt powder was 
nude fine like meal, but afterwards made into 
ons, which was found to fire quicker than the 
meal powder. To corn it, it muſt be put through 
vo or three ſieves, The powder is to be moiſten- 
land reduced to a ſort of paſte, and put into the 
iſt ſieve, which has large holes, it is broke in 
pieces by a piece of wood, and paſſes thraugh the 
eve while it is working. The next ſieve which is 
aller retains the corns, but lets the duſt go thro”, 
; | The 


Fig. The corns paſſed through this ſeront ſle ve are 0g 
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at the third fieve, with ſtill ſmaller holes. 7 

wder which only goes through one ſieve is uw 

| guns, and called cannon powder. Th 

ſmaller ſort, which paſits through two fieves, is ub 

by ſmalk guns, and called piſtol powder. . 

glaze the powder, or make it ſhitie, they ſhake f 
in a barrel that has had black lead in it. 

The ſudden fulmination of nitre with ſulphur 
the principle upon which the action of gun. po 
der is founded. Sulphur thrown upon melted nim 
cauſes an inflammation and an exploſion. T 
charcoal is only uſed to ſet the mixture ſuddeiſ 
on fire. | 

There is a mixture called pulvis fulmiuani, wi 
_ exploſion is greater than gun · powder, but it d 
not fire ſo quickly. It is made thus, t pan n 
brimſtone, 2 parts of ſalt of tartar, 3 part d 
ſaltpetre; grind them very ſmall, and mix then 
together well. 5 ä 

The ſudden firing of gun - powder is owitg t 
the nitre, which prodigiorgly increaſes the infa en 
mability of combuſtible ſubſtances. And the er 
hement exploſion ariſes from the great quattity 
air contained in the gun-powder into which it 
converted by firing. But if gun-powder be Mi 
ſmall, it will not explode at once, but burn gt 
dually; and therefore in all fire-wotks, where ts 
powder is to burn gradually, it is beat into dul. | 

That gun-powder-when fired produces a pet Ned 
nent elaſtic fluid, has been proved by many ep 
riments. And the force of fired gun · powder isi 
elaſticity or preſſure of the fluid produced by H 
ing it, and is the ſame as the elaſtic force of | 
much air compreſſed into the ſame ſpace with tis 
Na mt bong Likewiſe the elaſtic force of th 

ery fluid is proportional to its denſity, as is proves 
by many experiments. And further the elaſticiſ 
0 
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this fluid increaſes by heat, and diminiſhes by Fig. 
ld; like the air; alſo irs weight, ceteris paribat, 
equal to the weight of an equal bulk of air. If 
grain of common powder be fired, the fluid pro- 
ed by it will be 230 or 240 times its bulk, and 
for a greater quantity. And therefore if this 
uid was confined to the ſpace of the gun-powder, 
would be 230 or 240 times as ſtrong as common 
that is, its elaſtic force would be 230 or 240 
nes as ſtrong as the preſſure of the atmoſphere; | 
id that without conſidering any augmentation of 
it force by heat. But if air be heated to the de- 
te of red hot iron, its elaſticity will be above 4 

ess great at that of common air. And there- 
re the motive elaftic force of this heated rarified 
wid, produced by the firing of gun-powder is 1000 
nes as great as the preſſure of the atmoſphere. 

It has been diſputed, whether gun-powder fires 
uſtantaneouſly, or requires time for the flame to 
n from one part to another. To decide this 
veſtion, the royal ſocicty made feveral experi- 
ents, the refult whereof was, that out of a very 
rt barrel 5 or 6 inches long, a quantity of pow- 

was blown out unfired, amounting ſometimes | 
dx the quantity of the charge. But if ſhe was | 
arged with a ball, the quantity was leſs, being 
or + of the charge, and this was owing to the 
Ine being prolonged by the weight of the ball. 
but when a gun of the length of 3 or 4 feet was 
ned, hardly part of the powder was unfired; 
nd when loaded with a ball, the quantity was far 
els, and for the moſt part ſo inconſiderable as to de- 
ſerve no notice. 
It is evident, being confirmed by all experience, 
that dry powder fires quicker than damp; and is 
conſequently ſo much the ſtronger. And powder 
way be ſo dry, as that the whole may fire before 
jiz bullet gets out of the gun; or even before 1 


Fig. be ſenſibly moved. Some experiments have hes 
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made, which ſhew, that dry powder will ſhoot 
ball twice as far as the ſame powder uſed whe 
it is damp. 


To find the velocity of a ball at the mouth of 
gun, ſuppoſing all the powder to fire inſtantaneouþy, 


Let AD be the hollow cylinder of the gun, AR 
= a the gun-powder, the length AD , the u 
riable length AC = x, 4 = diameter of the by 
c = 3.1416, þ = 16,1, w = weight of the þ; 
= preſſure of the atmoſphere on 1 inch, f= 
force of the gun-pawder at B, v = velocity of the 


ballat C; then _ = area of the ſection, ad 


cdap — preſſure of the atmoſphere on the bullet 
4 


Then f = — by the laſt Prop. And zt. 


F + 3 L = force on the bullet at C. Then (by 


| C F; 
Cor, Prob. I. Sect. III. Fluxions,) vv is s f 
And in the caſe of falling bodies, v = 2h, v =% 
and F=w, &; therefore 2b# : = $2 10 


L x 2. or ab: 000 285 therefore vv = 


6 
— A and the fluent is — = 224% x B. log. * 
w 


ux 2 
But in B, x =a; therefore — 2baf x B. log. 
as _ wW x 


=, — 


— 
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N to be equal to AD, 2? — Figs 


84. 
IX. log. =; therefore vv = 5 log. 


ooO 
_ * hyp. log. 2 


Cor. In * guns, the ſquare * the velocity is as 
x log. * or = * log, — * 


; 38 

Let the length of the gun be 2 feet, ine 
a qo ball 1 inch, @ the charge of _ 2 
, then w =.214, P 14.7, and 1 


or 18 = 2.890, then 


log. 1000 3. ooooo 

log. c = 3.1416 0.49714 

.b = 16.1 1.20682 

log. add . 1666 — 1.22182 | 
I, 16732 t 
0.46089 f 

5.55399 


| 6.22358 
= half _ 3-11179 
yelocity — 1296 feet in a ſecond. 


EXAM. 2. 


Let the length of a gun be 9 feet, the diameter 


% of the bore, or rather of the iron ſhot 4 inches, 
. its 
6 
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Fig: its weight u 9 pounds, 4 S 8 inches the charge of 
54- powder, hyp, log. 7 or 13.5 = 2.602, 


log. 1000 3.00009 
log. c, 3.1416 0.49714 
log. b, 16-1 1.2068 2 ſl 
log. p, 14-7 1.16732 | 
log. add, 10.66 1.03775 
log. 2.602 0.41530 he 
731433 W 
log. , ? 0.95424 
6 3600 
half — 3.18004 
velocity — 1514 feet in a ſecoti 
PROP. I. 


To find the velocity of a ball at the mouth of au 
non or any gun; ſuppoſing the powder to fire gratul 
fo as to be all fired when the ball is at the mul. 
the gun. 


We muſt firſt find the relation between the ti 
and ſpace deſcribed. The force at any inſtant i 
be as the quantity af pawder fired, divided u) 
Ipace it is contained in: therefore putting the qui 
tities as in the laſt Prop. we ſhall Live the force 


= Now ſuppofe » , to find u. By Fro: 


I. Sec. III. Fluzions, vv OC Fx, and F oc 


* * 1 « x 
x N-] n—1 
- 1 — * — 
00 1 n | 
{ 


nN. E. R. A. 
+ fvent e. OG ur Alla x OC vt O v EE 


7 2 - XP - 
eit Xx* XxX ccni E, and the 


3 
ents OC 4 or & QC ##", - whence equating 


e indices, 1 = . T4 and 2 = 30 and 1 = 
29 2 
herefore x» OO 33, This being known, put g = 


le time of paſſing through AD. 
We hall now have f = — as in the laſt 


9p, for the force at the firſt firing, and *. = 


eat D when it is all fired. N to find the 
«at Cz ſince it is generally as _ we fhall 


e. ö af (force at D): = (EE): 


aC= aft 7 Then ſince vb oc Fs, the ba- 
2x . 
being given; and in a falling body 9 


, F=w,s=#*; therefore 2bx : wx: 
5 Therefore vv = .. But / 1 
7 


I SE 25. And the fluent is 


T 
S 2bafx5 — Boy bo SE — 
T Ir wit 64 
vin * S , then v = of 


ü 


* 
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10 
Several Corollaries follow from this "ER 25 


Cor. 1. The laft velocity at D will be the |; 
whatever length the gun be f; provided the hey] 
of the charge be given, and the powder be of had 
goodneſs as to be all fired, juſt when the ball reach 

For / does not come into the computation, and 
remaining the ſame, V will remain the ſame, 


Cor. 2, The powder being the ſame, the final dt 
city will be as the ſquare root of the height of 
charge. 

For the reſt remaining, the velocity will be 


Va. 


— . If 1 be the length of gun, bern 
cba rge of powder will all be fired at the muzzi| 
- ben in any ſhorter gun AC, the ſame poude « 


charge * the ultimate velocity vill l 1 
- , 
For the reſt remaining, V is as _ 
hal 
Cor. 4. And in this 120 caſe, the velocity viel 
the charge a will be no greater than with the d 
VV ws /*. 
4 a the 
For let y = the charge that will juſt be fired a Wſhe; 


| Then by ſuppoſition @:y::g:#:: 45: x3, wit 


22 5 z and the ä powder does nothil 


Cor. 5.  Suppoling as in Cor. 3. and in am $i 
longer than I, the velocity at laſt will alſo be as 
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or. 6. In guns of different bores, the reſt remain- 
as before, the velocity at the muzzle will be as 
4 | 


8 
1 dda 
or it 18 as 72 or 


10 =.214, Þ = 14.7. 


bg. 1000 


4 


Exam 41 


the gun be 3 feet long, d = 1 inch, the diaz 
rof the ball of lead, a=2 inches of powder, 


log, c, 3.14.16 


log. 6, 16.1 
log, add = . 1666 — 


log. 1.5 


log. p 14.7 


half 


relocity at D = 


Ex AM. 


3.00000 
0.49714 
1.20682 
1.22182 
o. 17609 
1. 16732 


5.26919 
1.23041 


5.93878 
2.96939 


25 
— 
4 


932 feet per ſecond, 


2. 
. 


the length of a gun be g feet, diameter of her 
being iron = 4 inches, weight w =9 Ib. a=8 
u the charge. 


6 
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Fig. 
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Fig. 


velocity poſſible. 
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log. 1000 3-00000 
log. c, 3.146 0.49714 
log. b, 16.3 1. 2068 
log. P, 14.7 1.16732 Jo 
log, add, 10.66 1.02775 
log. 1.5 0. 17609 
| 7.07512 | 
log. w, 9 0.95424 
: 6.12088 75 
half 3.06044 
velocity 1149 feet p uu 71 
PROP. IV. 0 


| Suppoſing the powder in a gun to fire inſtantau 
to find the depth of the charge, to Rr the gt 


It is ſhewn in Prop. II. that the Rug 
a ſuppoſition is * ts * B. log, © 


ſuppoſing all things given except the 0 7 


then @ log. = will be a maximum, put x fn 


variable quantity, then x log. S marina 
x 


„ =b log. LE 2 and / + 


The fluxion of © 0 —* and this divide 
* NN 


. gives —. X - Zen therefore MPa 
x 4 * 
—_X ſh 


0d +98 = => +y3z=0, 0 
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* = ©, and y=1 b. log. 25 that is, 
. - } 


10258 * * log. - =, and com. log. 77 


43435 and S hum. of log.. 4343 2.7183 


efore 2.718 x =, and x = —— or x = 
71 
$79 1, when the velocity generated is a maximum. 


ScH0o lk, 


WThis can be of no uſe in any gun, except they be 
zeding ſhort; for ſuch a charge will burſt any 
n, of a moderate length, to pieces 


PR OP. v. 


ond the due quantity of powder proper for the 
mee of any gun. | | 


This muſt be found by experiments for ſome 
nicular gun. Take any Io and a ball proper 
it, and firſt let it be charged with a quantity 
powder. equal to + the weight of the ball, and 
rating the piece to any given angle, ſuppoſe 45 
prees, let it be diſcharged, and let the random 
liſtance of the ſhot be meaſured. Again, let it 
charged with powder equal to half the weight 
the hot, and diſcharged, and the random mea- 
ed. And. laſtly, let the charge of powder be 
ie weighr-of the ſhot, and the random alſo mea- 
ed. Then the ſeyeral_ diſtances or randoms 
mpared,” will ew which is the moſt convenient 
urge. For though the. greateſt cbarge of pow- 
r ſhootg the furtheſt, yet when the increaſe of 
tance is but ſmall it is better to take up wich 
leſſer charge, 8 much powder is ſaved, 

„ . But 


* 
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Fig. But there are ſo many irregularities attends th 
practice, that it is proper to repeat the experimen; 
over and over; and laſtly, to take a mean forex: 
charge, For in the fame, piece, with the fn 
charge, and placed at the ſame angle of eleyati 
there is ſuch difference in the diſtances, that « 
cannot but be ſurprized at it. And therefore it 
neceſſary that ſeveral. experiments be made ij 
the ſame large: By comparing many experime; 
together, I take that to be the moſt proper chay 
when the weight of the powder is half the wei 

of the ball. | | 
The proper charge for one gun being known, 
charge for any other gun is known by this rule, 
Take the charges of powder in proportiontat 
cubes of the diameters of the balls, or as thecut 
of the diameters of the bores of the guns, 


eee ID 


5 E x A M. 
I a ball 4 inches diameter requires 440, 
power; how much powder will a ball 6 inches 
meter require ?' +, 
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dome people ſay, that guns ought to be loaded Fig. 


ording to their weight; and give it as a rule, 
ta quarter of a pound of powder ſhould be al- 
ed tor every hundred weight of the gun, if it 
of iron; but ſomething more for a braſs gun. 


But the quantity of powder ought to he ſo pro- 


tioned to the ball, as the buſineſs to be done 


wires, or according to the execution to be done. 
d modern engineers, that have had a deal of 


erience, . tell us, that the charge of powder 
pt not to exceed + the weight of the ball. For 
ough greater velocities are generated by greater 
roes, yet by the great reſiſtance of the air, theſe 
ter velodities are ſoon reduced to the velocities 


rated by the leſſer charges. 


but guns may be charged by meaſure as well as. 


weight, For a pound of powder fills 31.06 cu- 
U inches; therefore ſay, as 1/. to 31.06 inches; 
$ half, or a third, of the weight of the ball, to 
charge in cubical inches. 
muſt be obſerved, that there is great differenc 
e goodneſs of powder; and even the ſame 
ler will be ſtronger or weaker, according as it 
pt dry or moiſt ; for powder will imbibe moiſ- 
and that abates the ſtrength of it. And if 
ler be known to be weaker than ordinary, more 
L muſt be taken for a charge. 
ue, powder for proof, (that is, for trying tlie 
th and goodneſs of guns) mult be double the 
Itity of powder for ſervice, as ſome lay and 
s ſay, as 3 to 2. ä 
ben a gun is to be charged with a cartridge 
is a bag, or roll of canvaſs, paper or parch- 
b of the bigneſs of the gun's bore, to hold 
i Charge); having the weight of a charge of 
er in paunds, multiply it by 31.06, and call 
duct p, Let 4 = diameter of the bore in 
9 U 3 | inches, 


* 


* 


CC ˙0•1iii 8 


ww» 


- AF ANTS 2 


Fig inches. Then — 


DNN ER Y; 
= length of the e 


2 
7854 
tridge. 


Some authors tell us, the charge of powder | 
great guns muſt be 2 diameters of the ball; y 
for leſſer guns 3 diameters, 


PROP, N. 
To deſcribe the conſtruction and uſe of a great gu 


A gun is ſaid to be well fortified, when ther 
ſufficient thickneſs of the metal at the breech, xg 
in every other place. For if a gun be badly 
tified, or too thin of metal, it will endangerby 
ing, and in ſuch, the charge ought to be ma 
rate. When a gun is well fortified, the diam 
of the bore mult be to the diameter of the gu 
the breech, as 2 to 7. And then the diameter 
the bore being 2, the thickneſs of the met 
be 5 or 22. And therefore the diameter d 
bore will be to the thickneſs of the metal 1 
14, Or as 4 to 5. : 

Hence the circumference of the gun at 
touch-hole, is 11 diameters of the bore. Fo 
the diameter of the bore be 2, the diameter u 
gun then is 7, and the circumference 22, 10 
to 22 as 1 tO 11, The circumference at theben 
hole being 11, the circumference at the trum 
muſt be 9, and at the muzzle 7. And thi 
teemed the true fortification for an iron gun. 

But for braſs guns, the circumference 
breech muſt be g diameters of the bore, 7 1 
trunnions, and 5 at the muzzle; Therefore 
thickneſs of the metal at the breech, is about Wit be 
the diameter of the bore, | 

And the length of either ſort is to be 7 d 
ters of the gun at the breech, though this b 
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y be different. 
But the rule here laid down for a gun truly for- 
| ſeems only to be proper for one ſort, For 
thickneſs of the metal is eſtimated the ftrength 
the gun, and ought to be proportional to the 
e within 4 but that force is as the quantity of 
der, and that 1s as the ſquare of the diameter 
the bore. Therefore in wider pieces, the metal 
pht to be thicker than the rule makes it. For if 
bore of an iron gun be 6 inches, and 74 inches 
the rule above) be the proper thickneſs of the 
l. Then for a bore of 8 inches, 10 inches 
vid be the thickneſs of the metal, which is too 
e. For it ſhould be as 36: 64:: 72: 137 
hes for the true thickneſs of the metal, for 8 
hes bore, | 
But if the gun be thinner on one ſide than the 
, her ſtrength muſt be eſtimated by the thin- 
ide. Or if there be flaws or places eaten away 
q ruſt, called honey-combs, theſe weaken a gun 
much, and if they be deep, ſuch guns ought 
to be uſed. 
o adjuſt the ball to the piece, you muſt uſe 
a ball, that the difference of the diameters of 
ball and bore may be about + the diameter of 
ball; and this ball will ſuit the gun. If the 
krence be leſs than that, the ball (being of iron) 
n danger of ſticking, and the gun burſting. 
d if it be more, a deal of the ſtrength of the 
der will be loſt, in paſſing by the ball. This 
Mance is called the windage. 
ow great guns are to be managed in ſhooting. 
the gun being placed upon her carriage, ſhe 
It be charged with powder; to do which the 
ner makes uſe of a ladle, which is a long ſtaff 
latin box at the end, which being filled once, 
U 4 or 
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material for the length, which upon occaſion Fig. 
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Fig. or oftener, with powder taken out of the buche 
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rel, is a juſt charge for the gun. 

Next the wad is to be put in, and rammed do 
with the rammer, which is a long pole on purpoſ 

Then the ſhot muſt, be taken and tumbled u 
the gun, going cloſe to the wad. 

Then by help of the quadrant and a tre 
rule laid io the inſide of the bore, the piece n 
be elevated to a proper angle. 

Then by help of a priming iron, which is a | 
ſmall piece of iron, a hole is made through the 
- tridge to the powder, and the powder is to bept 
ed into the touch-hole to the top, and cone 
with a thin plate of lead, called the apron. 

And when ſhe is to be fired, a hot iron is pj 
ed to the touch-hole, which ſets the powder out 
by which ſhe is diſcharged, 

Then the gun is to be ſcoured with a (pon 
that no fire remain in her. A ſponge is a long 
with a roll at one end, covered with a ſheep k 
of the bigneſs of the gun's bore. Great gunsm 
be cooled leiſurely with water after every ſhot; 
being much heated by often ſhooting, they end 
ger burſting. 

T he platform of a battery ought to be firm; 
if it ſhake when a gun is fired, the ſhot will beV 
uncertain, 

In every battery, there muſt be half an 
ſpare guns, as there are mounted; to ſupp!y l 
that are diſabled. 

It is a very important improvement in gung 
called by the French, ſhooting by ricochet. W. 
is, to ſhoot with ſmall charges of powder, and 
vating the gun, ſo that the ſhot may juſt go 
the parapet, and drop into their works. Þ) 
means more miſchief is done than in firing dite 


againſt the works, . 6 
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Some authors have given Tables of Gunnery, Fig. 
ewing the name, weight, length, diameter of 

e bore, weight of ſhot and powder, &c. of which 

e following is one, for all ſorts of ordnance. 


name. 


annon 8 
nnon 7 


weight 
gun. 
Cwt, 
70 
604 


length 


gun, 


feet. 
12 
11 


weight 
ſhot. 


. | poun, 


60 


„blank. 


point 
teet, 
900 
900 


emi-cann. 802 10 900 
ulyerin | 12 900 
emi-culy, 10 890 
ker 9 4 800 
inion 7 z | 600 
con 6 . 600 | 
alconet ; 6 | | 520 
abonet 52 500 
ale | * | 400 


PROP, . 
To find how much Powder will fill any bomb or gra- 
10 ſhell, 


Rod 


Cube the inner diameter of the ſhell, and di- 
de by 59.3, the quotient will be the pounds of 
onder that will fill the ſhell, | | 
For the ſhell is in form of a globe or ſphere, let 


| ; 3 3 
= the diameter; then 114. = ſolidity in inches, 
21 


d therefore — 114: „ that is, EA ſhews tl.e 
21 X 31.06 59.3 

ounds of powder. | 

In a ſhell the loweſt part is the thickeſt and hea- 

lt, and therefore will fly foremoſt, and it wm 
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Fig. fall upon that ſide, and not on the fuzee, ve 
would put it out, 


E x A M. I 2 
Let the diameter of the ſhell be 13 inches, 41 
13 59.3) 21.9737. 05 1b, ) 
13 ** 17 79 the anſye, 4 
39 4180 
13 4131 
169 29 
13 — 
507 
16 
be M Nat 
2197 | 
PROP, VIII. 


Having given the diameter of an iron or leadenlul 
to find the weight of it; and the contrary, 


R vu l. . 


As 100 to the cube of the diameter in inchr 
ſo is 14 to the weight in pounds, for the iron bal 


And the leaden ball will weigh half as much mar 


EREA'S. 1 | rt C 

— the diameter of the ſhot to be 6 incie d 
100: 14 :: 216 

6 | 14 


36 864 e ſc 
6 216 | 
216 | 100)3024(30.24 1b, for iu & 


——— 


* 15.12 
45.36 for lead: fe 


| E xa 
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Ex AM. 22 

If an iron ball weigh 48/4, what is the diameter ? 
48: : 100: 

14)4800( 342.8, whoſe cube root is 7, 


ver, 42 : | 
* ſo the diameter is 7 inches. 


56 


40 
28 


120 


Nate, the weight of a ball of ſtone is 4 of the 
ght of an iron ball. 


PROT; IX 


To find the diſtance to any fort or battery, by the 
ne of @ gun there, | 


Sound is known to move 1140 feet in a ſecond 
time,. but the motion of light is inſtantaneous; 
terefore obſerve with a pendulum how many ſe- 
nds there are between the flaſh of fire and the re- 
t of the gun; this number of ſeconds multipli- 
by 1140, gives the number of feet for the diſ- 
Ice from the place where the gun is fired. 

Or thus, count how many double beats of a com- 
on watch paſſes between the firing of the gun, and 
e ſound reaching your ear; multiply this by 490, 
pres the diſtance in feet. 

Or thus, if your pulſe be regular, count the 


ot; which multiply by 970, gives the diſtance 


feet. 
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Fig, 


umber of pulſes. between the flaſh and the re- 
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I obſerved a gun fired at a certain place, and 
obſervation found, that ſeven double beats for 
ſingle ones) of my watch paſſed between the jr 


5 and the found, what is the diſtance ? « 
490 mp 
7 


3430 feet the diſtance. 


ETA. 4 
Another perſon counted the number of pull 


be 35. RY. 107 
32 for 

2910 q 

455 ha 


3395 feet for the diſtance, MW © 


ROW SW + 


Beſides the reſiſtance of the air, there is anithri 
regular force by which a projettile is made to ih 
from a dirett courſe. To explain this deflefiin, « 
cure it. 


It is hardly poſſible for a ball to be ſhot outo! Win 
gun, without its rubbing againſt one ſide or 
other of the barrel; and the friction it receives 
that means, gives it a whirling motion round 
axis, which is always perpendicular to the axis 
the barrel or to the tract of the ball. The con 
quence of this is, that one fide of the ball mec 
with a greater reſiſtance of the air than the othe 
ſide; and the air acting obliquely againſt that fi 
with the greater reſiſtance," will force it to move u 

| war 
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4s that ſide where is the leaſt reſiſtance; and Fig. 

quantity of this deviation will be as the differ 

» of the reſiſtance of one ſide above the other. 

conſequently the ball will always deflect to- 

ds that ſide of the barrel where the friction hap- 

ed; for that ſide of the ball being retarded in 

motion, meets with the leaſt reſiſtance. But it 

npofſible to know before-hand, on which ſide 

the barrel the friction will happen. But when 

ſhot is over one may nearly determine on which 

it was. For if the ſhot be over the mark, it 

n the upper fide; if ſhort, on the under one. 

on the right or left, it is on the right or left 

rſpetively. And beſides, this tract of de- 

on muſt be a curve line. For as this diſturb» 

force is continual z every ſucceeding part of the 

| will deviate (the ſame way) from the former 

t; which is the nature of a curve line. 

have been long acquainted with this irregular 

e and its effects, which I found by experience 

1 | uſed to practice ſhooting ; and it preſently 

urred to me, that the greater reſiſtance on one 

of the ball, was the true. cauſe of its going 

of the line of direction. And to ſatisfy myſelf 

ut it, I ſuſpended a wooden ball loaded with 

l, in a ſtring, and tied it to a tree that hung 

x a river, that it might play freely in the ſtream, 

| noting the place where it reſted, I then twiſted 

ſtring, by turning the globe often about, and 

ting it into its former place, it reſted but a lit- 

while; for as the ſtring began to untwiſt, it 

ed gradually towards the fide which conſpired 

the motion of the water. And being ar its 

heſt extent, it reſted till the motion began to 

uniſh, and then it came gradually back to its 

K place, and reſted there till the motion of the 

de twiſted the ſtring the contrary way; and 

a t moved to the other fide. ene gs 
e ſeveral 


and 
for 


e fi 


Iles 


cc. 


= 
HS. » -< 
* 5 


302 . 
Fig. ſeveral vibrations to and fro, till the motion 
ſpent, and then it reſted in the firſt place. Ti; 
ſeveral times repeated. 

I alſo tried the ſame in a ſtrong wind, with! 
like ſucceſs; for the ball always deviated from! 
lane of the winds motion towards that hand wk 

it was leaſt reſiſted. 
No to remedy this reflection, one way iz 
uſe bullets that are not round, but oblong, for 
thing like a lug. But then they ought to bet 
ed in a lath or throw; that the fore end may 
regular, and all ſides alike; that the air my 
equally on all ſides. Such a body as this, in 
out of a gun, cannot by friction be made 1 
volve about an axis, and therefore that irreg 
force and its effect will be prevented. 
Another way to prevent this deflection is ton 

the guns rifle bored; theſe rifled barrels are nf 
with ſeveral threads of a ſcrew running ſpiral y 
on the inſide of the barrel; between theſe thre 
are channels cut in the bore, all which muſtbe 
actly parallel to one another, and make about 
revolution in the length of the barrel, going 
formly about. The number of theſe threads 
different, according to the wideneſs of the hn 
There are different methods of charging i 
pieces, one is this. After the powder is put 
they take a bullet ſomething bigger than the 1 
of the gun, and greaſe it well, and putting it 3 
the mouth of the piece, they ram it down vi t 
iron rammer, hollow at the end; in ram 
down the bullet the ſpiral threads enter and cut 
to the bullet, and cauſe. it to turn round in g! 
down, and being ſhot out, it follows the ſame 
rection of the rifles; which cauſes it to turn 70 
an axis parallel to the gun's bore. 
Another way is to charge them at the bre 
where there is a hole to put in the powder and i" © 
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ion ¶ a chen a ſcrew ſcrews in to fill up the hole. But Figs 
Tine barrels ſcrew off at the 3 to be charged. 
zeſe guns are made ſtronger at the breech than 
vich mmon; and it is plain they can only be uſed 
om r lead bullets, for iron will receive no impreſſion. 
1 vl And thus a bullet ſhot out of a rifled barrel, be- 
les its direct motion, gains a motion round the 
of the gun, by which the reſiſtance on the 
ende of the bullet will be the ſame on all fides 
e ul e if it ſhould be greater on one part than another; 
my part, by the circular motion, is preſently 
may Wſzosterred to the oppoſite fide, and then it acts the 
is, &ntrary way; and ſuch irregularities rectify one 
cher; ſo that the ball will always go right 


This may be explained by the motion of an ar- 
o; for if an arrow that is not feathered, be ſhot 
e em a bow, its motion will be very irregular ; for 
al voy it be the leaſt crooked imaginable, it will move 
the ds that hand where the concave (ide lies. But 
t be en it is feathered truly, to give it a circular mo- 
out rn and make it ſpin, the concave part is turned 
no ery way, fo that it will always fly ſtreight for- 
ads d. See Exam. 36th Fig. 220, of my Me- 
vareWManics, 4to. - © 
gi But in your common guns that are not rifled, I 
put Wow no way to prevent that deflexion, but to po- 
he i the inſide of the barrel, and oil the bullet when 
s charged; for by this means the friction within 
wich barrel will be made as ſmall as poſſible; ex 
mm ert you chuſe to ſhoot with an oblong bullet as 
ore mentioned. | 


— — 
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ame PROP. XL 


— — 
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Lit d = diameter of an iron ball, q = 7, its.den- 

veel > = .00117, the denſity of air, b = the velo- 

nd bY of the ball at firſt, v = velocity after it bas de- 
| | F ſeribed 
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Fig. ſcribed the ſpace x. T = 849 = 160008 The 


3bp b 
* be any ſpace which the bullet deſcribes after it 


fired, -- is the number of the logarithm — 
36841 
all in feet. 


This is demonſtrated in Cor, 2. Prob. XIII. Se 
III. Fluxions. Suppoſing the reſiſtance of the; 
to be as the ſquare of the velocity, and ſuppoſi 
the elevation to be ſmall, that the tract may not d 
fer much from a right line. 

Suppoſe the diameter d of the ball to be 6 inches 


then d = 4, and is the numberof the log. = 
19420 


And ſuppoſe the ſpace deſcribed x to be 200, % 


600, 800, 1000, &c. feet, and & the firſt veloci 
to be 1. To find the velocity at the end of the 
ſeveral diſtances. The quantities reduced, vel 


1 + 15420—x for the log 
: 18420 18420 


. . VU 
rithm, and the number of it y or v. 


. Logarithm. Number e. 
feet 200 | — 1.98914 9753 
400 — 1.97829 9512 
600 — 1.96743 9277 
800 | — 1.95657 | +9043 
1000 — 1.9457 1 8825 
1200 — 1.93485 8607 
1400 |. — 1.92400 +8395 
1600 - | — 1.91314 8187 
1800 — 1.90228 7985 
2000 | — 1.89143 7788 
2200 | — 1.88036 7596 
2400 — 1.86970 7408 

&c. 
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cribed be taken in arithmetical progreſſion, in- 
ding; the logarithms of the velocities will be 
rithmetical progreſſion decreaſing. For the dif- 
nces of the numbers in the firſt col. x, are all 
al; and fo are the differences of the logarithms 
the 2d column. And of conſequence the num- 
(v) in the third column, are in geometrical pro- 
ſion, And this is agreeable to what Sir J. New- 
has laid down in Prop. V. Book II. Principia. 
Hence let the firſt velocity be what it will, an 
ball 6 inches diameter, after having moved 
p feet in the air, will proceed with , its firſt ve- 
ty, having ſcarce loſt , of that velocity. And 
r moving through 2400 feet, will have loſt lit- 
more than a quarter of its firſt velocity. 
WW hen x = 18420, then the log. is 1.00000, and 
number of it v = e So after it has moved 
20 feet, it {till has Y its firſt velocity. 
f x be greater than 18420, as ſuppoſe it be 
81580 
18420 
1.44289; that is — 2.557 11, and the num- 
v. 3607. So that except x be infinite, the 
ity cannot be quite taken away. 


ooo, then the logarithm is — 1 — 


Alain, 
buppoſe the diameter of the ball 8 inches = & 
ne 


368414 24561 24561 
ae logarithm of the velocity. If x be 1067, 
the logarithm is — 1.95657, and the velo- 
v=.9048, 


a Again, 
the diameter of the ball be 2 inches = 2, 
„ 
368 41d 6140 © EE 5140 


* the 


By this computation it appears, that if the ſpaces Fig. 
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Fig. the logarithm; put x = 267; then the logari 
is — 1.95656, and the number of it, or v 
for the velocity. ; 

By all which it appears, that the ſame yely 
remains in each ball, after deſcribing ſpaces 
portional to their diameters ; as it ought to be 
this law of reſiſtance. 


For the time. 
The time may alſo be had from the ſame 


. l , and Tv + to = Th, and h 
Tb 8 


Th— Tv, whence r = 


For v = 


þ — v ” 
V 


E x A M. 
Let the diameter of the ball be 6 inches x 


fore; then T = — = 8000, And It 


velocity be .8607, then þ—v =1—02=1 
1393 
8607 
for the time of flight, through 1200 fee. 
this is upon ſuppoſition, that the firſt velociyi 
But if the firſt velocity be 1000 = 5, then 


and : = 


* 8000 = 1294” = 21; mi 


8000 =8, and then / = 2393 x8 =1y 
4 1000 8607 


12%, the time of deſcribing 1200 feet. 

In this Prop. 1 have ſhewn the motion of u 
ball through the air, when its tract is not n 
different from a right line; and how much ml 
it has loſt in moving through any given ſpach de 
the air's reſiſtance, and likewiſe the time 0 
{cribing that ſpace; all which is founded up ion 
theory of reſiſtance laid down by Sir. J. N 
Therefore the reſiſtance and retardation of 4 


jectile cannot be much greater than is here "Wc: 
mil 
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he ſmall retardation made in the motion of an 
ball, the path deſcribed by a projectile cannot 
very far from a parabola, eſpecially in low 
Ins. ' 

prob. XIX. Sect. III. Fluxions, I have calcu- 
the tract or curve in which a projectile moves 
ſeliſting medium; by this Prob. its place may 
und in that tract, its velocity, — time of 
ug, if any body will be at the pains to go 
oh the computation. But as it can be of no 
er of uſe in gunnery, by reaſon of its diffi. 
; | ſhall ſay no more about it. 

he line deſcribed by a ball in the air, is a curve 
e hyperbolic kind, one of the aſymptotes is 
el to the line of projection, and the other is 
ndicular to the horizon. But the calculation 
cha curve is difficult, which makes it alſo uſe- 
hn Gunnery. And although by the reſiſtance 
ear, the curve deſcribed by a ball may differ 
letably from a parabola z yet ſince the com - 
ons by it are ſo ſimple, and fo eaſily done, 
ght not to ſet the rules aſide as uſeleſs, but 
try to correct them from experiments, eſpe- 
| 23 we have no other fixt rules to go by. 
iis end the following Prop. will be of uſe. 


"TK OF: Al 


 conſtru3 tables for ſolving the common Problems 
nnen. 


p of ddo this, we muſt have a competent number 
N eriments, made with all ſorts of guns at all 
4 Mons, to get their randoms, in manner fol- 
. Take any gun, of which you know the - 


er charge, and elevate her to 5 degrees, and 
ter off, and meaſure the random, which ſet 
X 2 down, 


4; from whence it will follow, that conſider- Fig. 
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Fig. down. Then elevate her to 10, 15, 20, 25, { 
degrees, as far as go, and find the random fore 
elevation as before; all which muſt be ſet doy 

5 a Table, But one ſhot for each cannot be u 
on, but ſeveral muſt be made, in order to tak 
mean among them ; ſo that the Table may he 
perfect as poſſible. 

This being made for one ſort of guns, you 
do the ſame for guns of all ſizes, and make: 
ble for each, and then you will have a ſet o 
bles, as compleat as the nature of the thing 
admit of. It is true this requires a great d 
labour and time. 

When any Problem in Gunnery is propoſe, 
reſolved by the rules derived from the pan 
and the ſolution compared with a fimilx 
which may be had from theſe Tables ; the em 
theſe rules will appear, and afford means tot 
that are poſſeſſed of ſuch Tables, of cor 
the parabolic theory, which is the only ax 
have to calculate by. Therefore ſince we hat 
methods of computation, but what are found 
the parabola, and ſince they are ſo extreme) 
in themſelves, and may be corrected fo as tod 
near the truth, I ſhall here therefore {ol 
common Problems of Gunnery by the par 
hypotheſis, and ſhew how to proceed wit 
Tables for a ſolution, with which 1 ſhall conc 
this Article, 


AUS 
The random or horizontal projection, at aiy d 


tion being given; to find the random at any dll 
vation, the charge remaining the ſame. 


tis 
R v , 
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2 55 a A a 
. -j 
* a R u l. x. Fig * 
wy he horizontal randoms, made with the ſame vels- ö [ 
"”" 55 


, at different elevations ; are as the ſines of the 
ed angles of elevation. 


3 
— 
&a&' 


3 Oe. 


Ex AM. 


uppoſe the random at 20 degrees elevation, be 
5 feet, to find the random at 62 degrees. 


— — 


As 8. 40 — 9. 80806 " 
to 3058 — 3.48843 1 
S. S. 124 (or 56) 9.91857 * 

13. 40400 4 


0 3944 (anſ.) 3.59594 
0 ſolve it by the Tables of random. Seek 


ng the Tables, till you find one that has the 
elevation and random, or the neareſt thereto; 
in that Table againſt the other elevation, you 
the random ſought. This random you may 
pare with the other found by calculation, the 
rence will be the error. 


of, 1. The greateſt random is at the elevation 


xr the ſine of 90 (2 x 45) 1s the greateſt ſine. 


ir, 2. The greateſt random is equal to the latus 55. 
n of the parabola. 
r let L = latus rectum, then ſince the angle 

= 45%, AB = BE = 2BD, but L x DB = 
that is L x ZAB =ABz, or L= 2AB=AC. 
Ir thus, ſince DB = ZAC, B is the focus, and 


ee latus retum. 


ScHorL. 


1s obſerved, that the greateſt random is not 
* 45?, In the air, but only about 442. 
| X 3 PROB, 


Fig. p R O B. II. 


The greateſt random being given; to find the ran 
at any given elevation. 


EXAM. 


Suppoſe the greateſt random 5080 feet, to | 
the random at 25 degrees elevation. 


As radius _ 10. By 
to 5080 — 3.70586 01 
S. 50 — — 9.88425 in 
Anſ. 3892 — 3.59011 0 
1 

P R O B. III. 1 


Having the random and elevation of the pie gi 
to find the elevation proper for hitting a mark, | 
given dijtance, | 


ERA KM © 


Suppoſe the random 4900 feet, and eleva 
42*; and the diſtance of the mark 3520 feet, 


As 4900 — 3.69019 
S. 84 — — 9.99761 
ſo 3520 — 3.51654 

5 Ha 

| 13.544153 Win 

Anſ. S. 45 36, or 134 25 9.85390 P 


Halt is 22 48, or 67 12, which are the tuo 
vations, at either of which the mark will be hit 


ET FN Sa» 


Suppoſe the greateſt random 5080 feet, and 
mark 3520 feet diſtant, | Ipt 


he greateſt random is at 45*, therefore 
as 5080 — 3.70856 
to rad. — 10. 

ſo 3520 — 3.54654 
8. 43 52 or 136 8, 9.84068 


f of which is 21 56, or 68 43 ſo that the mark 
be hit, either at the elevation of 21 55, or 
elevation 64 4. 

By the Tables; find the given diſtance and ele- 
jon in ſome Table, in which, againſt che given 
ance, is the elevation. 


tft 


or, Hence the randoms are equal, when the eleva- 
are equally diſtant above and below 455, being 
complements to one another. 


SCHOL. 

| has been obſerved, that in the air, the lower 
doms go a little farther than the correſpondent 
per randoms. Alſo when the greateſt random is 
en from experiments, the randoms at leſſer ele- 
tons, being computed by the fines of the dou- 
| arches, always come out leſs, than the ran- 
ns obtained from experiments. 


ROM I; 


Having the greateſt random upon a horizontal plane; 
ud the greateſt random on an inclined plane. 


KR VL 


The projections or randoms made on different 
nes. with the fame velocity, are in the compli- 
e ratio of the fines of the angles which the lines 
direction make with the plane and zenith; and 
r ſquares of the coſines of the plane's elevations 
procally. 


v0 
hu 


nd 


X 4 And 
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Fig. 
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And the greateſt randoms on different plane 
are as the verſed fines of the angles between t 
plane and zenith directly, and the verſed fines 
double theſe angles reciprocally ; either for aſcen 
or deſcents. 

Or rather thus; the randoms are reciprocally 
the verſed fines of the ſupplements of the ang 
between the plane and zenith. 

E x AM. 

Suppoſe the greateſt horizontal random 30% 
what is the greateſt random on a plane elevated 
depreſſed 9 degrees. 

For the aſcent. 
9.81 


Here dt mt = 5, and therefore 3; wu! 
\ v. 180 9.162 


2 X v.81 X 1990 f 


: 2 
3990: random ſought 3 


the aſcent. 
Log. 2. — o. 30 103 
verſ. 81 (84357) — 1.92611 


— - = — 3.60097 


3.82811 
verſ. 162 (1.95105) 0.29027 


Anſ. 3430 — 3-53784 


For the deſcent. : 
The random ſought = 2* v.99" X 399, 


— —— 


v. 198 or 162 


Log. 2. — 0.30103 
ver. 99 (1.15643) 0.06311 
3990 — yy? 

3.96511 
verſ. 198 (1.951) 0.29027 


— —— ———_ — 


Anſ. 4730 — 3.67484 


— —ů— 
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Or thus. Fig 
Rad. — 10. 
cen 3999 = — 3.50097 
| 13.60097 
l verſ. 99® — 10.063 12 


0 — — 3.53783 


13. 60097 
verſ, 81 — 9.92612 
4730 — — 3.67485 


Cor. The greateſt random on an inclined plain, is 
len the line of direction biſſecis the angle between 
zenith and the plain. And the randoms are equal 
ich are made at equal diſtances above and below 
! line, 


PROBE V. 


Having the greateſt horizontal random, to find the 
tation to hit an object with the leaſt force, whoſe 
wht and diſtance are given. 


The angle of elevation is found thus; ſay as 
diſtance, to radius ; ſo the altitude of the ob- 
d to the tangent of its elevation. But this ele- 
on may be more eaſily had by obſervation. 
len ſuppoſe a line drawn from the place to the 
ect; then the line of direction ſought mult biſ- 
{the angle between this line or the object, and 
zenith. And this will be ſo whether the object 
woye or below the plain of the horizon. 


Cor. To Bit an objelt with the leaſt force, the line 
direction muſt biſſect the angle between the zenith 
ud the object. 

j P R O B. 
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7. be velocity in foet, and the elevation being given 
to find the horizontal random. 


R UL Bo 4h: 
Let F = 16.1 feet, A = ſine of double the n. 
v0 


2f X11 
= horizontal random, ( 


ole of elevation, v= the velocity, Then 


Ex A M. 


Let the elevation be 30 degrees, and the vel 

city 350. 0 
350 — 2.54406 1 
330 — 2.54406 / 
S. 60 — 9.93753 1 
13.025365 ili 

— — 'als 

32.2 — 1.50/85 Al 
rad. — 10. here 
11.50785 kw 

OY rt; 

Anſ. 3295 — 2.51780 be 


Cor. 1, The elevations being the ſame, the borit! 0 
tal randoms are as the ſquares of the velocities. 


56. Cor. 2. The velocity is a mean proportional between! 
16.1 and the parameter to AF, at the point of fl 
jeftion. | 
For if AG be the velocity, or ſpace moved in 
ſecond ; then GH = 16.1, the ſpace deſcended H. 


AG? — vv iow 
a ſecond, But H = Parameter to AF = 12 


Co 
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Cor. 3. The horizontal velocity is conſtantiy Al. "1s 
ud the principal latus reflum of the parabola = 9% 
Al 


ö 

Cor. 4. The velocity at any point A of the ſame pa- 
ola, is as the ſecant of the angle IAG, or recipro- 
dy as the coſine of the elevation. 

For Al being conſtant, Al: AG : : rad, : ſecant 
AG:: coſ. IAG : to radius. WE. 


Cor. 5. If DE be made equal to r the latus reftlum, 
1 the horizontal line GEH drawn ; the velocity at 
n point F in the curve, is that which a body acquires 
falling from the line GF io that point F. Thus the 
lacity at D, is that by falling through ED, and at 
through GF, GW. 

For if DE = DO == the latus rectum, then O 
the focus, and OK or DI = 2DE = 2IK, The 
eoeity in falling through ED is the ſame as in 
ling through DO; but in an equal time it will 
ecribe 2DO or DI, or OK, and therefore will 
i through the point K of the parabola. And 
terefore the body will deſcribe the parabola whoſe 
cus is O, and + the latus rectum ED; and con- 
kquently the velocity at F is that which is acquired 
falling through GF. But (by the Conic Sections) 
bF is ⁊ the latus rectum to the diameter FN, 


Cor. 6. A body projected perpendicularly upwards, 
ub the velocity at F in the parabola DFA, will af+ 
md to the height FG or PE. 


PROB. VII. 


Having the random made with a certain charge of 
luder, at a given elevation; to find the charge of 
luder, for any other random, with the ſame elevation. 


r 
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67. Ru l x. 
The charges of powder will be nearly as the rn 


doms, excepting that the charge is ſomething ty, 
great, when it is leſs than the given charge; an; 


too little, when it is bigger. See Cor. Prop, Il 
But if Prop. III. be admitted, the random vill b. 
exactly as the charge. 


ExaAmM. 


If 813. of powder throw a ball 4010 feet; hy 
much powder will throw it 5700 feet ? 
4010f : 8 ; : 5700f 
8 


4010)45600(11.,3% anſwer. 
4010* 


— — 


5500 (but ſomething 
4010 too little by Prop, ll, 


1490 


PR OB. VIII. 


The height of the perpendicular projection and tl 
vation, being given; to find the height of the ſbol. 


R u L x. 

The altitudes of projections are as the verſed 
ſines of the doubled angles of elevation, when the 
velocities are given; and as the ſquares of the ves 
locities, when the elevation is given. 


E x AM. 


Let the height of the perpendicular projection 
be 3420 feet, what is the height when the eleva- 
tion is 25 degrees? 


As 


een 


As verſ. 180 — 10. 30103 
_ _ 3.53402 
yer. 70 — 9.81821 

1335223 
alt. 1125 — 3.05120 


Cor. 1. P = perpendicular projection in feet, 
ben v = 24/ Pf the velocity. 

For V, (height): 27 (velocity): : v. 

Cor. 2. FB = verſ. of twice the elevation, 


5 — 1 altitude. 
if -2rad. 


Cor. 3. The perpendicular projection is the greateſt 
alitude. 
For the verſ. of 180 = 2 radius. 


PR OB: IX. 


Given the beight of the perpendicular projeion, and 
elevation ; to find the random. 


R UI x. 


As radius, to the perpendicular projection; ſo 
the fine of twice the elevation, to half the random. 


Ute 
Ig For the random = == 


Ex A M. 


rſed Let the perpendicular projection be 3420, and 
the ite elevation 3 52. 


Vee Rad. — 10. 
3420 * 353402 
S. 70 — 9.97298 
ion 4 random, 3214, 3.50700 
a- random 6428 . 


As | Cor; 
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Fig. Cor. The perpendicular prajection is half the gry. 
57+ eſt random. 
en 0 . 
It has been obſerved, that from the reſiſtance of 


the air, the perpendicular projection is ſomethin 
more than half the greateſt random, 


> > ” 
The random and elevation given; to find the brig) 


of the ſhot. 


nn 


As radius, to the tangent of elevation : : * th 
random, to the height of the projection. 
56, For AB : BE or 2BD : : rad, : tan. BAE: 
ZAB: BD. 


E x A M. 

Let the random be 6428, and elevation 35 0 
Rad. — 10. 7 
tan. 35 — — 9.84522 = 
I ran, 1607 — 3.20601 . 

C 


height, 1125, — 3.05122 


* 


Neo. 


The random and height of the ſhot being given; i 
find the perpendicular projectiounn. 


=. CTY 


Rv ti . 
Let D = random, and 4 = *D, 5 = height o 
the projection; then þ + 2 = height of the pt! 


pendicular projection. 


This appears by Cor. 6. Prob, VI. 
E x A 


erer 319 
E x AM. Fig, 
Suppoſe the random be 6428, and height 1124, 

en 10 X a 

1607 

11249 þ 
9642 K 
1607 


25 
* 0 2250 .* I I 25 


3324 3420 anſ. 
— - —_— 


107, 
101 


6 


Cor. 1. The principal latus regtum of the parabols 
DD 

4 

Cor. 2. The velocity of projection is 24/fb. 


PROB, XII. 


Groen the elevation, and random; to find the time 
l fight, 


zh 


| 4} & Te * 


The times of flight are as the ſines of the angles 
elevation. 


Or thus, as rad.: tan. elevation : : random: Q. 
Then 7 > = time in ſeconds, 


E x A Ms 


320 
Fig. 


58. 


if AI AK, and IR touch the circle in R, A. 


GU 0-H EY; 


ST Þ& * © 


Let the elevation be 35, and random 6425, Whys : 
Rad. — — 10. 


tan. 35 — 9.84522 
6428 — — 3.80807 d thi 
* 3-05329 
F == 16.2 — 1.20682 ati 
| 8 Ihe 
2.44647 ee 
Anſ. 16.7 — 1.22323 


Cor. The height of the ſhot is 10, being thebj 
of the parabola. 


So H oil. 


The rules here laid down are moſtly derived iu 
the motion of projectiles in my Mechanics, | 
beſides the arithmetical calculations, the ſee 
Problems may be folved geometrically, after t 
manner. Let AB be the perpendicular projet 
About AB deſcribe the ſemicircle ACB. Mal 
AK = 2AB, which will be the greateſt rando 
Let AH be any other random, and make AE 
+AH, and erect EC: perpendicular to AH to col 
the ſemicircle in C, e; and draw ACD, rn 
Make AF = AH, and raiſe FDd perpendicul 
to AH. Biſſect FD, Fd in G and g, which v. 
be the vertexes of two parabolas paſſing throug 
A, H, and touching the lines AD, Ad, and whol 
parameters are 4BL,, 48. Therefore if EAN 
EAc be two elevations, ſo that CR = cR, the pi 
jections made in theſe two directions will deſctid 
theſe parabolas, and both paſs through H. An 


will be oe, and the projection made along AR vil 
paſs through the point K. So then AGH, Ag 
will be the paths of the projectiles, in direction A\ 
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A;, and whoſe velocity is that acquired by fal- Fig. 
through BA. And the angle ACB or AcB is 38. 
ys a right angle. And the heights of the pa- | 
as will be FG = EC or AL, and Fg = Ec or ; | 
being the verſed fines of twice the elevation. 
the time of aſcent and deſcent in AB, to the 
in the parabola AGH (or AgH), is as AB to 
(or Ac). Alſo LC (ic) is the fine of twice the 
ion = > the random. 
Ihen any place is to be bombarded, it may be 
e either by elevating the piece to a certain an- 
and increaſing or diminiſhing the quantity of 
der, till the ball be juſt thrown to the mark. 
aſe by taking a proper charge of powder, and 
ating or depreſſing the piece till ſhe juſt ſhoots 
te place; and then keep to that charge and ele- 
jon, If the gun is elevated to 45 degrees, the 
| charge of powder will then do the buſineſs; 
Iby this, much powder will be ſaved. In bom- 
ling houſes, it 1s beit to elevate the gun above 
for then the bomb riſes to a greater height, 
Io will do more miſchief. But where the bomb 
zin the ſtreets, or is ſhot among a parcel of 
„ it is better to elevate below 45®, for then it 
| not bury itſelf in the ground. And at ſea, 
as ſhould be elevated above 435i; for the agi- 
Jn of the ſea continually changes the direction 
the mortar, and would otherwiſe render the ſhot 
uncertain; but in great elevations, ſeveral de- 
8 alteration make very little difference in the 
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Fig; 
4 x N. m. 
ARGHITECTUREY 


OR THE 
ART OF BUILDING 


HIS, art teaches how to erect any kind 
buildings, as palaces, churches, or priy 
houſes. In performing of which, many hands 
employed of various branches of bulineſs, a1 
ſons, ſtone-cutters, bricklayers, carpenters, i 
ers, imiths, plumbers, glaziers, ty lers, (laters, 
This is an art of ſuch extenſive uſe and bene 
that there is no ſuch thing as mankind living v1 
out it; the inhabitants of all countries have c 
trived methods to build themſelves houſes to! 
in; by which they are preſerved from cold, {nd 
froſt, rain, and all inclemencies of weather; 
in which they can preſerve from deſtruction, 
their victuals, cloaths, bedding, and all other 
cefſaries. they make uſe of. This art then mull 
ranked in the firſt place, for till that has been 
put in execution to procure a dwelling for aty 
on, he can practiſe no other art. : 
In every building three things muſt be pm 
pally conſidered, ftrength, conveniency, and td 
Strength requires good materials and good u 
Convenience requires, that the ſeveral parts be 0 
dered and diſpoſed that one part may not be a 
ſance to another; that thoſe parts which one h 
moſt recourſe to, ſhould be the neareſt at hand; 
the room or bigneſs of every part be accordinl 


the uſe of it, or the buſineſs to be done ; 


* 
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dence of all the parts with the whole, ſo as to 
agreeable to nature. | 
When a building is to be erected, the expence 
it ought to be carefully calculated, by ſome ju- 
ious perſon, and timely proviſion made for mo- 
that the workmen may not ſtay for their w 
ond the due time. And a ſufficient ſtock of 
rials muſt be provided and got in, that there 
no ſtop in going forward with the building, for 
$ an advantage to the work to be carried on and 
iſhed with expedition. The materials to be taken 
for ate timber, ſtone, bricks, lime, ſand, and 
n. As to the choice or _— of theſe, and 
manner of uſing them, I ſhall explain in the 
wing Propoſitions. 


zuty ariſes from the form of it, and the correſ. Fig. 


PROP. 1. 


#0 deſcribe the ſeveral materials, as timber, ſoneg 
J ſand, & C. * 


The ſorts of timber moſtly uſed in building are 
t, elm; aſh, and fir, The oak will warp and 
b except it be many years old, and thoroughly 
7; but the elm will caſt more than any other; 
aſh not ſo much. But fir is the beſt wood for 
dog its lift, for it is of a ſpringy nature, and 
l caſt very little. All ſappy parts muſt be cut 
of wood uſed in building, for it ſoon decays. 
moſt proper time of felling timber is the win- 
ſeaſon, and ſome ſay in the decreaſe of the 
bn. In the winter the ſap is all expended in 
Wing the branches, and wood felled then will 
ther warp nor cleave; but felled in ſummer it 
rift and ſhrink. It is therefore a wrong me- 
A of felling oak in the ſummer, for the ſake of 
bark; for the wood will not be ſo ſtrong nor ſo 
0-0 good, 
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Fig. good. A better way is to bark the trees in the 
ſummer ſtanding, and let them ſtand till the winter 


For after the bark is taken off, the trees will lin age 
and thrive till winter. The timber of ſuch cre 2 
as grow in open fields, is better than ſuch as g] 
in cloſe woods and ſhady places. Some ſay, th; 70 
the faſter the tree grows, the ſtronger the tin 015 
will be; and that good ground produces bet: 7 
timber than bad ground. The age of a tree m; f 
be known, when it is ſawn through, by the nus 1 
ber of rings round the pith; in each ring there pre 
a number of open pipes, which convey the ſap u & 
wards. As many of theſe rings, ſo many years il 
the tree is. If you obſerve whereabouts the fi 4 
are widelt ; that ſide of the tree faces the ſou Lim 
No timber ſhould be uſed in building til : 
three years old. Fir wood is the beſt for rods of 
and joiſts, and for flooring and doors. But oak 8 
the beſt for window - frames or door-poſts, ot a Rad 
part that faces the weather, for it will laſt beyoo * 
any other ſort of wood. ſc 

Stone is of various kinds, as marble, alabalt _ 
fire ſtone, purbeck ſtone, free ſtone, commo i 
quarry ſtones, pebbles, or river ſtones, Port - 
ſtone, &c. There are ſeveral ſorts of marb%, þ © 
white, black, grey, green, veined or ſpotted, | * 
is a very hard ſtone, and capable of a fine poliſ > 
it is uſed for chimney-pieces, hearths, tables, tom! * 
ſtones, and ſtatues. Aabaſter is a ſoft, white e 
of marble; it is uſed for monuments and car J 
figures, or to make cement. Fire ſtone, called all ul 
rigate ſtone, is uſed for hearths, ovens, ſtoves, VI... 
Purbeck ſtone is a hard grey ſtone, uſed for pin * 
ments, they may be cut ſquare and poliſhed. i wh 
Jone, this is dug out of. quarries, being 2 in 
whitiſh ſtone, and of a fine ſandy greet; and ! 4 
be ſquared and wrought into any form. It is ; 97 
for flags, jaumbs for windows and doors, _ 12 
. buldn 
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ages, &c. 
Quarry ſtones, are dug out of a rock or quarry ; 
ty will not work to any form, being very hard. 
hey are very good for building common walls. 
les are ſuch ttones as lie looſe in the bottom of 
nyer, of all forms, and very hard. They are 
ed for common pavements in the ſtreets, and for 
arſe walls. Portland ſtone, is brought from Dor- 
thire, it is ſofter and whiter than Purbeck, and 
ied in greater blocks out of the quarry. This 
much uſed in building, but it will not en- 
re fire, | 

Lime, this is made of burnt ſtones, and thefe 
nes are either dug out of quarries, or gathered 
t of rivers. The quarries proper for this are 
led lime-ſtone quarries, That lime is beſt which 
made of the hardeſt ſtone, and when burnt is of 
blueiſh colour. Quarry ſtones are better than 
I gathered ſtones. Lime may be made of 
ls, as cockles, oyſters, &c. And about Lon- 
they frequently burn chalk for lime; but it 
tes very weak lime; and is fitteſt for plaiſter- 
being very white, When the lime ſtones are 
Il burnt, which requires two days or more, it is 
en out of the kiln, and led away. Then it is 
be laked, which is done by turning it over with 
bovel, and throwing as much water upon it, lit- 
by little, as will make it fall to powder. When 
all thus ſlaked, it muſt be lightly covered with 
It ought to lie thus for a week at leaſt, be- 
it is made up; but if it lie longer it is better; 
t requires time for all the knots to diſſolve. 
en it is to be made into mortar, it muſt be 
Kd with ſand; if it be river ſand, you mult put 
d load of it to one load of lime, but pit-ſand be- 
| ſofter, take three load of it to a load of lime. 
© lime and ſand muſt be well mixed together, 
Y. 2 and 


d 


un 


ding the fronts of houſes, and the arches of Fig. 


Fig. and made up with water. But it is not to be ug 
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directly, but muſt lie ſome time. 

Sand, this is had ſeveral ways; by digging in 
ground, or leading it out of the rivers, or fry 
the ſea, The river ſand makes the ſtrongeſt li 
but leſs of it is uſed. Sea ſand is reckoned u 
worſt, by reaſon the ſalt makes it moulder ay; 
therefore not ſo fit to make lime with. Sand is! 
when dirt is mixed with it. 

Metals, which are made uſe of in building, x 
iron, lead, and copper. Iron ſerves to make ni 
crooks, bars, hinges, grates, &c. Engliſh iro 
the worſt for making nails of, &c. for it is ſo brit 
the nails will not clinch, Iron is good, if i 
pears of a fine grey colour when broken ; butt 
when many glittering ſpecks appear in it, 
ſerves for glazing with, and ſheet-lead ſerves for 
vering the roots of churches, and any 
buildings, and for lead gutters, and pipes for o 
rying off the water. And 1s ſerviceable for faſt 
ing any iron work in ſtone. Copper is uſedt 
making nails, claſps, &c. Alſo braſs is uſdm 
in the ſame way. 
© Bricks are a ſort of artificial ſtone, They 
made of clay, dug and ſeaſoned in the winte;, 
burnt in the ſummer. There are ſeveral {a 
| bricks, as common bricks, from 9 to 11 inches 
Hollow bricks, flat on one fide and hollow on 
other, when the hollows are laid together, f 
make conduits for conveying water away. Fa 
bricks, a ſmall fort for paving with. Feather 
bricks, are thinner on one fide than the dl 
Paving bricks, or Paving tiles, of different K 
and ſizes, for laying floors with. Place brich 
ſock bricks, for walling. Statute bricks, \ud 
are made about London, according ta act of pi 
ment, they are to be g inches long. Copeing in 
for the tops of walls. And ſeveral 1 . 


| 
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PROP, I. 
To lay the foundation of any building. 


The greateſt care ought to be taken to lay a 
od foundation, for if that fails, the ſuper-ſtruc- 
re cannot be ſupported. And generally ſpeak- 
jg, there are more errors committed this way, 
un in any thing elſe, and are of the moſt perni- 
aus conſequence, being often attended with the 
n of the whole building. Foundations are to 
laid within the ground, and ſo much the deeper 
; the earth is ſofter and looſer z and you muſt dig 
you come at firm ground. The beſt foundation 
when we build upon a rock, the next is a hard 
d firm gravel; a ſtrong ſtiff clay is alſo very 
od; but ſoft looſe earth is bad; and the worſt is 
worin ſoft earth; and among quick-ſprings., 
und ground may be known by ſtriking forcibly 
tha heavy body, and then if it be firm it will 
it ſhake or ſound, or move the water in a veſſel. 
ie foundation muſt be digged wider than the 
lickneſs of the wall, to make offsets, and fo 
uch wider as the ground is looſer ; they mult be 
level at the bottom; and in laying your ſtones, 
kce the flateſt ſide downwards upon the level earth, 
if you ſet an angle or edge of it downwards, 
e weight will make it fink into the earth like a 
dee, and make the building ſhrink. You muſt 
ke offsets at the bottom; ſometimes two or three 
t be made. But never lay a ſtone further out 
an offset than a third part of its length. The 
er the ground is, the more offsets muſt be 
ude ; for obſerve, the greater the baſe on which 
Nr foundation ſtands, and the more points the 
ation ſtones touch in, the firmer it is, and 
more weight it will carry. The offsets muſt - 
Y 4 | 
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Fig. be lower than the floor within. ABCDE is a y 
9. with its offsets. Some workmen, after the fo 
dation is laid, begin directly to build upon it, wi 
out filling up the hollows or vacancies at the hy 
tom ; but this is wrong; for when the out 
\ ſtones are laid, the inſide muſt alſo be filled yi 
ſtones truly laid; and when it will hold no oi 
earth muſt be rammed in between them, and; 
under ſuch ſtones: as will not lie level, and th 
well beat. If this is not done, it cannot be 

a good foundation, 

In ſoft boggy ground which ſinks much, 5 
mult be driven into all the foundations, as ti 
as they can ſtand, and then planks laid over ti 
and pinned faſt, upon theſe you begin to bu 
and this is abſolutely neceſſary in laying the fy 
dations of the piers of bridges, where the go ot 
is not ſound. And the piles muſt be driven to eat 
ſound ground, 

In a large houſe the foundations muſt be tm 

as thick as the walls; and as much offset made 
one {ide as on the other, or rather ſomething me 
on the outſide. 

If the ground is bad only in ſome pati e 

f places, and the reſt good; arches may be tur 
over the bad places, which will take off the geg 


PRO P. Ii. 
To deſcribe the method of walling. 


The materials for walling with are ſtone 1 
brick, and mortar made of lime; and in wall 
with either, obſerve theſe particular direc 
1. The walls of any houſe muſt be exactly peri 
dicular. 2. The ſtrongeſt and greateſt maten 
muſt be at the bottom. 3. The walls of a 
muſt diminiſh proportionally in thickneſs, er 


1 
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ory in height. 4. That for every foot and half, Fig. 
r two feet high, a courſe of throughs be laid; 59, 

te throughs go quite through the wall, and ſerve 

bind it together, which otherwiſe would ſplit. 
The corners muſt be well tied together, with 
wins laid croſs and crols, of a good length, theſe 

wins are commonly ſquared ſtone. 6. No wall 
ould be wrought above three feet high before the 

ext adjoining walls be brought up, and theſe in 

ir turn muͤſt be carried above the reſt, but not 

ore than three feet, If the walls are not thus 

und into one another, they will crack and part. 

In walling, obſerve to break the joints, thar is, 

t to make one joint above another, which is bad 

rkmanſhip, and may cauſe the walls to crack; 

r the ſtones or bricks ought all to be tied over one 
other as much as they can. 9. Avoid making 

eat joints, but lay the bricks or ſtones as cloſe as 

ey can be put, with narrow joints of lime. 10. In 

| buildings, the ſolid parts muſt be directly over 

ſolid parts, and the vacant parts over the va- 

int, Thus pillars muſt be above pillars, windows 

d doors above windows and doors, and walls 

dove walls, partitions above partitions; to make 

bod work. | 

Brick walls are built, by laying the bricks length- 

ys upon the wall, end for end, in a due quan- 

ty of lime; this is called a ftretching courſe. And 

hen the wall is raiſed about every ſix courſes, then 

courſe of bricks is laid with their lengths croſs 

e wall, called a heading courſe. This binds the 

al together. But when a brick does not reach 

rough the wall, a ſtretching courſe more is laid 

i one fide of the wall than on the other. And 

den two bricks laid croſs mult tie over one an- 

her, for all the .length of the wall. Sometimes 

wall is fo thick, that 3 or 4 bricks muſt be 
us tied together croſs, Stone walls are built 
much 
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Fig. much after the ſame manner, if they are made 

59. hewn ſtones. Every wall conſiſts of two wall 
two parts, an outſide and an inſide wall; they x 
middle part is filled with lime and rubbiſh fon, 
Walls built of pebbles taken out of rivers, es 
built by no certain rule; for in both ſides of 
wall, the ſtones muſt be laid as they will ft 
places; and the inſide is filled with mortar 
rubbiſh, called filling ſtones. And at every 
yard high the wall is levelled, and acourlic of throw 
is laid on, as I ſaid before. The form of a br 

60. wall, ſee Fig. 60. 

When cellars are to be made; their foundatic 
mult be laid 7 feet below the firſt floor; for then 
or ceiling muſt lie level with the ground on whidiiſhhat 
the houſe ſtands, or very little higher. I hey oi 
to be entirely within ground, and to be ſituated 
the north ſide of a houſe, for coolneſs. The 
beſt arched over-head ; for if they be covered abe 


with a wooden floor, the wood ſoon decays, t 
the great dampnels, 4 
PR O P. IV. ' 
To ſhew the method of laying different ſorts of m cr 
Ground floors are made various ways, 4 - 


bricks, flags, or marble. Square bricks from 
to 12 inches, are made on purpoſe for floonng 
and make a very good floor. Common bricks: 
alſo uſed for floors ; they are laid length-ways crol 
the houſe by a line, one courſe after another, nf! 
ſo that the joints at the ends may fall about ti 
middle of each brick in the former courſe; tl 
way they are laid flat, but they may be ſer edgt 
ways, and then they make a very ſtrong floor, d 
conſume twice as many bricks. Before they beg 
to lay them, they level the floor very exactly, 1 
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en lay a layer of ſand upon it, and ſpread it le- Fig. 
three or four inches thick. Flags are laid af- 
the ame manner; they muſt firſt be dreſſed plain 
the upper fide, and then made ſquare on all 
les, and they muſt be all made of the fame 
adth; and then they are laid courſe after courſe 

a line, croſs the houſe ; ſo that there may not 

joint upon joint, 

Very good floors are laid with lime and gravel 

this manner. After the lime has been ſlaked, 

id has laid ſome time, it is riddled through a 

e riddle, to take all the lumps out of it. Then 

be ſharpeſt gravel that can be had muſt be got, 

d all the rougheſt part taken out by riddling ; 

at remains conſiſts of very coarſe ſand, mixed 

ith very ſmall ſtones, Put an equal quantity of 

us gravel, and lime together; and make it u 

e mortar. Then the houſe floor is to be level- 

d, and ſpread over with this mortar to the thick- 

ds of afjour 3 or 4 inches, and made very leyel. 
tmuſt be left thus for a few days till it hardens; 

d when a perſon cap walk on it without ſinking, 

muſt take a beater made of a piece of flat — 

d beat it all over very level; and when it begins 
dcrack it muſt be beaten again. And thus it 
uſt be beaten ſix or eight times over, at the diſ- 
ance of 4 or 5 days, or a week, till it grows hard, 
d crack no more. But care muſt be taken that 
othing comes upon it, till it be thoroughly dry. 
ſtead of gravel ſome mix coals with the lime, 
nd others imiddy gum (being the flakes that fly 
Mt hot iron) when it can be had. But the beſt 
ling is parr beat ſmall, which comes out of the 

mines, ; 

Flooring with marble is the moſt beautiful as 
ell as the moſt coſtly. It is laid in one entire 
ſtone before chimnies. And it is often laid of two 
colours placed chequerwiſe or ſquare, ſide by fide; 

or 
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e; it is a common place for people to ſtay in, 
le ate waiting to negociate any bulineſs, This is 
firſt part of the houſe that one enters into. It 
s for a paſſage to and fro betwixt other rooms, 
| from the out-door into the houſe. Its dimen- 
"88S; depend upon the other parts of the houſe, 

he ball, this is a large room, which ſerves for 
is, acting plays, or any grand entertainments. 
cle places ought to be very large, to entertain 
y perſons. The length of a hall ought at leaſt 
be twice the breadth; or in large buildings, 
Ice the breadth. The height thereof ought to 
the breadth, or it may be 16 or 18 feet in 
e buildings. They are ſometimes arched over, 
| then the- height from the ground to the top of 
inſide of the arch muſt be 5 the breadth. Like- 
the other low rooms may be arched. 
Wi-chamber, is an outer-chamber in great houſes, 
re any perſons are to wait that go upon buſi- 
The breadth to the length ſhould be as gj to 
Ir a little more; and the height + of the breadth, 
me ſay 3 the breadth, But if it be arched, 
e the breadth, 

iti-chambers and chambers ought to be ſo ſi- 
ted, that they may be on each ſide of the entry 
I hall; and nearly to anſwer alike on both ſides. 
Ut chambers, all the rooms above the firſt ſtory 
alled chambers, only thoſe at the top of the 
e are called garrets. The length of a cham- 
ought to be once and a half the breadth, ar 
molt, And the height muſt be 4 the breadth. 
ne ſay the length muſt be 15, or 14, or 13, or 
the breadth ; ſo this is all arbitrary. But if the 
ambers are arched, the height muſt be 5 the 
adth, meaſuring from the ground to the top of 
ach within, | 

hambers of the ſecond ſtory muſt be a twelfth 
ſt leſs in height than the chambers below. ** 
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Fig if they be arched, they muſt be a ſixth part 


than thoſe below. In chambers of the third ſtoꝶ 
the height muſt be 4 the height of the ſecor 
chamber, or that below it, The dimenſions ; 
garrets are left to the judgment and fancy of 
builder; and muſt be contrived according to t 
particular occaſions and uſes they are deſigned fir 

In the building of chambers, regard muſt þ 
had to the ſituation of the chimney, the place d 
the bed, the places of the windows; fo as to g 
them all fuch ſituations as may beſt ſuit the py 
poſe. The bigneſs and place of the paſſage my 
alſo be conſidered]! 

Galleries are à ſort of chambers made out oft 
houſe, commonly in the front; and are built up 
pillars, They are long narrow rooms, made f 
walking, eating, and taking diverſion in. T 
length muſt at leaſt be 5; times their breadth, 
not more than 8 times. The lower galleries mu 
be as high as the chambers of the firſt ſtory; en. 
that one may walk on even ground out of the char 
ber into the gallery. Sometimes galleries are md ene 
ſo that one may go into them out of the cor 
without coming into the hoaſe; and then ſtairs 
made to aſcend into them. And in this cate d 
galleries may be lower than the firſt ſtory, Uppt 
galleries muſt be as high as they are broad, if f 

be flat; but if arched, they mult be a third, fourt 
or fifth part more. 

The low rooms, as the entry, hall, &c. are 
upon a level, but are raifed 2 or 3 feet higher tu ore 
the court before the houſe; from which one 1 
cends into the entry by ſteps which may be 4, 5 o 
6 inches high, but not more; and a foot or 
inches in breadth, Þ one 
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PROP. VI. 


v deſcribe the bigneſs of doors and windows, and 
proportion of the parts. 


The out doors of a large houſe muſt be propor- 
med to the bigneſs of the houſe. Let the doors 
„ windows in any houſe be as few in number, 
d of no greater dimenſions than is neceſſary for 
paſſage, ang. giving a due quantity of light. 
or all openings are ſo many weakenings. And 
them not come too near the corners of the 
puſe, for then the corners will be weakened, 
hich is the greateſt ſtrength of the houſe. Let 
e doors be over doors, and windows over wine 
ws, for it makes the work very weak to have a 
ill over a, void place. Some ſay the doors ought 
be placed ſo, that one may ſee through them all 
m one end of a houſe to the other, but this can» 
It always be done without loſing greater conve- 
u encies. It makes ſtrong work to turn arches over 
e doors and windows, which will diſcharge a great 
| of weight. Inner doors mult be ſix feet high, 
d two feet and a half, or two feet nine inches 
dad. If doors be three feet wide, or more, they 
uſt be twice as high as broad, | 
Windows muſt be made ſo as to give a due quan- 
of light, for a room may have too much 
git as well as too little, A great room requires 
lore light than a little room. And regard mult 
had to the ſituation of the place ; if it be ſhad- 
, or towards the north, it requires the more 
fit. lu large houſes, the: windows muſt be equal 
d one- another in the ſame: ſtory, and mult ſtand in 
be ſame rank and order; and ſo that thoſe on the 
gt may anſwer thoſe on the left; and likewiſe 
ſe above to thoſe below. 


In 
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In {ſmall houſes the breadth of the windoy 
within, may be 23 feet, or 3 feet, and the heigh 
32 feet or 4 feet. But in large houſes, they mayh 
4 or 5 feet within the jaumbs, or in greater build 
ings 6 or 7 feet. And the height double the breadt 
and ſometimes a third or fourth part more. 

Windows of the ſecond ſtory muſt have the ſar 
breadth, but they muſt be lower by a twelfth pu 
but ſome ſay they muſt be lower by a third par 
And the windows in the third ſtory muſt be a fou 
part lower than thoſe in the ſecong, | 

The height of the window ſoles muſt be 2 fee 
8 inches, or not above 3 feet. In ſmall houſes t 
uv indow frames muſt be 24 or 3 inches thick, whic 
muſt be of oak. But in large houſes they : 
made 4 or 5 inches thick. When a window | 
wide, each ſhutter muſt open in the middle wit 
Joints, Door poſts of oak ought to be 6 or 8 ince 
ſquare in large houſes, and 4 or 5 inches in im 
houſes, * 4 

Pilaſters of doors and windows mult be 7 or 
part of the aperture, and muſt project 7 pat 
the thickneſs, . | | 

There are ſeveral ornaments for doors and wi 
dows, as the architrave, frize, and cornice. 1 
architrave ought to be as thick as the pilaſter; al 
the frize above that muſt be 3. the height of the 
chitrave, and the cornice at the top mult be i; ih 
height of the architrave. Their ornaments an 
mouldings are made according to that order of c 
lumns, which the builder thinks proper. 


PROP. VII. 


To give an account of the conſtruction of chimi 
and the methods attempted to cure their ſmoaking. 


In ordinary houſes the breadth of a chimney n 
be two feet, the height 3 feet 8 inches, or 2 ſet 
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ds 15 inches within. The top or mantle · tree 
p project 5 inches over the jaumbs, and the bars ſet 
oinches further out than the jaumbs : theſe are con- 
nent meaſures. But in large buildings, hall 
timnies muſt be 6 or 7 feet wide, and in great 
vidings 8 feet between the jaumbs; their height 
or 5 feet, and depth backward 2 or 2 feet. 
hamber chimnies muſt be 5, 6, or 7 feet wide, 
id 4 or 4+ feet high, and 2 or 24 feet deep. 
ſer rooms may have the chimnies 4 or 5 feet 

ad, 4 feet high, and 2 feet deep. 
If it can be done, make the funnels in the thick- 
; of the walls, which will ſave a deal of room 
| the houſe ; and theſe funnels muſt be carried 
rough the roof 3, 4, or 5 feet, to convey the 
noak away. They muſt be made of a proper 
deneſs ; for if they are too wide, the wind will 
ye the ſmoak back into the room; and if = 
too narrow, the ſmoak cannot have free paſ- 
ge. No chimney-ſhaft ſhould be ftraiter than 10 
ches; chamber chimnies may be 10 inches deep 
Id 15 wide; and hall and kitchen chimnies 15 
des both ways. The ſhafts muſt be carried up 
ry ſtreight, It often happens, that making the 
limney-piece too high cauſes the room to ſmoak ; 
d therefore it is better to make them lower than 
le ſtated rules. | | : 
There are feveral cauſes for tlie ſthoaking of 
limnies. If a houſe is ſo ſituated, that it be over- 
pped by other houſes, or by trees, hills, &c. 
ty are apt to ſmoak, for the goal that comes be- 
id thefe' obſtacles, will ſtrike down the chimney ; 
tept theſe obſtacles be very high above your 
lmney, for then the wind flies quite over, and 
xs no damage. But if it happens that the wind 
contrary, and blow againſt another houſe higher 
an yours, and beyond — and very near = | 
i 


#2 inches above the bars; and the depth back-Fig: 


” 
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Fig. it is hardly poſſible yours ſhould avoid ſmoakin: 
But there may be ſome fault in the building, b 
making the funnel too-wide or too narrow. 
. Several ways have been tried to cure ſmoak 
chimnies, which ſometimes ſucceed. One way 
to obſerve what wind makes the houſe ſmoak ; a 
on that ſide, make a hole in the top of the chin 
ney about the middle, in which a flat ſa 
ſloaping upwards, The wind blowing in then 
will go out of the chimney top, and the ſmg 
will follow. 
Another way is to place an eolipile in the chin 
ney, where it can be heated, and the vapour goi 
out of it will drive the ſmoak up the chimney, 
Sometimes a vane is put at the top of the chi 
ney, which carries about a broad piece of tin ji 
aſlant from the wind, This tin being always 
ed againſt the wind, ſhelters the ſmoak, wh 
goes out freely. 
Covering, the top of the chimney with a br: 
ſtone, ſet 5 or 6 inches above it, being. ſuppont 
at the corners by four pillars, will ſometimes | 
vent ſmoaking, when the wind tends directly do 
the chimney, And ſometimes covering the 1 
with two ſlates lying aſlope like the roof of a he 
leaving two oppoſite ſides open, will cure it. 
Sometimes the doors of a room are badly fituit 
and the ſhifting of them has cured the ſmoaking 
When the fire-place is too wide, the chimney 
apt to ſmoak; and then it is prevented by bull 
ing two cheeks within it, to make the paſſage 188 
rower. For the ſtraiter the paſſage, the ſwitter 
freſh air will ruſh in towards the fire, which bell 
rarified, will naturally aſcend-up the chimney, 
carry the ſmoak with it, 0 
When the funnel of a chimney is made too 
row, there is no remedy for the ſmoaking, but 
keep a very ſmall fire. | | wilt 


* 


| 
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When the chimney is in an out-wall; making a Fig: 
in the fire- place, through the wall, to let a 

þ ſupply of air come in, often cures it. For 
cloſeneſs of a room is often the occaſion of 
aking, for if a freſh ſupply of air does not 

je in, to make up for what is expended in car- 

ig out the ſmoak, one may be ſure the ſmoak 

not paſs off, but will fill the houſe. | 
Anetimes the fmoaking may be cured by mak- 

two oppoſite fides of the chimney top, higher 

u the other two, by a courſe or two of bricks ; 

ch is to be done according to the poſition of 
wind. For in almoſt all caſes the wind has a 

d in the ſmoaking of chimnies. A funnel 

it behind the fire with a mouth a foot ſquare, 

mes cures the ſmoaking. ' 


"PROF. vo. 
[+ deſeribe the different methods of making ſtairs 


ſair-caſes. 


I ſtair-caſe ought to be ſo placed, that when 
ſtairs are made, the communication with all 
chambers may be eaſy and convenient; and the 
In in it ought to be proportioned to the reſt of 
bouſe; it muſt have a due quantity of light, 
tefore if it have but one window, it muſt be 
in the middle, to enlighten the whole. 
ought to be at leaſt one half ſpace before 
come at the landing-place on the top. For 
there is but one flight of ſtairs, that is, where 
go in one direction to the top, without any 
1.4 109-6 it is very dangerous going down. 

one happens to flip or fall, they mult go to 
bottom at once, there being no turn, or any 
tg to ſtop one. Yet ſuch ſtairs are forced to be 
ve ſometimes into garrets where room is , 
9 2 
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Fig. The landing place muſt be large enough to lead t 
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all the chambers. In ſmall houſes the height of 
each ſtep may be 8 inches, or not above 9; an, 
the breadth a foot, or not leſs than 9 inches, an 
the length three feet. But in large houſes the heigh 
of a ſtep muſt not be more than 6 inches, nor lef 
than 4, their breadth not leſs than 12 inches, nc 
more than 16. And the length 4, 5, or 6 fer 
But in ſome very great buildings they are m 
longer. 

As to the form, there are various kinds, dene 
minated in general by freight ſtairs and wind 
ſtairs. The ſtreight ſtairs always fly, but neu 
wind; and are of ſeveral kinds, as 

Direct fliers, theſe go directly from one floort 
another, without turning to the right or left, & 
dom uſed but for cellars-or garrets. 

Square fliers, theſe fly round the ſides of a ſqu 
newel ; and at every corner of the newel there is 
ſquare half-ſpace, after which the next flight god 
off at right angles to the former. A newel ist 
upright poſt, about which a pair of ſtairs turns, be 
ing placed in the middle of the itair-caſe. Som 
times the newel is a ſolid pillar, and ſometimes 
open ſpace. 

Triangular fliers, theſe fly about the ſides of 
triangular newel. So every flight goes off fro 
the laſt in an angle of 120 degrees, or 609, rec 
oning backwards ; and at each angle is a halt pac 
All ſtairs in general that go directly forward, 4 
called firers. 

. Frenth fliers, are thoſe that fly firſt directiy f 
ward to the half. ſpace; and then directly ba 
again to the top, or to another half - pace; and! 
next flight (if there be any more) goes over the it 
&c. Theſe ſtairs are in common uſe. . 

Winding ſtairs, are thoſe that never go ſtreig 
but continually change the direction. Of F 
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plis, others about a ſquare or a triangle. And 
ach ſort may either go about a ſolid newel or an 
pen one. In all winding ſtairs, the ſteps are 
wader at one end than the other. 

Circular winding ſtairs, are thoſe which go about 
folid newel ; here the edge of each ſtep is a right 
he pointing to the center of the newel. They are 
hen found in church-ſteeples and * 
The ſteps are of the ſame mY if the newel be 
en, as in the monument at London. In ſome 
ns of theſe, the foreſide of each ſtep is circular 
eliptical, according to the different fancies of 
ple. 

All kinds of winding ſtairs take up leſs room than 
are ones, or any others. | 
Where there is much room, the length of a ſtep 
uſt be equal to the diameter of the newel. In 
ter caſes make the diameter of the newel 2, +, 
the diameter of the whole ſtair-caſe, accord- 
pas the ſtair. caſe is great or ſmall. If the newel 
open, make the newel half the diameter of the 
lr-caſe, to be more enlightened. In very narrow 
es, theſe ſtairs may be made without a newel, 
Uliptical winding ſtairs, are divided like the 
und; here all the windows and doors are 1n the 
dle and head of the oval. The newel here is 
an ellipſis. | 

airs may alſo wind round a ſquare or a triangle, 
many other ways may he invented. 

Double winding Hure are ſo contrived, that two 
ons, one aſcending and the other deſcending, 
U not come at one another. The foot of one of 
ſtair· caſes is oppoſite to the foot of the other. 
they make their aſcent on oppoſite ſides. The 
« in the middle is hollow to convey light, and 


large. 
| Z3 Quadruple 


wind round about a circle, ſome about an el- Fig. 


Fig. Quadruple winding ſtairs; there are four fa] 
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caſes which have four entrances, and go up one os 
the other, and being made in the middle of a build 
ing, they lead to four chambers ; ſo that the inl 
bitants of one need not come upon the Rtirs g 
the others, This muſt have a very large neut 
which is open, to give light. They all ſee one a 
other go up and down, without hindering j 
another. 

In ſquare ſtair-caſes, when you are forced to plu 
ſteps in the angles for want of room; you can 
place more than three ſteps at an angle, to wing 
when there is but 6 or 7 feet in breadth. For 
feet broad, take 4 ſteps at an angle. And for 
10 feet width, take 5 ſteps, Theſe ſorts are cil 
mixed ſtairs, dog-legged ſtairs, and fliers and win 

There are a fort of ſtone-ſtairs, going up it 
towers, which wind; and every ſtep has one e 
in the wall, and is ſupported by the lower fe 
where the foreſide of the upper ſtep lies upon t 
backſide of the under ſtep, all the way. 

The landing - place of any ſtairs, or the ſpace 
tween the wall and the ſteps, muſt be in bread 
the length of a ſtep, and at leaſt a fourth part mc 


To find the number of ſtairs. 
Having pitched upon the height of a ſtep; 
vide the height of the room (in inches) by 
height of a ſtep; the quotient, is the number 


eps. | 

To find the breadth of a ſtep, divide the ut 
or ſpace (meaſured on the ground) by the num 
of ſtairs ; the quotient ſhews the breadth of a 


Wengen 

To find the tui of a rail in a ftair-caſe. 
poſe the ſection of the rail to be a ſquare ot 
angle, and the newel to be circular, and that 


ur. XIV. ARCHITECTURE. 


a ſtep, + the breadth; r the radius of the new- 
or the diſtance from the center to the inſide of 
be rail, R the diſtance to the outſide. Then the 
ius of curvature of any part of the rail on the 


dle will be * yz on theoutfide —5— R. 


the height, A = degrees in the angle BAC, 
= bypothenuſe AC, c = 3.1416. Then the 
it in a quadrant will be A, and the twiſt in every 


ot of length of the rail is 2 A, in degrees; 


len on the inſide, But it is the ſame in any ſide, 
the Section is every where the ſame, And the 
ſting lies from the newel, in the aſcenc. 

The upper fide in the aſcent is concave, and 
kerefore leaves the plain (of an ellipſis) which 
uches it at firſt, But the deviation is ſo ſmall, 
lat it may be neglected. The length of a qua- 


he of che rail is 7 And the deviation in 2 


xr of this length is but 2. The prac- 


ce may be thus, take a piece of timber as 4D Hö, 
d with a line of — r feet for the radius, deſcribe 62. 


th chalk the arch Ad on the inſide, and with the 
dus 3 R, the arch HF D; the part between 


arches is the rail. Then ſince the twiſt af - 
ks every ſide of the rail alike; lay it down on a 
an floor, ſo as the upper ſurface at D be paral- 
to the horizon, and make DE, EF, FG, GH, 


e each a foot; the length of a quadrant of the 


150 


rs turn round in a circle, Let à be the height Fig. 


Let ABC be a ſtep, AB (5) the breadth, BC 61, 
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55 rail being 7 and drawing Ee, Ef, Gg, Hb, & 


perpendicular to the fide DH; place an inf 
ment to the angles, firſt upon Dad which will 
level; and then upon Ee, Ef, &c. Now the uy 
per {ide is to be ſo formed or cut away, that the in 
ſtrument placed upon Ee will lean to the 1 


hand ] 2þ 
1 r upon 77 1. 57d S1 F L 
3 


A, and ſo on. And the other fides mu. 
I.57dr 


be cut ſquare to it, in every place. And the u 
ſide muſt be a very little concave. 


PROP. K 
To deſcribe the ſeveral methods of roofing, 


The inſides of roofs are made of timber; at 
on the outlide they are covered with tiles, (at 
lead, ſtraw or ling; and the form of the roof i 
be different for each of theſe. There are twoſort 
of roofs, plain roofs and hip roofs ; the plain ro 
have gable ends, and the hip roofs have none. 

The wood work of a plain roof is made thus 
if a room be above 12 feet long, there is place 
in the middle of it a pair of files or ſu/pars, calle 
the principal rafters, on the top is laid the i ne 
tree, which lies horizontally with its ends on t 
tops of the gable-ends of the room, and its mil 
dle on the ſuſpars. On the ſides are laid the ruſt 
or purlins, one or two on a fide, according to th 
wideneſs of the room; theſe are to nail the ip 
or rafters to, which are to be laid all along, 
about a foot and half diſtance. Then the /ats 
nailed croſs the ſpars at about 11 inches diltanc 
for tiles. In ſhort rooms there is no n Wore 

uſp! ; 
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jars. Suſpars ought not to lie over the heads of Fig, 
, Cows or doors. 

For the pitch; let AB be the breadth of the 63. 
wc, make AC and CB = A AB, to meet at C, 

en that is called the true pitch. And when the 
wble-end ACB is built; two ſpars or rafters AC 

d BC, of a juſt length, are nailed together at 

x top C, and ſet upon the walls at A and B; 

d the gable-end is built by theſe. Here the 


mp, CD is = AB Vs. But it is now very com- 


jon to make roofs under pitch, ſo as the angle 
(B may be a right angle; and then the perpen- 
ular CD is equal to AD, or half AB, and it is 
led the ſquare pitch. No roof ſhould be made 
wer than ſquare, for then it will rain in. Here 
Cis the riggin-treez FF, FF the ribs. In the 
uare pitch AC is a mean proportional between 


) and AB, and therefore AC = AB x v2 = 


. In ſome caſes they make the pitch, ſo that 


2 
C= AB, which 1s very high. | 

For hip roofs. Let LA be the top of the ſide 64. 
ul (or you may lay it out on the ground), CN 

e tiggin · tree; AB the breadth of the houſe, 

) = DB, and CD a perpendicular, then the 

ane ACB will be perpendicular to the horizon, 

ind ACB will repreſent a gable-end, inſtead of 

lich the hip-roof is to be made, and the hips 

luſt meet at the point C. Produce LA to G, fo 

at AG = AD, and draw GK parallel to AB; 

Id make the two ſquares GADH, and HDBK. 

den taking AC of a proper length, GC and 

C will be the two hips, whoſe length will be 
AC* + AG*, or VAC + AB*. AB is a 
long dormant, or ſummer, going croſs the houſe, 

D, KD the dragon beams, tor the hips to ſtand 
On, 
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Fig. on, being framed into the beam AB at D. N 
ribs are to lie along upon NL, CA, and ( 

and other croſs ribs are to lie upon CG and . 

| 


upon all theſe the ſpars are to be nailed, II 
length of CH is equal to CA. The back of ii; 
hip is the _ made by the two planes C1 
and CGK. The planes CGD, CK are pee 
dicular to the horizon, both paſſing through i 
perpendicular CD. | 
The practice is much the ſame for bevel rod 
'A bevel houſe or roof is one where the ends are 
rpendicular to the ſides, As ſuppoſe the ay 
TAB is an oblique angle; then GADH and KB 
are. two rhombus s. And the length of GC 
b + CD), and KC = /KD* + CD, or 
Tiling. Of tiles there are various ſorts, as « 
mon or pan tiles, plain tiles, riggin tiles, gut 
tiles, Flemiſh tiles, hip tiles, Dutch tiles, xc. 
covering a houſe with pan tiles, one muſt be 
exact in the gage for placing the lars. For if d 
age be too ſhort, the tiles will want lap ont 
des, which is a great fault. And if it be u 
long, they will want lap on the tops, but this 
not ſo material. Flat gutters muſt be laid wi 
lead, and ſo ſhould all gutters, but ſloaping gu 
ters are often laid with gutter tiles, and ſometin 
with common tiles. Tiles laid on a houſe-lide 
laid without lime, and pointed on the inſide wil 
lime mixt with hair. The riggin is covered u 
riggin tiles, made hollow on one ſide, and broad 
than the other fort. But workmen often mak 
ſhift with common tiles, cutting off the roll, th 
are laid in mortar. A ſhort length ſometimes i 
pens at the bottom of the roof; and then 
workmen cuts away the ſhoulder of the. tiles, 
they will fit into their places. In hip roots, 0 
hips are covered with hip tiles, which are mut 
like riggin tiles, Hip tiles have a hole in one c 
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nail them on by. Some houſes are covered with Fig. 
in tiles, Which hang by pins, in the nature of 


Dutch tiles are only uſed inflead of chimney 
arner ſtones. 
la flat gutters that are laid with lead, take care 
hat the gutter boards have a good "deſcent. If 
E ſheet of lead does not reach the length, the 
lombers ſolder another to it, which often breaks 
| the joint, and lets in water. A better way is to 
ut the mo the ſecond phe mes _ _ end of 
be firſt, making a proper deſcent for it in chat place. 
dating. Slates are flat ſtones like flags, raiſed 
ut of a quarry, and are an inch or two thick, ac- 
vrding to the breadth; they are dreſſed into the 
um of a parallelogram, o different ſizes from 3 
tet to 1 foot. The timber here muſt be ſtranger 
han for tiles, and the lats muſt be oak, and laid 
der at the bottom than top of the roof, for the 
bopeſt lates come on firſt, The lates have one or 
0 holes in the top. The roof is made hollow, 
pretty ſharp at the top; otherwiſe the lates 
duld not lie, but ride upon the heads of one an- 
Tiles are laid in rows upward from the 
bottom to the top of the roof; but ſlates are laid 
| horizontal rows, beginning at the bottom with 
purſes of the largeſt flates, They are all laid in 
noſs, and hang on the lats, by bones or oak pins 
ut through the holes. As you riſe higher, the 
courſes decreaſe gradually to the top; they muſt 
bot be laid joint upon joint, the ſlates in the top 
courſe are toothed or notched on both ſides, and 
tte riggin ſlates of one fide of the roof fixt into 
thoſe on the other fide, ſo that they cannot blow 
of. They are pointed with mortar far 2 or 3 
courſes at top and bottom, The roof is g tile 
lick at every point, if right laid. To try the 
podneſs of ſlates, hang them by an edge — 
Sers, 
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Fig. fingers, and ſtrike againſt them with a ſtone or u 


a finger; if they = they are good; but if HM 
chatter, they are ſoft, or cracked in ſome plac 
and ſo are uſeleſs. The ſame way tiles are tried. 
Leading. When houſes or churches are coyer 
with lead, which is very chargeable ; large dt 
mans of oak are laid croſs the building at g or 
feet diſtance, made higheſt in the middle; and 
theſe, as many ribs as are ſufficient, and þ 
nailed to theſe, all of oak; and inſtead of iu 
thin oaken boards are laid cloſe, upon the ſpars, u 
nailed down, like a floor. Then the ſheets of k 
are laid cloſe by one another, reaching from botta 
to top. And the edges are turned over one a 
other, and beat down round, incloſing one ano 
ſo that no rain can get in at the joint. When 
ſheet is too ſhort, another ſheet is laid on bel 
and its end put 3 or 4 inches under the end of d 
firſt. They mid be nailed down in ſeveral place 
with ſhort nails with broad heads. | 
Straw is another covering. It is laid by a poc 
of water for ſome days, and is conſtantly waterec 
Then it is drawn into ſheaves, and led away, at 
muſt lie for a month at leaſt, before it is thatched 
when it is thatched, there is firſt made a deals 
bundles of dry ſtraw, which are laid all the wa 
croſs the ſpars, and tied down with ropes of {traw 
going round the ribs and lars. Then the het 
begins to thatch at the bottom, and carries up 
courſe of thatch, two feet wide, to the top; ant 
at the top lays ſome mortar upon it. The man 
of thatching is this, the workman has a ſhalt 
thatch brought up ; he takes a part of it and mak 
a wiſp of it, tying the top faſt together with pa 
of the ſtraw, to keep it together; then he thru 
his inſtrument (the ſprittle) into the dry bundles d 
ſtraw (if it is a new. houſe, or into the old core! 
ing, if it is an old one), to make a hole, 10 
* 
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k the ſprittle, as far as he can get it. Then he 
ws in another by the fide of it, and another by 
fide of that as cloſe as he can ſqueeze them in, 
he has got the breadth of his courſe ; then he 
ks in another croſs row of wiſps, and above 
u another, and ſo on till he comes at the top. 
de ladder he ſtands on to work, terminates the 
adth of each courſe. As ſoon as each courſe is 
uched, he takes a ſwitching knife and ſtrikes off 
top of the courſe, cutting it ſmooth all the 
down, and cuts the eaves ſtreight at the bot- 
n. In ſome places they thatch with reeds in- 
ad of ſtraw, which laſts many years. Thatching 
th ſtraw requires a ſharper roof than tiles. 
Ling. Here the pitch muſt be very great, and 
ſtrong timber to bear a coat of ling. Ling is 
uched by only laying one courſe upon another, 
fizontally, all the length of the houſe; it muſt 
lid loping, with the top outward, this is no 
re than making a hay ſtack; but it ought to be 
Lon here and there with ropes, or faſtened with 
s. To make the riggin, a number of ſods is 
| of a proper length, and laid croſs, all along 
riggin, and ſpelked or pinned down. One of 
e _ requires a great deal of ling, and riſes 
high. 
Lead is the beſt cover, but is immenſely dear; 
t for common houſes, ſlates are quite the beſt 
ering; for they are neither hot in ſummer nor 
d in winter; but tiles are both. Neither are 
ſo ſubje& to rain in as tiles. A ſlate roof is 
repaired, they only require ſtopping with moſs 
Ke in 5 or 6 years. A thatched houſe is far 
wner than a tiled houſe; but then thatch does 
laſt long; and is ſubje& to be blown off in 
el winds. Tiled roofs are ſo cold in winter, that 
iſt people are obliged to ceil them on the * 
An 


ich he thruſts the wiſp with the head foremoſt; Fig. 


r R ES 


T 
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Fig. And many people ceil the top of a room, on tl 
underſide of the joiſts, and ſometimes on the board 
In a garret there are joifts laid on purpoſe, calls 
ceiling joiſts. Ceiling of rooms makes them mo 
lightſome, and leflens the noiſe above head, J 
ceil a room, there muſt be ceiling lats nailed 
along on the underfide of the joiſts, as rank 
may be, and theſe are to be plaiſtered over 1 


lime, made up with hair; as all plaiſtering is n 4 
PROP. X. | 


To. explain the ſeveral orders of architefun, an 


In the making of columns, there are ſive di 
ent forms and proportions, called the five orc 
the Tuſcan, Daric, Jonic, Corinthian and Compyſit 
A column conſiſts of three parts, the pedeſal, ti 
column or body, and the entablement. The parts 
the pedeſtal are the baſe, die, and cornice. I 
parts of a column are the baſe, ſhaft, and capi 
The parts of the entablement are the architrove 
Frieze, and cornice. Theſe and their parts arec 
led ornaments or mouldings. All their parts a 
meaſured, and ſet off by modules. A module is 
diameter of a column taken at the baſe, and is 
vided into 60 parts or minutes. ABC is a colum 

65. A the pedeſtal, B the ſhaft, C the capital, ibo 
is the entablement. Every column muſt be ſmall 
towards the top than at bottom, taking the exam 
ple from the boles of trees that taper all the v1 
up. A column is ſaid to be more beautiful, if 
{well a little about the middle, or rather at about 
third part of its height. | 

The capitals of the Tuſcan and Doric are plat 
that of the Ionic has a ſcro! or volute upon it; f 
Corinthian and Compoſite are adorned with flowe 


and the leaves of trees, The height of 1 
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k 


i the height of the column, in the Tuſcan and 
vc: and + the height in the Ionic, Corinthian 
compoſite. 

iu account of the ornaments which are to be 
pd in ſome or other of the orders; going up- 
ds; from the top of the column. | 
The capital is the head of the column; near the 
of the column goes a round liſt, 

fchitrave, the moulding above the capital, 
e upon a ſtone or beam of wood which may go 
x ſeveral columns. 

fmuler, fillet or lift, a narrow flat moulding 
goes round the column. 

fragal, a little roundiſh moulding moſtly at the 
af a column. 

Ee, a large flat member above the architrave. 
line, or ovola, a part above the frieze, a quar- 
wund on the lower part. | 

lala, an ornament. that repreſents the barks of 
s twiſted and wreathed, in the Corinthian order. 
fhacus, a ſquare table on the top of a pillar. 
mace, ſcima recta, or ogee, a member conſiſt- 
| 4 a round below, and a hollow above, like 
na reverſe, an ogee turned upſide down. 

ocie, broad liſts, belts, or fillets, commonly 
le in the architrave.. 
Ingliffe, part of a frieze. | 

wetto, or ſcatia, a hollow moulding. 

own, the finiſhing part of an ornament, 


At the bottom of the column art, 


Amulets, or flat rings. 

diropal, as before. 

Watia,. Or cavetto. 

le, a round member going about the baſe. 

Hluub, a ſquare part, the loweſt part of the baſe. 
Cimace, 


ment, or of the architrave, frieze and corniſh, Fig, 
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Fig. Cimace, as above. 


Die, a ſquare part included between the baſe 
cornice. oo 1 

A Table ſhewing the length of the ptinei 
parts in the five orders, in modules and parts, 


body [|pedeſt. | baſe E frieze | com, 
| . p. n. p. n. P. n. F | 
Tuſcan 6 132 oo 3o| go| 30] 30 3 
Doric 7 30j2 35] 39] 30| 30| 45| 4 
Ionic 8 0/2 50 35/ 22 36] 32 4 
Corinth. 8 103 of 3001 100 37 251 
Compoſ. 8 223 251 30ʃ1 8| 45 42 5 


The diameters of the columns at the top, ar 
be as follows, the Tuſcan ; the diameter at 
tom. The Doric +; the Jonic ; the Corinth 
23 the Compoſite 4, the diameter below. 

The Tuſcan column is the ſtrongeſt of al 
orders; the next the Doric, then the Tonic, the 
rintbian, the Compoſite. And in building, 
ſtrongeſt muſt be ſet loweſt. Therefore the D 
is placed under the Jonic; the Tonic under the 
rintbian, &c. The Tuſcan is ſeldom uſed but 
der ground. 

The inter-columns, that is, the ſpaces 
the columns, are thus regulated. In the 7 
that ſpace muſt be 4 diameters at the baſe, int 
Doric 3; in the Ionic 2; the Corinthian 20 C 
Poſite 12 diameters below. The baſe and cap 
of any column ought to project, beyond the 
z or + the diameter at bottom. 

Columns placed in any front of a houſe mult 
all of the ſame ſort, of the ſame bigneſs and heigh 
and at the ſame diſtance, except where there 
doors, and there they muſt be wider, as 1n 
middle of the front, where the main door is ge 
rally placed. Pillars are frequently placed un 
Plazzas (or P. Hes) and eloyſters. Pile 

j 
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4 behind columns for arches to ſtand on; the 
he appear like double or clud columns. They 
often made to jut out of a wall, about a third 
nof their diameter. When they adjoin to a co- 
u, they have the very ſame dimenſions, capital 
{baſe with the column, according to its parti- 
br order, TA TI8 | , 
The height of the pedeſtal of any column muſt 
third part of the whole column; or more 
cularly, 3 for the Tuſcan; + for the Doric; 
for the Ionic; ; for the Corinthian z and gr for 
Compoſite. The height, of the capital dia- 
ter, in the Tuſcan, Doric, and Ionic. And r 
eter in the Corinthian and Compoſite. 

he Perfian order of architecture, is to have the 
res of men and womea inſtead of columns, to 
port any building. There is alſo the Attic or- 
vhere ſmall pillars, &c. are placed upon 
ater works; and the Gothic order, which is a 
ng and coarſe manner of building; and the 
ks are often carved with the figures of thiſtles, 
orts, &c. And Gothic arches are thoſe that 
lit of two arches, making an angle at the top. 
cches. are often made to (ſtand upon pillars as 
Wall churches 3 and in bridges, where the piers 
made exceeding ſtrong, to reſiſt the water. 
odlumns are oftea made fluted, that is, with ſemi- 
tular hollows running along the body of the co- 
1, from the baſe to the top, 24 in number. 
ie Doric, there is no {pace between; in the reſt, 
It runs between the flutes. 

a draught of the ſeveral parts or ornaments will 
ea better notion, than a verbal deſcription ; as 
os. Aa ſcima recta, Bb ſcima inverla, Ce the 
wn, Dd torus, Ee cavetto, all theſe belong to 
cornice, Then FF is the freeze, Gg the archi- 
fe, In the capital, Hh the cimatium, Ii the 


353 


plofers, or half pillars, are thoſe that uſually Fig. 


66. 


A a . abacus, 
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Fig · abacus, KF echinus, L aſtragal. M the body 
the column. 
a 67. "In the baſe, M the body of the column, As 
ö torus, Ce cavetto, Dd torus, Ee plinth, 
the |, Ef-ermacium and liſts, G cavettg 
the ſquare, 1 baſe. 

I ſhall not trouble the reader with the weil 
of theſe parts, as almoſt all authors differ the 
from one another; for as they are all deſig 
beauty and ornament, different people have df 
ent notions of what is beautiful; ſome x 
thinking them prettier in one form and ſome by 

other. And the ſame obſervation may be mi 
concerning the ſtated lengths and cee 
lumns, for all theſe canonical proportions an 
I arbitrary, and given them for the ſake of 
ty. But true mechanical beauty — 
a due proportion of ſtren th to every thing, 
'to every part of it. And the bigneſs of colt 
ought to depend elif the hardneſs and ft 
of e matter they are made of. If » ld pil 
of braſs or iron was to be made, of the ia 
height of any of theſe orders deſigned for ſt 
it is evident, it need not have iti diameter ſo g 
to bear the ſame weight, And if a colutl Was 
be made of the ſofteſt fort of Ione, its 
| would _— to be made much greater, cc d 
would be cruſhed to pieces with the incum 
weight. So that it is — neceſſary that! 
dimenſions, | muſt depend upon the 
goodneſs of the materials; come what will @ 


beauty, which is  pothing var fancy. 


2 Scuo. b 
It may not be amiſs here to ſhew the | 
gation of two curious mechanical Problem 
| a — the — 2 ** of wall 
2 2 4 
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neſs being built, it all be of equal frrength every 
re to ſuſtain the weight ; or ſhall not be ſooner 
bed to pieces in one part than another, 

t AD x, DE = 5, the thickneſs = 1; 
the luxion of the figure is yx, and the weight 
Fl: y#. Alſo the age at D is as DE or 
— Fl: yx is as y, or Fl: yx = 19, and 


Ing the fluxions yx = ry, and x = + and 
7 log. 5, which denotes the logarithmic cury 
ſe aſymptote is AL. Therefore if a wall AB 
wilt, whoſe two ſides AB, AC, are in the form 
the logarithmic curve, of infinite length AL, 


Ill no ſooner be cruſhed to pieces in one part 
j another . 


ot, F the wall EGHF be made upon EF, whoſe 
bt EG is the ſubtangent to the curve; and the 
ALF taken away, the part BEFC will ftill be 
qual ftirength every where. 

or (Cor. 1. Prop. IV. log. curve) the area 
= GEFH, and the weights equal _ 


fob. 2, To find the nature of the curve AEB, 
being turned round its axis AL, ſhall generate a 
pillar, that ſball be of equal ſtrength in every part. 
et AD=x, DE =y, c = 3.1416; then the 
jon of the ſolid is cyx, and the ſolidity or 
pt, as Fl: yd. Alſo the ſtrength at D is as 
therefore by the queſtion, Fl: cy is as cy, 
I: Ox = roy, in fluxions cyy# = 2rcyy, and 


2, and x S ar log. y, whence AEB is a lo- 
ami curve, as before, and its aſymptote AL. 


rfore a ſolid pillar, in form of the logariths 
Aa 2 mis 


rob. 1. To find the nature of the curve AEB or Eig · 
C, in the form of which, a wall of a given 68. 


Fig. mic curve of infinite length, will no ſooner | 
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cruſhed to pieces in one part than another. 


Cor. F EG = half the ſubtangent, and EG 
be a cylinder. placed upon EF, inſtead of the ſq 
AEF. Then the part BEFG of the pillar will 
be every where of equal ſtrength. 

For (Prop. V. log. curve) the ſolid AEF = « 
linder EGHEF, and therefore their weight; 
r | 

Abd hence it alſo follows, that if the wall 
pillar be- made of any glutinous or tenacious m 
ter, and turned upſide down, and ſuſpended at 
thick end in the air; its weight will no ſooner p 
it in pieces in one part than 1n another. 


PROP. XI. 
To ſhew the filuation and magnitude of geri 
couris, gates, woods, &c. 


No houſe ſhould be built too far from the {tr 
that is, too far back, if it ſtand in a town; fe 
cauſes a great deal of labour going back and 
ward to the houſe, and nothing can be ſeen in 
town. And when it happens that a houſc has 
.injudiciouſly placed too br back, this fault ma 
part be remedied, by the loſs of a little grov 
and that is, by taking away the ſegment of a 
cle from the yard or court, and let it lie to 
es £55. | a 05342 
An area or court before a houſe ought t 

as broad as the houſe, and muſt be a iquarghl <: 
rectangle; if a rectangle, the length mult be 
breadth and half, but not more. But toward 
ſtreet, it may ſometimes be terminated by the ur 

of a circle or ellipſis. And no trees ougit e 
placed in it, but only ſhrubs, which one cu 
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wer, Gravel walks muſt be laid, ſtreight to the Fig. 
hor, and round about, and borders of flowers 
wanted to beautify it. The reſt to be graſs. 
Gardens muſt be made large enough to grow 
ch fruits and vegetables as are ſufficient for the 
kmily. A garden ought to join to the ſouth 
le, or the warmeſt fide of a houſe, which will 
x very pleaſant and beautiful for moſt part of the 
ar; being placed in a warm ſituation, they will 
e the better defended from the cold blaſts of the 
ring, that oftentimes deſtroy all fruit. The 
arch and north-eaſt winds do endleſs miſchief, and 
uſt be guarded againſt. An orchard may ſtand 
ta diſtance from a houſe, but if it have a warm 
ation it will be better. It is commonly placed 
(the backſide of a building, whatever way that 
ppens to be, Wo 
Large trees may be planted at ſome diſtance 
m the houſe, to defend it from cold and ſtormy 
rather, But by no means let them be placed 
s to hinder a good proſpect ; and a proſpect 
the better, as it is the more extenſive, and con- 
3of more variety of objects. Hills and dales, 
da mixture of land and water are very pretty, 
bare woods and groves, at a diſtance. A houſe 
beſt defended by trees, when they are placed to- 
nds the ſouth-welt or north-eaſt ; for the ſtrongeſt 
nds come from the former, and the cold weather 
Im the latter; and all theſe circumſtances ought 
be conſidered, 
bates for foot people to paſs. through ſhould not 


ht tf leſs than four feet wide; nor leſs than eight 
gun carriages. And in large buildings, they may 
it be io or 12 feet wide, but not more. The prin- 


pal gate muſt face the main door of the houſe; 
lar entrance gives a great grace to a building. 
me ſay the height of a gate ſhould be once and 4 
e Ca A a 3 a half oF 
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Fig. a half or twice the width, which in large gates 
certainly more than is needful. The gate ſhou 
be loweſt in the middle; and the top, of a ci 
cular form. Ornaments are often placed over tb 


tops of gates and out doors, which makes thet 


look very pretty. 

Many more particulars ought to be taken n 
tice of, which, for ſcarcity of room, I am fore 
to omit, But theſe I have treated on are the pi 
cipal. 


AR 
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NNn 
fore | Y deſign here is to treat of this delightful art, 
P ſo far as it depends on mathematical and 
olophical principles. I have indeed treated up- 
ome parts of this ſubje& in other books, and 
have partly anticipated the ſubject. But I ſhall 
ke abſtracts of theſe things, as I have occaſion, 
the further proſecution of this matter. The 
tical part of muſic is well known, and in great 
e&ion ; but the ſpeculative part is but known 
kw, and is what 1 deſign to treat of in this 
ner, 
DEFINITIONS 
Def. 1. Mufic is the ſcience of pleaſing ſounds, 
(conſiſts of melody and harmony. 
Def 2. Melody is the pleaſure ariſing from hear- 
va ſucceſſion of muſical ſounds, as in any tune 1 
piece of muſic; this relates only to a ſingle part, 9 
1s the ſame as the air of a tune. . 


Def. 3. Harmony is the pleaſure ariſing upon 
wing a compoſition of muſical ſounds in con- 
on, or muſic in ſeveral parts. 


R Def. 4. A note or tone, theſe two words are uſed 
miſcuouſly either to ſignify the degree of ſound, 
= in the ſcale; or the diſtance between two 
them, | 


Def. 3. The ſcale or gamut is a liſt or catalogue 


Ul the notes in muſic, placed in their proper 
ler. 


ꝙaa 4 Def. 


Fig. Def. 6. Pitch is the height to which the ſcale 


ſet; or the voice or any inſtrument, 


Def. 7. Key or key note, is the loweſt or endin 
note of a piece of muſic. There are two of theh 
the flat key and the ſharp key, 


Def. 8. Cliffs or clefts are marks ſet at the b. 
ginning of every piece of muſic, to denote wh 
part it is, whether treble, baſe, &c. which ſuy 
the labour of writing it down. 


Def. 9. Moods, certain marks uſed to denotet 
various meaſures of time. 


Def. 10. Cadences are the concords and diſcor 
taken at the cloſe or concluſion of a piece of n 
ſic, or of ſome part of it; by theſe the muſic 
turally falls into, and terminates in the key. 


Def. 11. Cords or Concords, are ſuch notes as 
duce a harmony, when they lound together. D 
cords produce none, 


Def. 12. Mudulation, is the art of paſſing out 
one key into another. 


Def. 13. TFanſ tion, is breaking a note into {+ 
ral lefier notes, to ſweeten the roughneſs of a le 
by gradually paſſing from that note to the next, 
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In any muſical firing, whoſe diameter = d, (en 
= I, weight = ww, its tenſion or weight that ſir 
it T, and f = 16.1 feet; then the time of in 


bration will be if = in ſeconds. 


This is demonſtrated in Prob. II. Sect. 3. Fe 
ions, to which I muſt refer the reader, for the p un. 
of It, dear 

0 
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Cor. 1. The number of vibrations performed in a Fig. 


Cor. 2. The ſquare of the time of vibration of any 
cal ring is as the length and weight direfly, and 


non reciprocally. 


Cor. 3. If the matter is the ſame, the times of 
nhration of different muſical ſtrings, are as the dia- 
ners and lengths direttly, and the ſquare root of the 
infons reciprocally. 

For w is as ddl, and therefore the time is as 
72 IN OT 

3 

Cor. 4. If the matter is the ſame, the number of 

brations in a ſecond, of different ſtrings, are as 2 

Cor. 5. In the ſame ſtring and tenſion, the time of 
nibration will be as the length. 


Cor. 6. In the ſame ſtring and tenſion, the number 
vibrations in a ſecond, will be reciprocally as the 
wh, 


Cor. 7. If the matter be the ſame, and the tenſions 
tbe /quares of the diameters , the times of vibration 
nll be as the lengths. 


Cor. 8. If the matter and the length be the ſame ; 
ud the tenſions as the ſquares of the diameters ; the 
mes of vibrations will be equal; and they will give 
le ſame ſound. 


SCH OL, 

By this laſt Corol. the ſtrings ought to bear the 
ame pitch, and both break together. But I always 
und the thickeſt to break firſt, and the ſmalleſt to 
Kar the higheſt pitch, 

It 


Fig. It may not be amils here to relate ſome exper; 


ſon with EE flat in t 


| AB, ab be two ſtrings of the ſame matter and bi 


ments I made of the vibrations of ſtrings, 

I took a wire ſtring 57.95 inches long, Weighing 
875 grains, which faſtened to a virginal, and 
ſtrained with 7/6. as. N a quarter of it was uni 

e baſe. By this theory j 
made 65 vibrations in a fecond; and therefor 
4 X 65 or 260 1s the number of vibrations whic 
the ſtring E flat (in the mean) makes. But this i 
ſtrument was a note below pitch. 

A ſtring 52.9 inches long, weight 71 grit 
trained with 1034. on a ſpinet, half of it was un 
ſon with AA in the baſe, whence the whole mad 
86.7 vibrations in a ſecond. And 4 x 86.7 or; 
is the number of vibrations which A (high in 
baſe) makes in a ſecond, and E flat makes 245. 

At 7b. weight it was with F, which makes 2 
vibrations, whence A would make 353, and 
flat 250. 

At 91b. weight it was with G, which makes 31 
vibrations, whence A would make 362, and Ef 
255. R 

By a former experiment E flat was 254. Ther 
fore at a mean of 5 experiments, E flat made 25 
vibrations, and C below made 212.7. 


PROP. II. 


If two muſical firings be made to vibrate and ſu 
together; the 7 of the barmony will be great 
or leſs, according as the coincidence of their vibratid 
are many or few. And if their vibrations never 
incide, they produce the moſt harſh and diſagretul 
diſcord. 


Theſe things are matter of experience. For 
neſs for length and breadth, and ſtretched with! 
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pen ne weight, and made to vibrate; their vibrations Fig. 
jl be compleated in the ſame time, by Prop. I. 59. 
d they will both give the ſame ſound, whether 
ey ſound together or ſeparate. Here their vi- 
ations always coincide, and their united ſound 


zhing 
anc 
uni 


KY nion, which is the moſt perfect harmony that 
"I be. | 
„ Now let one of the ſtrings ab be ſtopt in the 


iddle at c, and AB and c6 be made to vibrate; 
en (Cor. 4. Prop. 1.) ch will vibrate juſt twice as 
s AB; and their vibrations will coincide at 
ery vibration of AB, and at every other of ch; 
d this is the ſweeteſt harmony that can be made 
ſtrings of different lengths, and is called an 
leve or eight. And there is ſo much likeneſs in 
idea or perception of theſe two ſounds, that 
uſicians do not ſcruple to account all eights the 
me. In the ſame manner if ch was ſtopt in the 
idle, and made to vibrate with AB, it would 
brate four times as faſt, and every 4th of its vi- 
rations would coincide with every vibration of = 
IB; and the ſame harmony, and the ſame ſimili- Y 
ide, will {till remain. 

Again, let ad be a third part of ab; and the 
hing being ſtopt at 4, let AB and 4h vibrate to- 
ether, then every third vibration of di will coin- 
Ide with every ſecond of AB; and produce a de- 
ful harmony, which is the next agreeable con- 
bd, and is called a fifth. 

ln like manner if of be a fourth part of ab; 
d AB, fb vibrate together; their vibrations will 
aincide at every fourth vibration of f4, and every 
ard of AB; which produces that agreeable har- 
deny called a fourth, 

After the ſame manner, if ag be a fifth part, 


oe id ab a ſixth part of ab; and gb or þb be made to 
ih rate with AB; then the fifth vibration of gb 


Ul always coincide with the fourth of AB; _ 
the 


Fig. the ſixth vibration of hb, with the fifth of ap 


„ 


and they will ſtill produce a delightful harmony 
but leſs and leſs perfect. Theſe are called th 
greater and leſſer thirds. | 

But let a part of ab be ſtopt, which is inco 
menſurable to AB, the ſound of theſe, vibratin 
together, will produce nothing but a diſagreeab 
noiſe, without the leaſt harmony. So it is evide 
that it is the coincidence of the vibrations th: 
cauſes the harmony; and the more frequent th; 
coincidence is, the greater is the harmony; an 
where there is no coincidence, there is no harmon 
at all. , | 


o. Cor. 1. If there be four firings of equal ſw 1 
tenſion, whoſe lengths are ba, bg, bd, bc; and a 
made to ſound together, they will produce the n 
agreeable harmony, that is poſſible to be made with fu 
frings, in the compaſs of an ottave. 

For if the length ba be 1; beg will be 4; l, 
and bc, 2. Therefore 4 vibrations of ba are cqu 
to 5 of bg, and to 6 of 3d; and to 8 of bc. 


if 


Cor. 2. And the greateſt harmony that can be ma 
with 6 ſuch firings, will be when their lengths « 
1, , Ty T5 4 and g. 

For the number of vibrations will be reciprocal 
as their lengths; whence 1 vibration of the firl 
will be equal 2, 3, 4, 5, 6, vibrations of the 2 
a, 4, 5%, 64, reſpectively. And after thele pt 
riods they all conſtantly coincide, 


Cor. 3. If ſeveral parts of the ſtring ab (which d 
note any cords) be multiplied together ; the product ui 
denote the cord, which is the ſum of all the reſt. 0 
they may be diſcords. | 

For if gb =, and = 2, then 2 x4 = 
that is, a whole tone and a fourth, make a fit 
For the ſtring gb, ſtopt at 4, produces * 

6. » > abo 


dove g, Or a fifth above a, In like manner + x 4 Fig. 


00: = 3; that is a leſſer third, a greater third, and b | 
i fourth, make an eight. And fo of others. | 
| n 8 ; 
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If ZA be any muſical ſtring ; and if ZA, Zb, Ze, 71. 1 
Id, Ze, Sc. be taken in geometrical progreſſiau; and N 


ZA be made to vibrate, and then (topt ſucceſſively 
ub, c, d, e, f, Sc. The ſounds produced thereby X 
wil aſcend equally, or riſe by equal degrees. 5 


That che ſound of any muſical ſtring is cauſed 
the vibrating motion thereof ſtriking the air, is 
matter of experience; and likewiſe the more any 
fring is ſtretched, the faſter it vibrates, and the 
xuter the ſound will be. And when the ſtretching 
ace or tenſion is the ſame the ſhorter the ſtring 
the more acute the note will be, and the vibra- 
ions quicker, | 
It is alſo known by experiments, that in any 
ring whatever, if it be ſtopt in the middle, it 4 
vill then ſound an eighth higher. If a third part " 
te ſtopt, it will ſound a fifth higher. If a fourth | 
part be ſtopt, it will ſound a fourth higher, If a 
with part be ſtopt, it will ſound higher by a greater 
bird, If a ſixth part be ſtopt, it will found high- 
r by a leſſer third; and ſo on, whatever be the 
kngth of the ſtring: for the acuteneſs of the tone 
depends upon the quickneſs of the vibrations. 
Therefore if AZ, bZ,, be two ſtrings, or one ſtring 
lopt at 5, and if Ab be ſome determined part of 
AB (as g) ; then the ſound of 4Z is raiſed a deter- 
mined degree (a leſſer third): for the ſame reaſon 
Z be a ſtring, and bc the ſame determined part 
of Z; then ſtopping it at c, will alſo rajſe\the 


. 


bund by the ſame degree. And if Z be ing. 
and cd ſtill the ſame determined part of cL ;Y 
8 
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Fig. ing at d will alſo raiſe the ſound an equal deg 
71 higher; and ſo on. Now Ab is the ſame part 
AZ, as bc is of BZ, and as cd is of cZ, Ke. 
cauſe ZA, Zb, Ze, Zd, &c. are in geometric 
progreſſion, and Ab, bc, cd, &c. in the ſame g 
metrical progreſſion. Therefore the ſtring A 
ſtopt at þ, c, d, e, &c. will raiſe the ſound grad 


ally by equal _— 
— — Cc 
Or. 2 Ho 5 


of them may denote that given degree, the ſou 
raiſed, or elevated in ſtopping at b, c, d, &c. 
Cor. 2. And conſequently, when any part as A, 
but ſmall, the beight the ſound is raiſed by the in 
AZ, A, is near as oo 
For then As, bc, cd, will be nearly eq 
But that degree of aſcent will be more e 
Ad 
+ AZ + 4L 
Cor. 3. F Ab, bc, cd, de, Ec. be taken extr 
by ſmall ; any part of the firing as Ag will be an 
gous to the logarithmic area; and theriſe of ſound, 
the logarithm correſponding. 
For Ab, bc, cd, &c. being in geometrical pt 
greſſion, and the correſpondent aſcents of ſound 
equal, or the whole in arithmetic-progreffion. 1 
laſt will be the logarithms, and the former will 
up the logarithmic ſpace. 
Cor 4. Let AZ=1 the length of the whole firing 
Zg = 6, any other firing. - 
e = elevation of its tone (above Z. 
E = elevation of tone in an oda. 
Then e = 3010 tbe elevation of tone when 


at fg. 
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portionals z and the correſpondent elevations of 
nd, arithmetical proportionals ; the former will 
the numbers, and the latter their logarithms. 
d fince the ſtring 4 is an octave to AZ, and E 
elevation of tone; we ſhall have log. 4 (. 30103) 


E: : log. : 2 (log. 0): e. 

Cor. 5. f to firings be in a given ratio, or if 
be ſtopt in a given ratio; the found will be raifed 
| be 


height. 
For a ſtring double in length to another, or ſtopt 
the middle, the ſound will riſe an eighth. If 4 
ſtopt, it riſes a fifth. If + be ſtopr, it riſes a 
nh ; if + be ſtopt, it riſes a third, &c. 


PROP. 1V. 


To inveſtigate the number and diſtances of all the 
in an oftave, and therefore in the whole ſcale. 


2 


This is to be done by Prop. II. and its Corolla- 
s, but moſt eaſily by the firſt Corol. By this 
r, the four ſtrings whoſe lengths are 1, 4, 2, and 
bunding together, give the moſt agreeable har- 
my. And if they be ſo delightful when taken in 
junction, they cannot be otherwiſe when taken 
luccefſion z therefore we may be aſſured, that 
four notes actually exiſt in the ſcale. Then 
rnext buſineſs is to find at what diſtances the two 
unds in the middle (given by the ſtrings 3, ) are 
oed above the ſound of the loweſt (given by 1) 
is the ground ; for that given by the ſtring 
s fixt, being an octave higher. The four ſtrings 
unding 4 notes are ba, bg, bd, bc; then cal- 
uating the diſtances of ſound by Cor. 4. of the 
t Prop, we ſhall find that the ſtring 5a, 

ſtopt 


for Z A, 2B, Ze, Za, &c. being geomenrical Fig - 


Fig. ſtopt at g, raiſes the ſound .322 parts of an oc 
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jus tave above a. % Bus 
ſtopt at 4, raiſes the ſound . 263 parts of an d 
tave above g. | 
ſtopt at c, raiſes the ſound 415 parts of an « 
tave above 4; „ 
where d is an octave to the firſt at 2. But the 
diviſions (if they were all equal) would only mal 
3 notes in an octave, which would be too few 
expreſs any mulic, as there could be no val 
therein. Therefore we muſt ſubdivide theſe di 
ſions into leſs ones, as near equal as we can, ſo 
to be melodious; for that is the ultimate end of 
our enquiries. If the leaſt gd = 263 be talen 
the length of a note, ag will contain about 1 
which does not anſwer right. If gd contains 
notes, then dc will contain 35, which ſtill does 
anſwer. If ag contains 4, then dc will conu 
about 5, and gd about 3. This is the neareſt d 
viſion we can get in {mall numbers, According 
which there will be 12 diviſions, or 12 notes int 
octave almoſt equal to one another; only theſe 
ag will be ſomething leſs than the reſt. But he 
will be too many notes here in the compass of 
octave; for if 12 ſuch ſtrings be made to ſound 
lucceſſion, they will give no delight at all; the e 
fore this is not the thing that nature aims at. The 
fore we muſt try to reduce them to a leſſer nu 
ber; and this is not to be done otherwiſc than 
taking half of ag for a note; then 
we have in ag 2 
in gd 12 
in dc 2+ 
There will then be in all 5 whole ſpaces and t 
half ones; but theſe half ſpaces cannot be be 
put into one, to make a whole ſpace, becauſe t 
happen in different diviſions, one being in g4, 
other in dc, which. caprct inreziere with one a 
ot 


* 


» 
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a to one another; and 2 leſſer alſo nearly 
n, and about half the bigneſs of the former. 
greater may be properly called whole notes; 
the lefler balf notes. And nature will admit 
0 more, without the utmoſt jangling of the 
ds, which cannot be called muſic. 
The next thing is to find the places of theſe half 
s, ſo that one be in the diviſion gd, and the 
rin the diviſion de. And ſince this is entirely 
trary, we muſt call in nature to our aſſiſtance. 
| them then be combined together all the ways 
ble by the laws of Permulation, ſo that the 
notes keep their proper diviſions. And here 
tan only be combined 6 different ways. Then 
ach of them be tried, by ſinging or playing 
u gradually down from the higheſt to the loweſt, 
be nature of ringing 8 bells; and obſerve which 
ic is the moſt melodious and delightful, and 
that combination for the true order 'of the 
in an oftave; and that will be found to be 
„ I, I, 2, 1, 1; no other combination being 
So that here nature and art have jointly 
pired to find out the true ſyſtem of notes con- 
in the gamut, on which all muſic is built. 
e notes and half notes be continued through 
tal octaves, the notes will ſtand thus, 
1, , , THE By 1. fo 25 1, 1, 5, J, 1, 1, 5 Kc. 
e the two half notes are fo placed, bat there 
days ttyo and three whole notes alternately be- 
a them. And this is an eſſential property of the 
o gamut. And I affirm, that all tunes, or 
ts of muſic whatſoever, muſt be played by a 
thus conſtructed; and that nature allows of 
tber ſo perfect and melodious. 
deed it is almoſt ſelf-evident, that to have the 
8 of notes as melodious as poſſible, that the 
HEH B b half 


Here then we ſhall have the octave divid-Fig. 
nto 7 parts, 5 of them greater, and nearly 70. 


»* 
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Fig. half notes be placed as far off one another ag fl 
70. poſſibly can; ſo that there muſt be two and th 

| Whole notes alternately placed between every t 
half notes. For any body may find, by trying 
upon an inſtrument, how diſag reeable the muſe 
when the half notes are placed together, or « 

d by one note, 

Further, theſe half notes muſt keep their pl, 
in reſpe& of the loweſt note, which note thereh 
is the key. For let as many changes as you 
be rung on 8 bells; the muſic naturally tend 
end upon the loweſt note; and it is the ſame 
for any tune, That note then is the key, that 
two whole notes above it, and then a half nc 
and a half note below it. 

The half notes give a charming and pleaſing 
riety in all muſic, If all the notes had been 
nature equal, there would not have been that va 
and ſweetneſs, which the mixture of whole r 
and half notes affords. 

Nou for diſtinction, names muſt be give 
theſe 7 notes; and they are denoted by the { 
letters of the alphabet; and that which is the 
is called C, and the reſt in order; which | 
placed in proper order, and at their due diſt 
to ſhew the half notes; the gamut will be a fol 


C DEF GABCDEFG A BC DEF: 
So every eight has the ſame letters repeated; 
the notes, that they repreſent, are to be v 
for the practice of playing, will be ſhewn 


wards. If the notes in an octave be reduce nu 
numbers, they will ſtand thus, re 0 
E 


c LX Ax „A4 „2 3x2 _ 
wo 8 9 i 9 ne 

But 3 and n may change places, in the per 
divifion CE; and alſo in the diviſion Ge. | 
fractional numbers denote the parts of the! 


m the laſt length. That is (if Z A be the ſtring, 72. 
72.) 3 of AZ, * of Z, 18 of Z, &c. are 
parts. Or the whole lengths ſounding the ſe- 
ul notes will be 1, 3, 4, 4, 1, J, p +3 that 
==, Ze, Zd = Ke. of 
„ the whole ſtring. And hence 3, e r, 35 
U s repreſent the length of the notes, from 
key, being equal to Ab, bc, cd, de, &c. 


Cor. 1. It is an eſſential property of the ſcale of 
, that through the whole, there are placed al- 
tely two and three whole notes, between every two 
[ noles. | 


Cor. 2. It follows from what bas been ſaid, that 
i the true key of all mufical compoſitions that are 
lively and merry; or that ſuch pieces of muſic 
[ 17 naturally end in that note, and is called the 


Scuol. 


| may be obſerved, that another ſeries of notes 
pht have been taken to make up an oftave; and. 
tis, inſtead of half notes, to join them to the 
at whole notes; and then we ſhould have 5 notes 
the octave; 3 leſſer nearly equal, and two great- 
being half as much more as the other; and this 
tle may be ſaid to be the former ſcale abridged or 
trated, And they will ſtand as follows, 
| DE GA Cie 2 &c 
numbers ; „ 1 . 4 
re one and two of the proper notes ſtand alter- 
nely between each two of the double notes. It 
not be denied, but that muſic may be compoſed 
m this ſyſtem ; but by reaſon of too few notes 
the octave, the muſic will not have compaſs and 
ety enough; nor will it have that ſweetneſs 
lch it would have by the ſyſtem of 7. notes; as 
Bb 2 any 
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fund the notes in progreſſion, each part taken Fig. 


n 


Fig. any one may experience upon an inſtrument, 
7. ſtriking theſe 5 hotes like ringing 3 bells. 

What has been ſaid here, relates to the gay ke 
which ends in C; but there is another key in whi 


all grave ahd ſolemn pieces of muſic always 
which is A, as will be ſtrewu in the nekt Pw 
But the ſyſtem of notes is the ſame fer both key 

Notwithſtanding the imperfection of this ſc; 
yet ſix bells made to ſtrike theſe notes, weuld 
very prettily. | 


PROF V. 


As the note C in the gamut, is the key in which 
merry und joyful mufic ends; ſo the #die A is the h 
in which all fat an ſorrotoful muffe ende, and 
tobieb it tends as tÞ à center. | 


This is proved by experiments, for the flat ke 
in the ſame manner as was done for the ſharp ke 
For let any tune or piece or mulic, which e 
_ cites grief or pity be tried, and it will be found 
ways to tend to A at its concluſion, and tot 
there. And as this is found always to hold goo 
then this is naturally the key to all theſe ſoft mo 
ments. I confeſs I can give no reaſon for this, 
more than J can give a reaſon why ſugar is ive 
and wormwood bitter; experience Lows bot 
But [ think it is no wonder at all to find that tid 
pieces of muſic which are ſprightly, and thoſe t 
are doleful ſhould tend to different points, 4 
have different concluſions. When a perſon in « 
treſs is complaining, or lamenting in tears, 
voice naturally riſes from B to C, and then dr 
into A. This is the muſic of a mournful | 
guiſhing voice, as in the crying of a child. A 
as grief by ſomſe mechaniſm in nature, excites | 
fort of vocal muſie ; fo on the contrary, this kl 


ente. 


| uneaſineſs in the mind. 


Cor. J. Mufic in the harp key, or in C, is gay, 
, chearful, ſprightly, merry; and inſpires joy 
gladneſs. I is knawon by having @ greater third 
we it;; ar oply twa whole notes above, and a half 
below. 


Cor. 2. Muſee in the flat key A is ſoft, grave, ſa- 
„ dull, penſive, ſerrowful, melaucboly, doleful ; 
| excites grief, pity, woe, ſadneſs, mourning, &c. 
; known by baving 4 leſſer third above it, or a 
it note above it, and 2 whole nates below, 


So 20k: 


Theſe two keys are ſo different in their nature, 
one inſpires mirth and the other ſadneſs ; and 
tin different degrees. There are certain ſounds 
al to joy, others to ſorrow and deſpair ; others 
bye and compaſſion, &c. And a fkilful artiſt 
muſic can make ſuch compoſitions, or combina- 
s of notes, as can raiſe any of the paſſions of 
tuman ſoul, Various combinations of ſounds 
various effects upon the imagination. Some 
politions inſpire courage, others terror. Some 
ne to love, joy, and mirth; others to anger, 
by, deſpair, &c. A judicious mixture of con- 
k and diſcords have ſo bewitching and magical 
ks upon the paſſions, and ſo powerfully excite 
u, and work upon the imagination fo ſtrongly, 


n men frequently run into actions of a correſ- 
rs, ent nature, or ſuch as are the natural reſult of 
7. age, anger, love, deſpair, &c. So furpriz- 
u 


do theſe artful compoſitions in muſic raiſe 
preſs the ſpirits, 


Bb 3 PROP, 


muſic excites grief, ſorrow, melancholy, flatneſs, Fig, 
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PROP. VI: 
To determine the number of concords and diſcord, 


* 


—— 


It has been obſerved (Prop. II.) that a concord 
cauſed by the frequent coincidence of the vibratic 
of two ſtrings; and a diſcord by their ſeldom 
never coinciding. This being allowed, we n 
conſider how many caſes -can happen where 
lengths of two ſtrings can be expreſſed by f 
numbers; for their ratio denotes ſome concord, 

1, The length of two ſtrings being 1 and 2 
denotes an eighth. 

2. The lengths being 2 and 3, then 5 expte 
a fifth. 

F The lengths being 3 and 4, then + dene 
a fourth, | 

4. If the lengths be 4 and 5, then + 1s 
greater third. 

All theſe have been ſhewn in Prop. II. 

5. If the lengths be 3 and g, then + is thec 
cord, and (by Cor. 3. Prop. II.) that is equal 
3. X 4, conſequently 4 is a greater ſixth, b 
equal to a fourth, and a greater third; + is too 
tle, being leſs than 4, which denotes an eighth. 
6. If the lengths be 5 and 6, then + denote 
leſſer third (Prop, II.) If the lengths be 4 and 
then 4 = 4, which we had before. And 4 
as before. 

7. If the lengths are 6 and 7, or 5 and 7, « 0 
and 7; ] doubt not but theſe would make im 
tect concords. But they can be of no ule in 
ſcale, as they would be incommenſurable to the 
of the notes. 

8. If the lengths be 7 and 8, this concord v 
alſo be incommenſurable and uſeleſs. And 
equal to 43, which we had before. But \ 
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INK 2 A 2 and is equal to a leſſer 
d and a fourth, and therefore is a leſſer ſixth. 
q If we take 8 and 9, we come among the dil- 
is; for 3 is but the diſtance of a note, and 
ther note, alſo a diſcord ; and all beyond are 
ords ; till you come at 2, which is {till a great- 
diſcord. Yet — eee theſe go under 
name of diſcords, they are not properly ſuch ; 
E produce a ſort of harmony, for in the 
8 and q, the vibrations coincide at every 
of one, and every gth of the other; and that 
ncidence is the criterion of the degree of har- 
ny. But theſe that have no ſuch coincidence are 
werly « diſcords. And hence it comes that theſe 
prds 5 3» Po &c. mixt with concords, make the 
able muſic. 
The number of concords will now appear, to be, 


A The /effer third (+5), conſiſting of a note and 


. The greater third (+), containing two notes. 
. The fourth (2), contains two notes and a haif, 
4 The ffib (3), conſiſts of 3 notes and a half. 
5, The leſſer fixih (+5), contains 4 notes, or 3 
es and two half notes. 

* greater ſixth (J) conſiſts of 4 notes and 


7. The eighth (2), conſiſts of 6 notes, or 5 notes 
2 half notes. 
The number of diſcords are, the leſſer ſecond 


2), the greater ſecond (> or 2), the leſer þ 
- ==) the greater ſeventh (== = 15). 
e greater fourth is a diſcord when it ? onſiſts of 


notes, and is the ſame as a flat fifth, as from B 


Bb 4 


F. 8⁰ that the number of concords is 73 2 | 
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ths be 5 and 8, then + will be a concord, be-Fig. 


r 


I 
* 
. 
4 
] 


1 rn 


Fig. the number of diſcords 3. If we go withoutt 
| compatls of an eighth, it comes to the ſame thing 
for an eighth, ninth, tenth, &c. are the ſame; 
the uniſon, ſecond, third, &c. The Sch and « 
are called perfect concords; the reſt imperteR, 


Cor. 1. The leſſer ſixth is equal to à leſſer thirdg 
a fourth; a greater ſixth is equal to @ greater thi 
and a fourth, un eighth is equal to a fifth au 
fourth, and to a leſſer third and greater ſixth, au 
a greater third and lefſer ſixth, and to a ſecond a 
N z which may be called complements to on « 
ober. | 


Cor. 2. Of cancords, the 8th is moſt perfef, thi 
the 5th, and neut the thirds, and then the fixths, 


Cor. 3. Of diſcerds, the leſſer ſeventh and great 
ſecond are the ſweeteſt, being complements. /nd t1 
greater ſeventh and leſs ſecond the moſt hanſb, lu 
alſo complements, The fourth (greater) is alſo bf 
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PRO P. VII. 


To find the diviſions of a monocord to ſound ile ci 
cords, according to the number of notes contained 
each; upon ſuppoſition, that all the notes in the gen 
riſe by equal degrees; and to ſhew the difference belwel 
theſe and the harmonic diviſions; or between the iſal 
nic aud harmonic ſcale, 


| vo — — — Fr 


This Problem is ſolved at large in Prob. XX 
Algebra, and in Ex. 108. of the Mechan. to. I 
particulars of which I ſhall here put down. The 
are 6 notes contained in an octave, or 12 half note 
But theſe notes are not all of a bigneſs in all t 
concords, as is ſhewn in the Mechanics; ſo 
notes do not riſe therein by equal intervals 
ſcund, according to that harmonic diviſion. - 


WW MM U:5:1 £. 


Ja be the ſtring 1, Zh = 5. And let Z, Ze, Fig. 
14, &c, ſound the half notes, and put Z90 = x, 51. 


then Zb is the firſt of 12 geometrical proportionals ; 
12 


whence is found æ = + + = 9439 for half a note 
and Ze = xx = . 890g for a note. And x* = 840g 
= 15 notes, & . 7937 = 2 notes, * =.7491 
= 24 notes; #7 . 60742 = 3+ notes, x*=.6299 
= 4 notes, x9 = .5946 = 45 notes, «* 2. 5 = 
notes. Theſe are the diviſions for each of the 
concords in order, for aſcending equally. | 

But the harmonic diviſions will be by, 8, 475, 
2, 625, .6, x. Theſe put into decimals, and fer 


down in a Table with the former, will be as 
follows, | 
5 
= NN A | ors. | 
| wh. ſtring 1.00000 | 1.00000 | 0 
leſſer third | 83333 84090 | K 4; 


greater third | . 80000 .79390 | # 4+ 
fourth | -75000 | .74915 | #F o 
fifth .66666 | 66742 b ++ |, 


leſſer ſixth | .62500 | .62996 | & +; 
greater ſixth | . 60000 .59460 K FF | 
eighth D. 30000 | .50000 |] © 


_— = tu... 


Then to find the errors or variations of the cor- 
reſpondent cords. Among the methods made uſe 
of in the Algebra, we have this (which is alſo in 
the Mechanics); Ac or the length of a note at A. 
$=1—xx =.1091; and the length of a note 
a any other place as d, that is de = Zd x 1091 
=P. And let Z4 repreſent any of the numbers 
i the third column, and 5 that in the ſecond, cor- 


— 


telponding. Then the error will be — for 
that concord. As in the fourth, Z4 = 7 
| ng 


Fig. = .75000, and P =.74915 &. 1091 . obi); 
71. and Zd — 5 = . ooo, then £d—s — 0008 _ 


407-8 2-0 


7 0817 © 
+ nearly, the error in the fourth. The — in 
all the concords being thus computed, are ſet down 
in the Table, col. 4th. This laſt column ſhews 
the quantity of the error, or what part of a note 
it is; and the mark # ſhews the note (by equil 
aſcent) to be too ſharp, and the mark E ſhews when 
it is too flat, Here theſe concords that are the 
complements to one another have the ſame error, 
but of different denominations, 


Cor. 1. Hence, in this iſotonic ſcale, ſince an eighth 
contains 6 whole tones; then computing from the num 
ber of notes in each concord, as found in the lif 
Prop. we ſhall find 4 leſſer thirds = an eighth, 1 
greater thirds = an eighth, 12 fourths = 5 oftaves, 
12 fifths = 7 oftaves, 3 leſſer fixths = 2 oftaves, 
and 4 greater fixths = 2 cdtaves. 


Cor. 2. The iſotonic ſcale, as here deſcribed, is the 
beſt ſcale for practice, that can be contrived, 

For in the ſcale deſcribed in Prop. IV. which is 
the natural ſcale, and the only one that nature has 
laid down; the notes are not all equal, ſome arc 
denoted by 3 and ſome by , the difference is 55 
or a tenth part of one of them; which makes no 
ſenſible difference in playing upon a ſingle inſtru- 
ment. But in compoſition, it does not anſwer ; for 
if a concord can be taken perfect from ſome of the 
notes, it will be imperfe& when taken from others, 
which occaſions great confuſion; but the iſotonic 
ſcale anſwers equally for all; and the difference 
from the true ſcale is inſenſible. For the greateſt 
error is in the leſſer third and greater ſixth, which 
amounts but to the thirteenth part of a note, which 


makes an imperceptible variation from the 5 
cord, 
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word, when played in conſort; and which no ear can Fig. 
liſcover. For ſuch an error is not ſo diſcoverable 
in a third or ſixth, as in a fifth or eighth; for the 
ſweeter the cord, the ſooner an imperfection is 
diſcovered. But the error in a fifth muſt be quite 
ioſenſible, being but the hundred part of a note. 
And although theſe trifling errors will a little di- 
niniſh the ſweetneſs of the harmony, yet there is 
no remedy, but what is worſe than the diſeaſe. 

In the natural ſcale, the difference of a fourth 
ind fifth is 2 a ns far the ſtring 4; or 

+ 3/ 12 
for the ſtring 1 ; therefore 5 will be a note, and 
— a 

n. Wl therefore 81 ſhould be 2, but it is only . 4933. 


9 2 
For there are 6 notes in the octave. 
Again, take the difference between the fourth and 
leſſer third, and we ſhall have „ for a tone. But 


Y =.5314 inſtead of 2. So that neither 5 nor 
ite Wi is an exact tone. 
A leſſer third, a greater third, and a fourth, dif- 


1 1s WY fer by half a tone, and there ſhould be 12 in the 
* fave. In the firſt we have — 4 xs for 


767 the ſtring Z or ; for the ſtring 1, and the ſtring 


a0 2s 
5 half a note above is 4+, but 24] = .6127, which 
or *5 


the BY ſhould be 1. And in the ſecond — als — 2 
; | 7 4 
nic I for the ſtring 4, or r for the firing 1. And 


— 8 — 4609, which ſhould be 2. Therefore the 


firſt is too little, and the laſt too big, for a half note. 
As none of theſe notes or half notes will make 
up an octave, ſo neither will any number of thirds, 
fourths, 


es 


Vig. fourchs, ar ffihs, make one or more eta, By 


then (by Cor. 1.) we ſhould have Tp ar 7. a 


7 5 vr =. "= +; but none of theſe are ſo; 
and therefore we may conclude, that no ſcale made 
up af ſuch notes or half notes, qr apy combing; 
tions of them, or of perfect thirds, fgurths, fitths 
&c, can be perfectly exact. And therefore the iso- 
tonic ſcale, whoſe numbers are in the third column 
of the Table, muſt be the beſt and moſt practical 
ſyſtem. 

They that from the diviſion of the monocord 
inſiſt, that all inſtruments ſhquld he turned accord, 


ing to that diviſign, which is S. 2. 17 

| g” 20.230, o 
— . = . _ don't canlider, that thereby they bring 
the practice of muſie into à very narrow compals 
For it muſt always be performed only upon one 
key. For the notes can never have the fame poſi- 
tion, but in that ſituation of the key. 


Car. 3. Therefore all inſirumeuts ought 10 be tunes 
according to the iſotonic ſcale. And in the harj/- 
chord, c. when juned by fifths, the upper note nul 
be taken as flat as the ear will bear, and alſo tr 
thirds; but greater thirds muſt be taken as ſbarp « 
they will bear. 

It is the practice of moſt people in tuning, to 
take the fifths perfect, till the laſt, which they 
leave imperfe&; and ſuch imperfect notes they call 
bearing notes. But this ſpoils the muſic, for a fifth 
taken on that note is no better than a diſcord, and 
therefore ought to be avoided in compoſition, which 
will cramp the muſic, and perhaps quite ſpoil the 
air of the piece. For there will be 12 FRO 


enen 


pain z and ſinee in one fifth there is ; 2+, etror, in 
12 fifths there will be , or + of a note at the 
At, which will be very feaſible in a fifth; and the 
tors will be far greater in a third or a ſixth, 
Therefore thoſe that chuſe to have ſome of the 
wncords perfect, muſt be forced to make others ay 
imperfect, and often ſo bad, as to be no better than 


3s, WMiiſcords. | 

0. Another diſadvantage would be, that the muſic 
yy wuld not be tranſpoſed upon any other key, as oc- 
e 


uon required; but tied down to a very few; and 
won theſe the ſame inconveniencies would happen. 

Some people, to cure the imperfection of the 
ale, have invented quarter notes, which makes 
the muſic hard to play, and does not take away the 
likaſe neither. Therefore all things conſidered, I 
m perſuaded that the iſotonic ſcale is the beſt for 
;ractice, as it is attended with no inconveniencies 
gall, The errors ariſing by uſing that ſcale, does 
t amount to ſo much as the alteration of the wea- 
der, by heat or cold, drought or moiſture, cauſes 
nalittle time, either upon ſtrings or pipes. There: 
re the beſt way to remedy theſe errors, is to di- 
de the defect equally among the notes of the in- 
Irumentz ſo that what might be ſenſible in one 
te, may eſcape the ſenſes when divided among 
hany, 

The way to tune then is this; begin at 
the middle of 6 inſtrumeat, and firit tune the 
ith perfect, then lower the upper note a ſmall mat- 
ter; do the ſame with all the reſt till the octave be 
Mnſhed, Then if the laſt note be either too high 
It too low, begin anew, and accordingly alter all 
de notes a little, till the laſt does agree; but this 
tis gained by practice. This octave ought to be 
luned exactly, for the reſt depend upon that; _ 
there 


& tepetirions before one comes to the ſame note Fig. 


382 s 1e 
Fig. there is no more to do, but to mike them perſed 
octaves to theſe, both above and below. 


Cor. 4. f A, B, C, D, E, F, be the length of 
the firings, to ſound the leſſer third, greater thir, 
fourth, fifth, leſſer fixth, greater fixth, reſpeclive); 


then A = 2 B 2 „ c = * D = 


A 


E = 2. — 1 


2 
For theſe are reſpectively = #3, x4, x5, *, , u. 


ScnonrL 


The gamut or ſyſtem of notes is the alphabet of 
muſic. For as the alphabet contains all the letter 
uſed in writing; ſo the gamut contains all the note: 


uſed in muſic, 1 
A 

oer. + ” or 5 

The 

To enlarge the ſcale, and make it more compreberWMrerſ 
boe ;, and to ſhew the uſe of it. an 
. but 
This is done by dividing all the whole notes inte C 
half notes; ſo that inſtead of 7 notes, in the natu dan 
ral ſcale, there will be now 12 notes in this anti 
cial ſcale. then, 


By the laſt Prop. we found x = , = .94390 
which is the firſt of the half notes; then we mu 
find *, x3, &c. to n, for the reſt of the ha 
notes; and theſe will be as in the following 
Table. A tu! 


——— WW; 0 3 1I£© 


notes, |iforonic ſcale. 


und | 1.00000 
| E ſecond 1 94387 
# ſecond .890g0 
| lefſer third 84090 
greater third | . 79370 


fourth 74915 
| # fourth 70711 
fifth 66742 


leſſer ſixth 62996 
greater ſixth | . 59460 
E ſeventh «50123 
| # ſeventh 52973 
| eighth 0000 


| 


The ſcale will now ſtand thus, 

A. Ak. B. C. Cg. D. Df. E. F. FF. G. G. A 
AA. BE. B. C. DH. D. EE. E. F. GB. G. A. A 
Theſe repeated make up the whole ſcale, or uni- 
ſerſal gamut, by which, all muſic that ever was, or 
an be, in the world muſt be pricked or written, 
But notwithſtanding this pompous ſhew of notes, 
to more of them can be mace uſe of in playing, 
han was before uſed in the natural ſcale of 7 notes, 
kid down in the 4th Propoſition, It may be aſked 
then, what uſe theſe additional notes are of, and 
br what purpoſe are they put in? The uſe of them 
to fill up the vacancies of the common ſcale, and 
o make it uniform, ſo that any piece of muſic may 
e pricked as high or as low upon it as one will. 
A tune in the ſharp key can only be pricked upon 
ne natural ſcale, to end on C; becauſe the two 
alf notes muſt be confined to their places, ſo far 
dove or below C. But in this ſcale there are half 


d upon any key, and the ſituation of the half 
notes 


ores every where; ſo that the tune may be ſet to 
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Fig. 
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Fig. notes remain as before. But then the reſt of the 
half notes are not to be played, and are in that 
caſe uſeleſs; for in every caſe there are only 
notes to be 22 in every octave, the reſt having 
nothing to do in the muſic. For ſuppoſe there i 
a tune that ends in C, or has its key in C; the 
all the flats and ſharps, you ſee there are uſeleſs 
and muſt be omitted. Bur ſuppoſe that tune tg 
have its key in D, then you muſt have C# thi 
next note below, and C muſt be left out. Like 
wiſe you have F#, and F muſt be left out; ant 
moreover all the other flats and ſharps that you ſec 
muſt be left out, for they have no buſineſs. An 
thus the proper ſituation of the two half notes i 
preſerved the ſame as before, when the key w; 
in C. | 

In modulation, or paſſing from one key to a 
other, hy can be done without proper flats 0 
ſharps. For by the judicious uſe of ſome of thelt 
the muſician paſſes almoſt imperceptibly from « 
key to another; and then he uſes ſuch flats « 
ſharps as ate proper for that key, and all the re 
, mult be let alone; and alſo the proper notes b 
longing to ſuch flats and ſharps as he uſes, mu 
be omitted. This modulation, or paſſing fro 
one key to another in playing, is the ſame thing 
tranſpolition, or removing a tune from one key. 
another in writing or pricking. The rules where 
I ſhall ſew in the next Prop. 


PROP: K. 


To fhew the nature, reaſon, and practice of r 
poſition. BY 
THaw/poſition is the writin iece of mu 
higher or lowet upon the ſca N. to anſwer t! 
ſame purpoſe in playing. The art of tranſpol 


CO 


rr. Nb AI . 


ly Wd diſtance above the new key, as they had in the 
ving mer. And the flats or ſharps muſt be ſo placed, 
re ed no otherwiſe, that there may be always two' 
the three whole notes alternately between every 
: wo half notes, which is to be done after the man- 


| am now going to ſhew. The notes in the 
tural ſcale ſtand thus (u. 1); and where the half 
ies are, the letters are ſet cloſe together. * 
A BC DEF G A BC D EF G &c 
A BC DE FG A BC DE FG 

[hen it is impoſſible I can obſerve that law an 
erwiſe, than either by putting F up towards 

th a ſharp, as in u. 2. Or elſe bringing B down 
rds A with a flat, u. 3. 7 
1. A BC D EF G A BC D EF G &c. 
. AB CD EF G AB CD EF G 


mately, which anſwers one property; then we 
ul find the ſharp key to be in G, becauſe there 
t half note below it and two whole notes above 
which anſwers another property. See Prop. IV. 
Ir, 1. and Prop. V. Cor. 1. and 2. | 
In the ſecond caſe (u. 3.) we have alſo 2 and 3 
alternately ; and the ſharp key will now be in 

| becauſe there is a half note below it, and two 
ole notes above it. And it is impoſſible in either 
le, that the key can have any other ſituation, | - 
What is here ſaid of the ſharp key, is equally 
of the flat key, becauſe it is always a note and 
tif below the ſharp key. For if A be the flac 
t! (2. 1.) then E will be the flat key (u. 2); for 
tording to its property, it has a whole note above 
and two whole notes below it. And (u. 3.) 
re B is flat, the key will be in D; for there 
„it has one whole note above it, and two be- 


It, | + ? 
C c This 


volilts in ſetting fuch à number of flats or ſharps Fig. 
vſhall keep the two half notes at ſuch a height 


In the firſt caſe (u. 2.) we have 3 notes, and 2 


- 
* 


* 


5 
| 
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Fig. This foundation being laid, I ſhall proceed te 
ſnew where the key falls for one, two, three, four 
&c. flats or ſharps, being given. And on the co 
trary, the key being given; to find what flats o 
ſharps it muſt have: and firſt for the ſharps, 
WA CD RR TC Ar Ku DF 0. & 
«a CD © FO ABC DE 0 &+S 
„ A B CD R FG A B CD E FG & 
AB CD.K.F:.GA BD £7 G&& 
A B C DR F GA B C DE F G4 
8. AB C DE F G AB C DE F Git 
7. AB C D EF G AB C D EF G 
And fo on till all the notes be ſharped, but th 
practice never goes ſo far; but it ſerves to ſhes 
how nature directs the whole proceſs. 

N. 1. is the natural ſcale for either key, no mat 
ter which; they are now in A and C. All there 
follow from one another, thus ; 

N. 2. F muſt be ſharp, and the keys fall in! 


and G. 1 
N. 3. C muſt be ſharp, and the keys are in b 
and D. no 
N. 4. G muſt be ſharp, and the keys are in F 1 
and A. N 
N. 5. D muſt be ſharp, and the keys fall in CY... 
and E. by 
N. 6. A muſt be ſharp, and the keys are in b P 
and B, : 
N. 7. E muſt be ſharp, and the keys are in 5 
and Ff. 


Here it is evident the notes muſt be ſharped 1 
this order only, F, C, G, D, A, E, &c. A0 
for the flats. 

„ A BCD EF-G A de d EF GE 


2. AB C D EF G AB C D EF Gi: 
3. AB C DE F G AB C DE F Gap” 
4. AB C DE F GA B C DE FG 
2 B CD E F GAB D E F Gar 
.A B CD E FG A B CD E FG n 
7. A BC D E FG A BC D E FG 4 


N. 
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V. 1. is the natural ſcale, the keys being in A Fig. 
C; and each number follows from the fore- 
one. 7 
1 2. B muſt be flat, and the keys fall in D and F. 
N. 3. E muſt be flat, and the keys fall in G and BH. 
N. 4. A muſt be flat, and the keys are in C and Eb. 
N. 5. D muſt be flat, and the keys are in Fand Ag. 
. 6. G muſt be flat, and the keys are in B 
DB. 
N, 7, C muſt be flat, and the keys fall in EE 
h. 
flere it is plain the notes muſt be flatted in the 
&rB, E, A, D, G, C, &c. and in no other. 
t has now been ſhewn where the key falle, for 
number of flats and ſharps. Now I ſhall ſhew 
to find what flats or ſharps belong to a tune, 
the key is given; or which is the ſame thing, 
a tune is to be tranſpoſed ſo many notes high» 
lower as one ſhall chooſe, And this is to be 
by the reverſe method, and is beſt ſhewn by 
Imples, 
wppoſe I have a tune with two flats, and I want 
tanſpoſe it to have no flats. Look in the laſt 
logue for two flats, and the flat key will be in 
but where there are no flats, the ſame key is 
„ which is a note higher. Therefore the tune 
lt be ſet a note higher. But ſuppoſe you want 
tit ſo many notes higher or lower, as ſuppoſe 
notes lower. Look for two flats in the latter 
Woue, and you will find the key in G; then 
we it two notes lower, the ſame key muſt be in 
therefore looking for E, you will find it with 
ts; but this will not anſwer the purpoſe ; 
fore look for E (the flat key) among the 


Gi the firſt catalogue); and you will find it 
eee one ſharp, which mult be in F; ſo that the 
ay be ſer two notes lower by putting F 

N. 


Ce 2 Again, 
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Fig. Again, if a tune has 3 ſharps, and I want! 


73. 


88 :514-©, 


with only one. With 3 ſharps, the ſharp key wi 
bein A; and with one ſharp in G; fo the tu 
muſt be ſet a note lower, But if I want it ty 
notes lower, then the ſame key muſt be in F, whic 
requires 6 ſharps, which will do nothing; ther, 
fore we mult take one flat, to have it in F. 

Bur the general ſcale, derived from the foregt 
ing proceſs, will be more expeditious. By t 
any tune may be ſet as many notes higher or lowe 
as we pleaſe; or to have as many flats or ſharps 
we will, not exceeding four, 

To ſet a tune higher or lower. Seek the flats 
ſharps given in your tune, and obſerve the note 
the ſame bar. Then find the note that is ſo mu 
higher or lower; and the flats or ſharps that 
Joined with it, muſt be ſet to the tune. 

To ſet a tune to have any number of flats or ſpa 
Find the flats or ſharps given in the tune, and th 
the flats or ſharps to be ſet to it. Then the t 
correſpondent notes will ſhew how much higher 
lower the tune 1s to be pricked, 

For example. Suppoſe a tune that has 2 flats, 
to be ſet 2 notes lower. Here G is the note alo 
with 2 flats, therefore E (which is two notes low 
is the note ſought, with which there is one ſhar 
which anſwers the queſtion. 

Again, if a tune with 3 ſharps is to be tranſpo 
to have but one. Find 3 ſharps, which is at 
then find one ſharp, which is at E, and that 180 
note lower than F. Therefore the tune is to 

ricked one note lower. But if J want it 2 n0 

ower, find D, which gives one flat. 

Many Corols. may be drawn from this Prop 
ſhall mention ſome. 


Cor. 1. Hence any tune may be tranſpoſed, ſo d 
bave either flats or ſharps upon it. And therefort, | 
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nt I Cor. 2. 4 tune is not ſaid to be on @ flat or ſbarp Fig · 
tn, becauſe of the flats or ſharps ſet before it. But 73. 
it is ſaid to be in a flat key, when it has the leſſer third 
lde it; and in a ſharp key when it has the greater 
third. 

Cor. 3. Fa tune requires a ſingle ſharp, it can be 
„ way but in F. If it requires two, they muſt be in 
Fand C. If three, in FP, C, and G, &c. and no 
wy el ſe. 

Cor. 4. If @ tune requires one flat, it muſt nece/- 
ily be in B. F it requires two, they muſt be in B 
nd E. F three, in B, E, and A, Sc. and no 
where elſe. 


Cor. 5. In modulation, or paſſing from one key to 
uber; the muſician muſt play ſuch flats and ſharps 
u are proper to this laſt key, while be continues in it; 


ing ihe proper notes. | 
d For playing in another key, is juſt the ſame 
c ing, as when a perſon has been ſinging a-while z 
her ad then another perſon with a voice ſo much 


maller, ſhould begin to ſing ſome diviſion of the 
kme tune, It is evident he muſt keep the ſame 
15 i. e. obſerve the ſame flats or ſharps. 


Cor. 6. Let a tune be tranſpoſed how it may, fill 
Were can be no more notes played but ſeven in an 
Wave. 

For in the natural ſcale there are but 7 notes ; 
ud there are no more when tranſpoſed ; though 
me notes are changed for others, flat or ſharp, 


oer 


To explain the gamut, or the method of writing 
Mon notes for the practice of muſic. 


% | have already demonſtrated the natural conſti- 
fore pion of the ſcale of muſical notes, how many 


CET. notes 


Fig. notes and half notes are in an octave, and in wh 
order they are placed. I am now to ſhew how the 
mult be written down, ſo as every written ng 


may be diſtinctjy known, and may fitly repreſt 


the ſeveral ſounds they ſtand for; fo that the pra 


titioner may readily play them when he ſees the 
upon paper, which is the defign and perfection 
this art. 

The gamut for any ſingle part of muſic is ma 
by writing the notes upon a ſtaff of five lines, fe 
merly they uſed ſix lines; and giving names 
every line and every ſpace; and upon theſe lic 
and ſpaces all the different notes are written in « 


74. der. But to take in the whole compals of mu 


The ancients invented a gamut conliſting of e 
ven lines, as PQ, and as many additional lines, 
they had occaſion for, above or below; and up 
this ſtave of lines, they writ all the notes that 
be uſed in muſic, as g, a, &, c, d. &c. The f 
or higheſt ſtave of five lines RS, they allotted 
the treble; the loweſt five lines TV to the bal 
and the middle line, and two on each fide, tot 
renor: and upon each part, they placed the th 
cliffs to diſtinguiſh them ; and placed the notes 
all the lines and ſpaces, with their names, The 
cliffs, and the names placed where the notes rc 
ſtand, are ſer down in the figure. And this (c: 
is uſed to this day. 

But certainly the inventors were very unluc 
in forming ſuch a gamut, and the moderns 
more ſo, for continuing the uſe of it. There is 
manner of advantage by having it in this fon 
for no body ever played a ſingle part, off a ic 
of eleven lines. For muſic is always divided If 
parte, and each part is ſeparately pricked upon i 
lines. But the diſadvantage of this ſcale is ene 
mous, and is the worſt ſcheme that any body cc 


have fallen into. For taking all the parts of 
c 


ur. XV. 2 7 8 1: 
orreſponding to the ſeveral uu of muſic, and Fig. 


e lines has the higheſt line F ; the baſe five lines 
bs the higheſt line A; the tenor five lines has the 
pheſt line G, and ſometimes B and E, according 
s the tenor cliff is placed, which by this contriv- 


jaced upon the higheſt and loweſt lines. The 
ma nnſcquence of all this is, that whoever would 
um to play upon the harpſichord or ſpinet, muſt 
obliged to learn 5, 6, or 7, different gamuts, 
n one might have done the buſineſs. But who 
never have the patience, or ſpare the time to do 
bis; certainly none but ſuch as have nothing elſe 
do, or make it their buſineſs. Now had but the 
entors made their ſcale of 12 lines inſtead of 
u and had taken the loweſt five for the baſe; it 
uld have been uniform with the treble; and 
en there would only have been one gamut to 
um, inſtead of two, now in ule, for theſe two 
the treble and baſe, which are the principal 
ts, But they had not even the good fortune to 
this. Would not any body wonder at the pati- 
(ce of a perſon, that for variety, ſhould make a 
v alphabet, by making 4 ſound as a, c as b, d 
Ic, &c. and ſo learn to write and read that way; 
yy perſon acquainted with the preſent alphabet, 
wuld hardly think that the word pof was deſigned 
Jexprels ne. This ſcheme of five or ſix different 
muts is of a ſimilar nature. But I am not the 
rt that has taken notice of this abſurdity. 

lt is certain, that the authors of this confuſed 
| intricate ſcheme had never conſulted nature, 
uch in all phyſical enquiries ought to be our 
ef guide; if they had, ſhe could have pointed 
t a plain and direct method, which would have 
reveated the infinite perplexity which a learner is 
rown into, by ſo many inconſiſtent and contra- 
CE 4 dictory 


are no two parts of it alike. For the treble 74. 


ce muſt always be C. Nay, it is ſometimes 75. 
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Fig. 
75. 


76. 


77 
78. 
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dictory methods of notation. For can there be 
ter abſurdity, than to make the ſame line Met 
pace, ſometimes to ſtand for one note or lette 
and ſometimes for another, even through the who! 
alphabet of notes. And I have often wondered 
that they did not even uſe different letters for chil x 
correſpondent notes in different otaves. And thin 
ſhews that muſic has not met with the ſame i 
provements, that other arts and ſciences have don 
I 'ſhall now deſcribe that method of notatio 
which nature has laid down, and which preven 
all that nonſenſical inconſiſtency, confuſion, anc 
puzzling, which has been ſo juſtly complained out 
It is acknowledged by all perſons that know an 
thing of mulic, that all octaves are the ſame, an 
have all the ſame properties, and the ſame ſimil 
tude throughout; all octaves then, being ſo nes 
akin, ought to be ſo pricked down or written, th 
the ſchemes or draughts may have the ſame ſinWror 
litude or agreement, as their originals. Thercfor 
let the higheſt octave, or the treble part be ſet ꝗ io 
on a ſtave of five lines, with the higheſt line F, 
we have it now. Let the ſecond octave or tenor b 
alſo ſet upon another ſtave of five lines, and | 
the higheſt line be F, as before, but an eighth bi. 
low the firſt, Laſtly, let the loweſt octave or bal 
be ſet upon another ſtave of five lines, and H 
higheſt line F, which is two eighths below thefirll 
Then let the proper cliffs be tet upon each; ti 
treble cliff upon G, the tenor cliff upon C, th 
baſe cliff upon F. So there will be but one gamut 
or one order of notes, for all three; each an eight{lng 
below the other. I make no alterations with (nh 
treble, but make it the ſame as before, becaule 
is univerſally known; and therefore 1 accomme 
date the reſt to that, which are but known to te» 
I deſign each of theſe to be further extended thai vu 


five lines, by drawing occaſionally other lines s 
the 


gr. XV. n 


tent with itſelf, and the eaſieſt that can be thought 
. And I will venture to ſay, that whoever has 
{deſire to play upon the harpſichord, will learn 
p a quarter of the time, that the common way re- 
wires. And that many people are deterred from 
krning, from the apparent difficulties in the com- 
jon formidable ſcheme. 
The only objection I can think of, is this; all 
ur muſic is written according to the vulgar me- 
bod z and in that form can be of no uſe. But 
hat is eaſily remedied, by tranſpoſing it, as occa- 
n requires; as I have often done myſelf ; which 
jill not be a great deal of trouble; and will, be- 
des, teach the ſcholar to write muſic. | 
do not mean by this, that any perſon: who has 
ud pains and patience enough to learn the com- 
gon way, ſhould lay it aſide to take this; for he 
d not have two methods, to do one thing. Yer 
lioſe perſons, if they know the common way ne- 
er ſo well, would fall into this method, without 
te leaſt trouble or difficulty. And I believe if 
Ibis method was once begun, it would ſoon become 


„ B. C, D, &c. are ſet to the notes belonging 
them, and whoſe places are invariable. I have 
ot put the names at length, A lamire, B fabemi, 
L folfant, &c. becauſe the letters A, B, C, &c. 
ye my turn as well, 

There is a like abſurd practice made uſe of in 
ging z which is, that when B is flat, then M: 
[whoſe true place is B), and the whole train of 
tes attending it, are to change their places; and 
Mi is to fall in E. Then if a flat happens in E, 
liey are all to change their places again, and Mi 
nult fall in A, and ſo on for more flats. As if 
li, or any other ſyllable, could not be applied to 
* 


above or below, as is practiſed now. This Fig. 
xethod is agreeable to the nature of things, con- 78. 


verſal, You have this gamut in Fig. 82. where 82. 
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Fig. any ſound, or muſical note, flat or ſharp, A 
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thod ſo abſurd and irrational, that no reaſon can 
given for ſuch a practice, but the humour of ma 
ing every thing as obſcure and difficult as it c. 
poſſibly be made. And ſome do not ſcruple to ſi 
that muſic has been deſignedly involved in all : 
darkneſs and obſcurity by the profeſſors of this at 
in order to keep the ſecret to themſelves ; for it 
certain they go the furtheſt way about. As to fin 
ing, there can be no occaſion for any names for i 
ſeven notes, but the ſeven letters A, B, C, D, 
F, whoſe places are eternally fixt. What then 
all this pother about? Such are the inconſiſtenc 
men run into, when they forſake the plain pat 
of nature, to follow precarious methods, that ha 
no foundation in the nature of things, 


CD -F, 


To deſcribe the ſeveral ſorts of notes uſed inm 
fic, and other marks and charatters uſed tbertii 
and of time. 


Notes are of ſeveral forms, according to ti 
lengths of the ſounds they are to expreſs. A a #r: 
B a ſemi brief, Ca minnim, D a crotchet, E qua 
F ſemi-quavers, G demi-ſemi-quavers. Their lengt 


in time of playing is, a briet (now out of ule) ti v 
ſemi-briefs. A ſemi- brief, two minums. A mile « 
nim, two crotchets. A crotchet, two quavers. d 


quaver, two ſemi-quavers. A ſemi-quaver, Mt 
demi - ſemi-quavers; their tails are often tied tag 
ther, for the benefit of the eye. A prick (et att gut. 
a note makes it half as long again. The heads ( 
the notes muſt ſtand in the proper places; the tal 
may be turned any way for convenience. 

Reſts are marks to ſhew, that the muſic tops ft 
a certain length of time, expreſſed by the lengt 
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ſome note. The reſts are ſet along with the 
tes of the ſame length. 

A flat (A) is a mark ſet before a note, to ſhew 
tis to be played half a note lower. 

A Harp (B) ſhews, that the note before which it 
pet, is to be played half a note higher. 

A natural (C) let before a note, ſhews the note 
uſt be played without flat or ſharp. 

When any flats or ſharps are ſet at the beginning 
a leſſon, every note upon ſuch lines and ſpaces 
guſt accordingly be played flat or ſharp through- 
ut; and all their octaves. 

I. repeat (A) ſhews, that the tune is to be played 
xr again from that mark to the end of the ſtrain, 
rto the cloſe E. | 

A direct (B) placed at the end of a ſtave, ſhews 
mat note begins the next ſtave, 

" ſhake (C) is performed by ſhaking the note 
ve, | 


low. 

A ave, or ftaff, is the five lines drawn to write 
e muſic on, as in Fig. 76, 77, &c. The addi- 
onal lines above or below are called ledger- lines. 
Bars, are lines drawn acroſs the ſtave z a ſingle 
kr 1s a ſingle line; and theſe go quite through the 
une, and are to divide the time equally through 
e whole part. For every bar (contained between 
ne croſs line and another) is of the ſame length, 
d muſt conſiſt of the ſame number of any one 
rt of notes. The double bars have two croſs 
Joes, and are only ſet at the end of a ſtrain, or 
Wit of the muſic, 

Time, is that kind of movement which is proper 
the tune, and is of two kinds, common time 
d tripple time. 

Common time, is when the notes move by two 
d two, In a tune, or leſſon in n 

ar 
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81. 


83. 


A beat (D) is performed by ſhaking the note 
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Fig. bar contains the length of ſome particular note, 


84. 


-Noweſt is marked as you fee at A; the next mar 


-times they are marked as at D and E, and are 


a ſemi-brief, minum, &c. which may be divide 
at pleaſure. There are ſeveral moods in comme 
time, denoting a ſwifter or a flower motion. II 


ed at B is faſter; third at C is the quickeſt; ſom 


the ſame meaſure as C, and have but two crotche 
in a bar, while the reſt have four. The length 
a bar in the ſwifteſt (C) is a ſecond; and int 
ſloweſt, two ſeconds. 

Tripple time; here the motion is by three 3 
three; and there are always three in a bar of ſo 
ſort of notes; or twice three, or ſome number 
three's. The moods are as follow. 

The ſloweſt kind is marked thus 2, and has 
minums in a bar, the next is 3 or 4; here i 
pricked minum in a bar. 

The quickeſt is marked 2; here is a prick 
crotchet in a bar. There are alſo ſome compout 
moods, as + and 2; here the crotchets or quaye 

by 3 doubled, that is, two three's in a bar. 

Allo in the moods 2 and 2, the crotchets 
quavers go by 3 trebled, that is, by three thre 
in a bar, 

Laſtly, there is the mood , in which the q 
vers go by 3 quadrupled, that is, by four thret 
in a bar. | 

A general rule to know the movement belong! 
to any of theſe moods, or how it is barred. 

a ſemi-brief be the integer, and then the fracti 
denoting the mood, will tell you what part or pa 
of it are in one bar. Or which is the ſame thing 
take the part of a ſemi-brief denoted by the low 
number ; and the upper number will tell you ho 
many. of theſe parts are in a bar, Thus in 4, 
4th part of a ſemi-brief is a crotchet ; therefo 
there arg 9 crotchets in a bar. 1 
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The diſtinguiſhing mark of common time is, Fig. 
hat all notes go by two's; and that of tripple 
e, that ſome particular note goes by three's, 
hilſt all the reſt go by two's. And in all forts of 
ime, the movement 1s compleated at the end of 
ery bar; at which, there is a kind of intermiſ- 
jon or ſtop, which divides the tune regularly into 
milar parts or elements. And it is probable, that 

compound moods in triple time have been 
ontrived to anſwer ſome forts of meaſures in poetry, 
jr verſe 3; as we have ſongs in many different ſorts 
f meaſures, or number of ſyllables in a verſe. 
ind theſe moods have been fitted to anſwer them. 
There are ſeveral other marks uſed in muſic, 
but theſe are the principal. 


PROP. XII. 


To explain the phanomena of communicating ſounds 
rom one ſtring io another. 


1, If two ſtrings of any inſtrument be tuned uni- 
dn, and one of them ſtruck, and made to ſound ; 
e other will give a ſound alſo. Or if the ſtrings 
upon different inſtruments, the effect will be 
e ſame, if they are placed near together. 

The reaſon of this is, that if the ſtring AB be 
ruck, and made to vibrate, the other ſtring, 
ough at reſt at firſt, will receive all theſe impulſes 
the air, which muſt neceſſarily put it into mo- 
jon; for every force acting upon a body at liberty, 
All excite a certain degree of motion; and this 
uſt be the ſame vibrating motion which the air 
; and that is the ſame it receives from the vi- 
ating ſtring. And having the ſame vibrating 
otion, it mult give the ſame ſound. This 1s the 
ale with the drum of the ear, when it receives the 


npreſſion from the tremulous air, and cauſes the 
| ſound 


85. 
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Fig ſound to be heard. For as the vibrating motion 
85. of a ſtring communicates a like motion to the air, 
ſo, vice verſa, the vibrating motion of the air com- 
municates a motion to a ſtring, that is, in a proper 
diſpoſition to receive it. 
8 2. If two ſtrings be tuned to an octave, and the 
higher ſtring be ſtruck, the lower will give th 
ſame ſound; as may be tried on a fiddle. If AB 
be an octave above AC, and AB ſtruck, then AC 
will give the ſame ſound. But then it is not the 
whole of the ſtring AC that trembles, but the tw 
equal parts AD, DC, which are in uniſon with the 
firſt AB. The reaſon here is the ſame, for the im 
pulſes of air from the ſtring AB, cannot give the 
ſame motion to the whole ſtring AC, becauſe it 
can naturally vibrate only half as faſt, and there- 
fore one impulſe deſtroys the effect of another, fo 
producing this motion. Therefore the effect of 
theſe ſeveral impulſes will at Jaſt be this, that the 
{tring will be forced into two vibrations of the tuc 
equal parts AD, DC; which are in uniſon wich 
AB. For the middle point is at reſt, for a {mil 
piece of paper laid on D, will be unmoved ; but 
ſhifting it gradually towards either end, it will be 
thrown off, or made to tremble. 
87. Likewiſe if the ftring EF be a twelfth belov 
AB, or a fifth below AC, and EF be divided inte 
3 equal parts, theſe three parts will vibrate, whill 
the points of diviſion are at reſt. For the vibn 
tions of the air, acting on the ſtring, will more 
the parts ſeparately, being each in uniſon with AB 
And if EF was two eights below AB, then thc 
four parts of EF would move; but the motion 
at laſt grows ſo languid and faint, that it cannot be 
perceived. | 
But it any of theſe ſfrings are ſtruck at the point 
of diviſion, it will only give a confuſed fuur; 
for the motions are then inconſiſtent, by icaſor 


pv! 
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ints are diſturbed that ſhould be at reſt. A pipe 
| alſo cauſe the like vibrations and ſound in a 
ing, that is uniſon with it. | 

. If a ſtring be tuned a perfect twelfth to the 


, and another ſtring a 17th to it, or a greater 
h to the other note. And if the baſe be ſtruck, 


4 two others will ſound; but it is only a good ear 
— perceive them; I take it for granted, that the 
ac pulſes of the air acting equally on both ſides of 


king, will give it no motion; but acting more 
one fide than the other, will give it a motion 
portional to that exceſs. Here in the firſt caſe, 
kngths of the ſtrings are 1 and , therefore the 
er ſtring vibrates 3 times for the lower once. 
ide the time into 3 equal parts, each equal to 
vibration of the upper ſtring; and let the vi- 
ons of each, towards the right and left, be 
wted by r and i, and their conſpiring or oppoſe 
zone another, that is, the addition or diminution 
notion of the upper ſtring, by a and 4. Then 
r motions will ſtand thus, 


lower rr il rrr Ul 
upper rir Ir rir Ir 
ada ada ada ada 
In this compariſon, it appears there are 2 @'s 


1d; and conſequently + of the vibrations con- 
r to move the upper ſtring, the remaining two 


hug oy one another. Therefore the upper ſtring 
ibn be made to vibrate, by the vibrations of the 
novo rr. ; | 

Ae other ſtring (the 17th) is I in length, which 


ire 5 vibrations for one of the baſe. Then 
ng down as before, which way theſe vibrations 
parts of vibrations) lie; they will ſtand thus, 


WH lower rrrrr lil rrrrr Wl 
Wy "pper t bl rielr boil 


Jr; ht adada adada adada adada 4 
| * 


; 9 | ey. Wen) 7 
By this it appears, there are 3 9's for 2 4 
therefore + part is ſpent in giving motion to th 1 
upper ſtring ; for it is certain, where the motion 
conſpire (the 4's), it will be accelerated, and when 
they oppoſe (the 4's), it will be retarded. And! 
the whole, it will be made to vibrate. The ftrind 
2 will alſo be made to vibrate a little; but all 
them give ſo ſmall a ſound, as only a good ear ca 
perceive. But none beſides, as 5, 2, +, 4, 2, + 
&c. can be made to vibrate upon this account, fro 
the vibrations of the baſes as may be eaſily com 
puted after the ſame manner. 
There are many more ſuch phænomena of n 
fical ſounds, which my room will not admit of. 
ſhall only obſerve, that ſome ſounds excite other 


as has been ſhewn, and theſe again create other rul 
and theſe produce more; and all by ſetting (ui 
ſtrings a vibrating as are in a diſpoſition to receiv”! 
the motion, that is, whoſe vibrations any way fie 
in with the others. So that at laſt there is a ſtrangg 
medley of muſical ſounds, chiming one with ant 
other, as may be obſerved in any full ſtrung inns 
ſtrument of muſic. nn 
| be} 
PROP. XIV. 
To lay down the general rules of taking concord ani - 
diſcords in compoſition, =y 
It has been ſhewn before what notes founding t © 
gether are concords, and what are diſcords ; vWiſſhic: 
muſt now ſhew how they muſt be put together Mary 
as to make the beſt harmony. For if they bep 


together at random, they will but make indiffere 
ſort of muſic ; therefore muſicians have, by tri 
and experiments, found out and laid down rug 
how they are to be managed, to make the mu 
as ſweet as poſſible. In the firſt place a baſe 1s 
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be framed, which muſt expreſs the air of the tune, Fig. 
and muſt move, not ſo much by degrees, as by 
leaps of a 3d, 4th, or gth. It muſt have proper 
cloſes, and end at laſt in its proper key. Then 
the other parts are made from this, by taking to 
each note thereof its proper concord, according to 
the following rules. But ſometimes a treble is 
firſt made, and a baſe put to it; and then you muſt 
reckon your concords downwards, as before you 
dd upwards from the baſe. In compoſition, good 
ür as well as good harmony ought to be main- 
ained quite through the piece, to which all ſtrict 
rules muſt give way. For in all caſes the ear muſt 
de umpire of the ſweetneſs of the muſic, which 
dught to be attended to before any ſervile fixt 
rules, The art of compoſing muſic in parts is 
ralled deſcant, but formerly counterpoint, whoſe 
rules here follow. In compoſing, ſtrive to make 
one part imitate another in the notes. And in tak- 
ng the concords, note mult be ſet againſt note, 
according to the following rules; and the parts 
may be allowed to pals through one another, And 
n muſic of many parts, the upper parts ought to 
be joined together as cloſe as poſſible. 


Paſſages of Concords. 

Rule 1. Two fifths or two eighths are not al- 
bwed to go together, in any two parts; for they 
re too luſcious for the car; and playing an eighth 
bv the whole tune may as well be admitted. Yer 
ey may be allowed when one part ſtands (till, or 
nles or falls an eighth, or when they pais by con- 
ary motion. 

Rule 2. One may take as many concords (of one 
brt) as one will, the baſe ſtanding ſtill. Or may 

ve to any concords. 


Rule 3, One may change from any ons, to any 


her concord; but more elegantly to ſome than 
others, 
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Fig. others. Not ſo well from one perfect to another, 


* 


eighth. 


may take two or three thirds and ſixths, or a fift 


E i 


Nor when the higher part ſkips to a perfect, and 
the baſe moves but a note. Nor when both ſkip 
to a perfect. Nor to riſe with the baſe from a ſixth 
to an eighth, and the contrary, 


Rule 4. You may take as —_ thirds or ſixths 
together as you will, eſpecially if they are alter- 
nately greater and leſs. For the muſic is the bet, 
where there is the moſt variety of concords, 


Rule 5. Take ſuch concords as are had wii 
the leaſt remove. Therefore the leſſer ſixth paſſes 
beſt into a fifth, and the greater (ſixth into an 


Rule 6. Moving by leaps is beſt done into in 
perfect concords. 


Rule 7. In a ſharp key, a ſixth is required t 
the ſecond and third, both above and below the 
key, becauſe the baſe commonly wants a third u 
its full compals, | 


Rule 8. When the parts move gradually, on 
and ſixth by way of binding. 1 

Rule 9. In compoſing ſeveral parts, ſet not thi 
ſame cord twice over, or between any two differen 
parts, For they mult vary thus, 3d, 5th, 8th 
or 4th, 6th, 8th. 


Rule 10. When a paſſage is diſputed, the et 
muſt be judge. For by that criterion were all th 
rules found out. 


Paſſages of Diſcords. 
Rule x. Diſcords are allowed in tranſition e 


breaking of notes ; provided the leading note be 
concord. | 


Rule 2. Diſcords are allowed in binding role 


that is, when a note of one part breaks off _ 
mi 
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nidle of a note of another part. Theſe are cal Fig. 


gd notes of /yncopation, or driving notes. Here a 
licord is allowed in half the binding note. 


Rule 3. Diſcords muſt only be upon ſhort notes, 
hat ſoon pals the ear. | 150 1 


Rule 4. Diſcords are allowed when the baſe ſtands 
ill, and the other parts move gradually; here 
ey muſt needs fall upon diſcords. 


Rule 5. Diſcords are allowed at a cloſe, and are 
zrerally reſolved into the neaceſt coneords. Dil- 
nds are prepared by concords, and reſolved into 
mcords, Thus a leſſer 7th is reſolved into a fifth. 
Although diſcords are diſagreeable in themſelves, 
t vhen they paſs into concords it makes the mu- 
t yery delightful; and is like a ſweet cordial af- 
x a bitter potion, | 


Cadences. 


Rule 1. The baſe intends a cloſe, when it falls a 
th, after _ or falling one or two notes. And 
falling a fifth (or riſing a fourth), the former 


ue requires a greater third. At a cloſe the baſe 
Ito fall a fifth. | 


Rule 2. The cloſes in any key, are the key, the 
Ib, the 2d, and the 6th and 3d. 


Rule 3. The cloſes in any key, fell naturally in 
r order ſet down in the laſt rule. 


Rule 4. At a cloſe, you may remove by leap to 
ly concord, 
Rule 5. At a cloſe, diſcords are uſed both by 
il, and binding, promiſcuoully according tg, the 
on mer rules. 

This mixture of concords and diſcords do very 
uch delight the ear, and keep it in ſuſpence, till 
nolal berfect concord comes to compleat the harmony. 
ia u Tbough the cloſes naturally come in due courſe 
e after another, yet a judicious muſician, by the 


D d 2 artful 
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Fig. artful introducing flats and ſharps, can ſkip oye 
ſome and take others out of courſe z but then it 
a little painful to the ear; and ſo, indeed, in ſome 

degree, is every ſhifting of the key. 
There are ſeveral particular rules of the paſſagt 
of concords and diſcords which I have not mention 
ed, but they all depend on what has been delivered 
In playing figured or tborough baſe, where nothing 
is marked, common cords muſt be played, which x 
the 3d, 5th, and 8th. The other cords are ma) 
ed with their proper figures. A flat or ſharp 
among the figures, ſignifies a flat or ſharp third: 
be played. To play a good thorough baſe, and m 
nage diſcords rightly, one muſt know, 1. Hoyt 

repare them. 2. How to accompany them. 

How to reſolve them. Accompaniments are cor 
taken in, to fill up the harmony. But I have , 
deſign of meddling with the practical part of nh 
ſic; I have treated of it ſo far as mathematics et 
any concern in it, .and I promiled no more, rate 
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{general Method of Philoſophiſing ; or, Rutes 
to be obſerved in Philsſophical Enquiries. 


HE deſign of philoſophy is to find out the 
nature and cauſes of things from their viſi- 
e effects; and theſe effects are the phenomena 
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periments. In order to philoſophize aright. 

1. We muſt make a competent number of ob- 
ations and experiments, whereby we may know 
ut the effect we reaſon about is certainly true. 

z. We muſt find out all the cauſes, as far as 
ofibly we can, that can produce this effect; and 
e truth of them muſt be mathemarically demon- 
nted, when neceſſary. This is the moſt difficult 
art of the buſineſs ; for it is hard to know when 
have got all theſe cauſes. And therefore a phi- 
ſopher ought to have a very extenſive view of 
ings, and a thorough knowledge of the ſubject 
eenquires after. If we be not ſure that we have 
bumerated all the cauſes, then the effect may pro- 
ed from ſome cauſe we have omitted ; and ſo far 
de propoſition will remain doubtful. 

3. Sometimes it is neceſſary to ſhew and demon- 
nte what Cauſe cannot produce the effect; eſpe- 
ally when that effe& has been vulgarly and er- 
neouſly attributed to ſuch imaginary cauſe. 

4. To proceed, we muſt compare all the poſſible 
ſes of any two of theſe effects (or phœnomena) 
q reſerve ſuch as are common to both. Again, 
pare theſe with all the poſſible cauſes of a third 
i=nomenon, and reſerve the cauſes that are com- 
on to both. In like manner compare theſe with 
Dd 3 all 
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Fig. 


hich are made known to us by obſervation and 


Fig. all the cauſes of a fourth phœnomenon, &c. Pro. 
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ceed thus till there be but one cauſe at laſt com. 
mon to both; then it is evident this is the cauſe 
ſought after, for all the reſt are exhauſted. 

5. After the true cauſe is found out, the fame 
principle muſt be applied to the ſolving all phœno 
mena of the ſame kind; and if the explications 
given thereby thoroughly agree, it will confir 
the truth of the principle from whence theſe ſolu 
tions are had. For if they be true, they mul 
ſtand the rigour of mathematical calculation. By 
if they cannot do this, we muſt take it for granted 
that we have fallen upon ſome wrong principle 
and therefore we muſt look out for ſome othe 
That this coincides with the Newtenian method 
proceeding, I ſhall ſhew in the following Example 


F 


To find the cauſe of the revolution of the beatn 
boaies, and of retaining them in their orbits. 


Phenomena, 


1. The fatellites of Jupiter and Saturn, deſcnt 
areas proportional to the times of deſcription abo 
their primary planets. | | 

2. The primary planets deſcribe areas propo ent 
tional to the times of deſcription, about the uur 
but not about the earth, | | 

3. The periodic times of the ſatellites about 
primary planets, or of the primary planets ab 
the ſun, are in the ſeſquiplicate ratio of the mie 
diſtances from their reſpective centers. unc 

4. The moon deſcribes areas round the egort 
proportional to the times of deſcription nearly. 


. Propoſitions, 
1. Every body that deſcribes areas prop 
tional to the times of deſcription about à po 
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om. Int. 

2. If the periodic times of revolving bodies are 
in the ſeſquiplicate ratio of the radii; the centri- 
petal forces will be reciprocally in the duplicate ra- 
to of the radii. | 

3. If a body moving in a fluid revolve round a 
center, it will be retarded, and the area will not be 
% the time. | 

4. A ſpherical body revolving round its axis in 
an immenſe fluid, will cauſe the parts of the fluid 
o revolve, ſo as the periodic times will be as the 
ſquares of the diſtances, from the center of the 
ſphere, And this will conſtitute a vortex ; and bo- 
dies revolving in it mult be of the ſame denſity, 
and obſerve the ſame laws of revolution. 

5, If the moon is retained in its orbit by a force 
reciprocally as the ſquares of the diſtances, That 
very force at the earth's ſurface will make bodies 
deſcend 16,1 feet in a ſecond, 
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' Salution. 


From phcenomena iſt and 2d, the revolving body 
muſt be carried round, and continued in its orbit, 
ther by ſome force perpetually acting towards the 
enter, in free ſpace. Or elſe it muit be carried 
wund in a vortex. For it cannot move in a reſiſt- 
ng medium by Prop. III. 

And by phcen. 3d, the revolving body is retain- 
ed in its orbit by a force acting towards the center, 
ich is reciprocally as the ſquares of the diſ- 
ances, by Prop. Il. For it cannot be carried in a 
Wortex by Prop. IV. 

By phcen. 4th, and Prop. I. the moon is retained 
n its orbit by a force acting towards the earth, 
aich is reciprocally as the ſquare of its diſtance, 
od by Prop. V. this is the force by which bodies 


itlcend, called gravity or weight, 
d 4 Now 


is urged by a centripetal force tending to that Fig. 
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Fig. Now any other cauſes than theſe we have men- 


| which are differently refrangible being refracted 


PHILOSOPHICAL * 


tioned cannot be thought on. And therefore the 
true cauſe ſought is diſcovered to be a gravitating ſd! 
force, with which all bodies in the univerſe are en- 
dued. And therefore the planets, comets, and al 
the ſatellites are retained in their orbits by this force, 
and all move in free ſpace, or at leaſt in a medium 
ſo extremely rare, as to make no ſenſible difference Wit? 
in a long ſpace of time. 

This cauſe or principle being found out, when 
duly applied, will explain all the phœnomena re. 
Jating to the moon's motions, the preceſſion of the 
equinoxes, the motion of the ſea, &c. as may be 


ſcen in the Principia, Lib. III. 


E x A M. 2. 1 
To inveſtigate the cauſe of the refraction of ligb. 


Phenomena. 


1. If the ſun's rays come through a hole in: 
window ſhut, and be refracted by a glaſs priſm; 
an oblong image will be formed on a paper, or the 
oppoſite wall, conſiſting of ſeveral colours, whole 
length is perpendicular to the axis of the priſm. 

2. If another priſm be placed behind the former, 
and with its axis perpendicular to it; it will refract 887 an 
the image ſideways, of the ſame length as before, e! 
but of no greater breadth. | 

3. If a imall part of the light of any one co- 
Jour, be again refracted through one or more 
rom the image will always be round, and of the 
ame colour as before. 


Propoſitions, 
1. If light conſiſts of heterogeneous parts 


through a priſm, it will paint an oblong image 0 
the oppoſite wall. | | 
2. 
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as through a priſm, ſo that the angle of in- 
dence and emergence may be equal in the two 
rating planes; the image will be nearly circular. 
3. If Tiebr be of ſuch a nature, that its rays 
l ſplit or dilate when refracted; then a priſm 
ill refract the light into ſuch an image, that the 
readth will be as great as the length; and this al- 
ys, by all ſucceſſive refractions; and the image 
ill be enlarged by every refraction. 


Solution. 


From phcen. 1 and 2, it appears, that light is 
ade up of heterogeneous parts, which are differ- 
ty refrangible. For it cannot conſiſt of homo- 
rneous parts, by Prop. II. Nor does its rays 
lit or dilate, by Prop. III. Moreover from 
hen, 3, that ſmall part of light, which conti- 
ves of the ſame colour, muſt be homogeneous, 
Prop. IT. Hence light is diſcovered to conſiſt 


n1 : 

m ; Wt heterogeneous parts all mixt together, but ca- 
the ble of being ſeparated from one another by re- 
oſe W':fion, into the compounding homogeneous parts, 


nd the properties of theſe homogeneous parts are 
nate and eſſential to them, and cannot be altered 
any reflections or refractions whatever. The na- 
re of light thus found out, may be applied to 
plain other phœnomena of the like nature. 


Ex AM. 3. 
To find out the cauſe of the aſcent of water in a - 
vn or pump. | 


Phenomena. 


1. If the end of a ſyringe be put in water, or 
iy fluid, and the piſton drawn up, the fluid 
Wl follow and riſe with the piſton. Or if the 
outh be applied to the top of a tube immerſed 

in 


2, If light conſiſts of homogeneous parts, and Fig. 
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Fig. in à fluid, ſucking at the top will draw the 


fluid up. | 
2. Cement a braſs cock in one end of a cloc 


tube, exhauſt the air and ſhut the cock. Then py 2 
the end with the cock into the · water, and open th 7 

cock, and the water will aſcend into the tube, 
Cement a ſyringe in the mouth of a ar 8 
bottle, quite full of water; and draw up the pi ect 
ton, but no water will follow. kd 
cen 

Propoſitions. 

1. If a vacuum be impoſſible in nature; the ] 
any fluid having free liberty, will move toward ur 
fuch a vacuous place to prevent it. 100 

2. If there be a greater preſſure upon one p 
of a fluid than on another; the fluid will move uin 
wards the part having the leaſt preſſure. by 

3. Whatever fluid 1s drawn or moved by thin? 
force of ſuction, will always be drawn or moved by 
that force when applied, if the way be clear. * 

1 
Solution. a1 
By phcen. 1 and 3, water aſcends up a tube ti 
ther by the preſſure of an external fluid, or by na 
ture's ſuga vacui; for it cannot aſcend by ſudtion 
by Prop. III. 2 a 

By phcen. 2, the water aſcends the tube by thi 
preſſure of an external fluid; for it is not by nl 1 
fuga vacui, by Prop. I. the 
Hence water aſcends into cyphons and pumps bl : 
the preſſure of ſome external fluid; and we kno wu 
of no ſuch fluid but the air or atmoſphere. of 

EAA N. 4. the 

To find whether ihe diurnal revolution belongs | - 

the ſun or to the earth. Pe 


4 Phenoments 
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7 thi 1 
| Phenomenon. Fig. 


The body of the carth is never in the plane of 
the ſun's iurnal orbit all the year; except at the 
equinoxes, when it paſſes through that plane. 


Propofition. 

Every body moving round another body as its 
center, to which it is continually drawn or impel- - 
kd; muſt move in a plane paſſing through that 
central body. ; 

Solution, 


Hence the apparent diurnal reyolution- of the 
ey from the real revolution of the earth 
wund its axis. For if the ſun did really move 
wund the earth; then would the earth always be 
n the plane of the ſun's orbit, by the Prop. But 
by the phœn. ſhe is not ſo. Therefore the ſun 
moves not round the earth, 

The phœnomenon is proved thus, the ſhadow of 
the end of a gnomon erected on any plane, de- 
ſcribes always a curve line on that plane, except 
a the equinoxes. 


Ex AM. 5. 
To find whether the annual revolution belongs to the 
urth or to the ſun. 


Phenomena. 

1. The ſun and planets don't deſcribe areas round 
the earth proportional to the times. 

2. The periodic times of the ſun and planets 
round the earth, are not in the ſeſquiplicate ratio 
of their diſtances from the earth. 

3. The earth and planets deſcribe areas round 
the ſun, which are as the times of deſcription. 

4. The periodic times of the earth, and other 
planets round the ſun, are in the ſeſquiplicate ratio 
of their diſtances from the ſun, 


Propoſitions, 


ii PHILOSOPHICAL, &c 
Fig. 
S Propoſitions. 


1. Bodies that deſcribe areas porportional to the 
times of deſcription, round another body; are 
urged by forces directed to that other body. 00 

2. If ſeveral bodies revolve round another body, 
and their periodic times be in the ſeſquiplicate ratio 
of the Rhoces, they are urged to that body by 
forces reciprocally proportional to the ſquares of 
the diſtances. 


Solution. 


By Prop. I. and phcen. 1, the planets don't re. 
volve round the earth. But by phcen. 3, and 
Prop. I. the earth and planets revolve round the 
ſun. Alſo by phcen. 2, 4, and Prop. II. the 
earth and other planets are urged by forces, reci 
procally as the ſquares of the diſtances from the 
ſun, but not from the earth. Therefore the annudl 
motion belongs to the earth, 
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Optics, being a Tranſlation of ſome Papers of 
0, Sir J. Newton's Optical Lectures, Part II. 
never Engliſted before, p. 239, &c. 


EFORE I proceed to another kind of expe- 
B riments, it is neceſſary that we look more par- 
ticularly into the form of the coloured image; 
which the light coming in at a ſtrait round hole in- 
oa darkened room, and paſling through a priſm, 
paints there; and carefully take the dimenſions of 
all the colours, and their diſtances from one an- 
other, and alſo the ſeveral degrees of refrangibi- 
iy, correſponding to all kinds of rays. 

t was ſhewn before, that when a priſm (whoſe 
rertical angle is about 63 degrees) projects the 
image at the diſtance of 22 feet, its length was 
12: inches, and breadth 25. And therefore the 
centers of the outmoſt circles, of which diſpoſed 
n length, that image conſiſts, were diſtant 105 
inches. Now to this diſtance or contracted longi- 
tude of the image it is proper to refer the other 
dimenſions thereof, becauſe they have no certain 
relation'to its abſolute length (which depends on 
the magnitude of the compounding circles), And 
by this I could inveſtigate with more exactneſs the 
places where the colours were the moſt perfect in 
their kind; and their confines, falling upon a crofs 
I. paper, which I noted with a pen, and by many re- 

peated obſervations of this fort compared together; 
| at laſt gained theſe particular concluſions, 

1. The blue and violet on one hand, and the 
green and red on the other; take up on each hand 
half the image; ſo that the confine of the green 

and 
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and blue (which I may call a ſea-green) lies in the 
middle. 
2, The place where the leeky or brighteſt green 4 
appeared, divided the contracted length of the 
image in the ratio of 3 to 5; ſo that the length 
being divided into 8 parts, that green was 3 parts 
diſtant from the extremity of the red, and 5 par; 

from that of the purple. | | 
3. The ſpace taken up. by all the green, as far a 
the confines of the blue and yellow, was about the 

ſixth part of the whole contracted image. 
4. The confine of the blue and purple, or the 
moſt perfect indigo, was diſtant from the confine 
of red and yellow, or the moſt perfect orange... 
about I of the whole contracted image. | 
5. Laſtly, this diſtance of the indigo and orange 
was divided by the confine of green and blue in the 
ratio of 2 to 3; ſo that this confine, or the midd 
of the image, was diſtant from the indigo + part 
of the whole contracted length, and 3 parts from 

the orange. | 

When | had obſerved theſe things as carefully a 
I could, not altogether truſting to my own ſenſes 
but (on account of the great difficulty of precilcly 
diſtinguiſhing the confines of the colours, and the 
places of greateſt perfection) taking the judgment 
of other people; 1 drew out the dimenſions of th 
image according as I had found them; as may be 
ſeen in the figure. That is, with the centers X 
and Y 10+ inches diſtant, and with the ſemi- dia 
meters 1,5; inches, I deſcribed two ſemi- circles APU 
and BTD, and drew the tangents AB, CD. 
Then I divided the line XY (which I before 
called the contrated length of the image) into bn 
equal parts, and made LY = 9, IY = 20, HY 
30, and FT = 44 parts thereof. And ereCting 
erpendiculars at theſe points, I diſtinguiſhed the 
image into five parts, correſponding to the five 
: | more 
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yore eminent colours; the part PF ſhewing the Fig. 
ice of the violet, and FH the ſpace of the blue, 88. 
ic, which being done, I projected the coloured 

cen t upon this figure, that it might again appear, 

the ether every colour continued ſtill within the aſſign- 

gtd limits; and when the whole image filled the 

ut ole figure, the ſeveral colours with their ſeveral 

arts its very well agreed; and in the mean while, I 
bſerved the places in theſe ſpaces (which were 
aked out by points in this ſcheme) where the 
veral colours in their kinds appeared full and 
nohteſt, 

Now it is evident there can be no other intervals 

{ theſe places and limits, terminating the colours; 
tough, by the methods often mentioned before, 

va never ſo much diminiſh the circles, which 
pmpoſe the image, keeplag till the ſame centers. 

nd for this reaſon, that the heterogeneous rays 
be more ſeparated, and the colours come our 

ore imple. For ſince, in the very terminating 

pht lines AB and CD, the colours are quite ſim - 

e; and the colours in the middle of the image 

r the line XY, appear to be of the ſame kind 

th thoſe lying between that and the margin; 

alon tells us, that a mixture of heterogeneous 

j3 does not ſenſibly change the place of any co- 

„ ſince their coming from this (ide and that, 

ty temper one another. Thus the green and 
ple rays are equivalent to the blue, and there- 

re when mixt with it, don't alter that colour; 

it appears the ſame as if no purple rays had 

n mixt therewith. But here we mult except. _ 
terminating circles AC, BD, where the tem- 
nament on the outſide gradually decays, and be- 
mes of a full red, on one fide, where it runs in- 

> the terminating circle. But if any one ſhould , 
k here, he may try new experiments, and con- Je 
t the breadth of the image, that the circles may 
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Fig. be leſs, the reſt remaining; and I doubt not b hi 
89. every thing will anſwer. | 
But although the confines of the colours, fel i 
the lines paſſing through the points F, H. I. 
yet the places where they appear the moſt full a, 
intenſe, do not always fall in the middle of the i 
cluded fpace ; for the blue, which in its kind y 
the brighteſt, and no way tinged with purple, fi 
[nearer F than H, and the intenſeſt yellow was 
little nearer L than I, And thus the red and p 
ple appeared intenſe a little nearer the centers 
and Y, than to the other limits; only the gr 
was brighteſt in the middle between the limits 
and H. Whence appears the reaſon, that althoug 
the yellow and blue by their mixture compol 
green, yet the red and green, by reaſon of the 
too great diſtance, don't well compoſe a yello 
nor the green and purple a blue. Therefore ſeeit 
the colours are more cloſe about the middle, 6 
between the yellow and red, as likewiſe betwet 
the blue and purple, there is about a third p 
more interval than between the green and yelloi 
or blue, terminated on both files ; by this t 
image is elegantly diſtinguiſhed into parts, prop 
tional among themſelves, containing five princi 
colours, and two more which we ſhall take in, 
theſe are, orange between the red and yellow, 
indigo between the blue and violet; and thats 
cauſe next to theſe five principal colours, theſet 
eminently appear, and the ſpaces aſſigned them 
large enough for the degree of perfection of eac 
and thus the too great expanſion of the outer 
Joining colours is ſhortened, and they are all mi 
in a neater proportion to the quantity of the gret 


Theſe colours being inſerted, I begun agan WF me; 
make obſervations, and (in a word) all things! E 
peared, as if the parts of the image, which c adjc 
rain the colouts, were proportional to a ſtring i par 


vide 
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Jed, ſo as to give the ſound of the ſeveral de-Fig- 
tees or notes in an octave. When I found this, 89. 
f divided the figure of the image into like parts, | 
is may be ſeen in the ſcheme. And then I tried 
dow well the colours agreed with theſe parts. 
Thus, produce the contracted length of the image 
XY to Z, ſo that YZ = XY, and ſuppoſe the 
ing to be XZ, and that X be ſo divided, that 
dl the ſegments extended to Z,. may ſound the ſe- 
reral notes of an octave ( fel, la, fa, ut, re, mi, fa, 
ſl), And that is done by biſſecting XY in H., 
ind triſecting it in G and I, and again triſecting 
XI in F, and taking KY a fifth part, and MY an 
echth part of XY. And the ſemi· tones FG and 
EM will repreſent the indigo and orange; and the 
other five tones XF, GH, HI, IK, MY, the five 
eminent colours; all of which in particular, and 
de whole train of colours, falls exactly into the 
whole figure, and were contained reſpectively in 
he ſeveral parts. And about the middle of. t ele 
parts, each colour in its kind appeared the bright- 
a and moſt intenſe ; even the purple and red, be- 
yond P and T, abounded with light, gradually va- 

niſhing. | 
Bur | could not obſerve theſe things ſo preciſely, 
but I muſt confeſs they may be contrived a little 
ferent, To which purpoſe, if there be taken 
eleven mean proportionals, between XZ and YZ, 
of which F is the ſecond, GZ the third, HZ the 
fifth, IZ the ſeventh, and KZ the ninth z then this 
ivifion of the image ſeems to agree very well with 
the expanſions of the colours. For fuch minute 
differences as ariſe between this and the former di- 
viſion, can hardly be accounted errors by the judg- 

ment of the moſt acute ſenſe. _ EE 
How theſe diviſions differ will appear by the 
adjoining numbers, where the former expreſs the 
parts of the cord, * the muſical ratio; _ 
| 5 | the 
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Fig. the lower, the like Parts, divided in a geometrical 
$9. ratio. The card being divided into 360 parts. 


360. 320. 300, 270, 240, 216, 2022, 180, (by Man 
muſical diviſion) and : tio 
360, 321, 303, 270, 240, 214, 202, 180, (by cut 
geometrical diviſion). | | 
And | %buſed to lay down the former diviſion, col 
not only berate it agrees very well with the phe- War 
nomena, but becauſe it may perhaps contain ſome- Mons 
thing about the. harmony of colours, analogous der 
the concords of founds, which rhe painters are not pri 
quite ignorant of, but I am unacquainted with, 
Wherefore it feems likely to a conſidering perſon, 
that the affinity which is between the outſide pur- 
ple and the red, the extremities of the colours, is 
found likewiſe between the terms of an ore, 
which in a manner give the ſame ſound. 
Hence at laſt the proportions of the ines of fe. 
fraction, belonging to all kinds of rays, are (me- 
<hahically) determined. Since in glaſs contiguou 
to air, the fines of the extreme rays are as 68 and 
69 z divide the intermediate 1, in the ratio of the 
parts of this image, and there will ariſe 68, 68; 
687, 683, 682, 683, 687, 69, for the ſines at the 
confines and limits of the ſeven colours, in reſpedt 
of the common fine of incidence 44, when th 


refraction is made out of glaſs. But when it i | 
made into glaſs, for theſe fines take the numbers8Meul: 
68, 683, 683, 683, 683, 68+, 687, 69; te hi 
common fine of incidence being 106. And fo po 
the fines for thoſe rays, where the colours are thing 
mbſt perfect in their kind, intermediate numberWtter 
may be found between theſe. ae] 
Thus in water contiguous to air, where the er cet. 
treme ſines of refraction are as go to 91, one Mitre 
find the intermediate ſines by a like diſſection ue 
the intermediate unity (by making them as 90, 90 — 
| 


903, cc. or 90, 905, 90%, &c.) But note, rhe 
| | diviſot 


ical 
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diviſions are not preciſely geometrical, but yet as Fig. 
nearly accurate as any practice requires; and to toil 89. 
any further, beſides the tediouſneſs of computa- 
tion, would prove nothing but an affected and vain 
FR av oth a | 
here are other circumſtances concerning theſe 

colours, which I could now dereeifiine; ck as the 
nrious forms and expanſions thereof, for the vari- 
ops politions of the priſm revolving about its axis; 
or for the various refractive matter, of which the 
priſm is made, and with which it is encompaſſed 
ad alſo for the various magnitude of the vertical 
angle, But all theſe things will appear plain enough, 
from, what is ſhewn in the firſt part, comparing 
them with the toregoing explications ; ſo that all 
efets, as far as I know, may be found our, either 
for one ſingle refraction, or for more, and for any 
termination of light. 

I bave correfted a great many errors in this paper; 
bow they bave happened I do not know, 


A tranſlation of part of a paper in the optical lec- 
tures, intituled thus. Of the phenomena of light 
poſing througb a refraing medium, terminated by pa- 
rallel planes. Part II. Sect. 2. p. 261, &c. 


Having gone through the phœnomena of trian- 
pular priſms, thoſe made by quadrangular ones, 
wich are compoſed of parallel plains, come now 
properly to be ſpoken of. And | the more wil- 
ingly engage in it, as the philoſophers have hi- 
tierto believed, that no colours can be generated 
er this manner, ſuppoſing that the latter ſurface 
&ſtroys all the effects of the rays by a contrary 
fraction, to what the former produced; and they 
uke it for a matter of experience, becauſe in glaſs 
Windows, and ſuch like, they ſee none produced. 
bt in this they are deceived, becauſe the yn 
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Fig and perfection of the colours, depends upon i, 


90. 


diſtance of the parallel ſurfaces. For in gla cli 
plates, by reaſon of the ſmall diſtance of the luce 


taces, the colours are very thin and weak, ant nder 


contained in ſuch a narrow ſpace, as to eſcape th their 
ſenſes; but in glaſs of a greater thickneſs, or u Neca 


ther in glaſs veſſels or parallelopipedons full of cle"! 


water, the colours are plainly ſeen to be generaqꝗ ee 

For let ABCD be a glaſs, or water parallelop BD 
pedon, incloſed with air, whoſe parallel ſurf:c""2 
are denoted by the two lines AC and BD. Aer 
let the ſun ſhine through it, paſſing obliquely th: 
the imall hole F. Then the rays, by the forme 
ſur face at H, ought to be fo - unequally refracted 
that they will diverge from one another, till the 
fall upon the latter ſurface at PT, and there pi 
all kinds of colours, as has been abundantly ex 
plained before. Now ſince by the parallelilm« 
the retracting ſurfaces, the rays are only bent: 
the latter ſurface, juſt as much as they were att 
former. It is neceſſary that they emerge in the i 
parallel to one another, and to the incident n 
SH ; and therefore the diſtances and poſitions thi 
have acquired, they will preſerve ad infinitum 
and the colours produced will always remain ti 
ſame without any variation. Wherefore if HPt 
the purple ray, and HT the red ray, refracted 
H, the rays Pp, Tt, being again refracted, . 
emerge parallel to the incident rays SH, and ti 
one another; and therefore they transfer the pu 
ple and red, which they give at P and T. to a 
diſtance unchanged, and preſerve them every whe 
without any variation; the purple being tranſlate 
from P to p, and the red from T to 7; and ti 
reſt of the rays into their correſpondent intermes 
ate places. | 

And this mult exactly happen when the rays f 
upon this priſm in lines parallel to the ſame - 
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WF, and they emerge parallel; but when they are Fig. 


nclined to one another, as happens when they pro- 
ceed from different parts of the ſolar diſk; then 
Indeed they emerge inclined to one another, and in 
their laſt tranſlations they undergo ſome change. 
Becauſe the circles affected with all kinds of rays, 
by which (being diſpoſed in length) tht coloured 
mage of the ſun is made, by falling on the ſurface 
BD; by reaſon of the diverging of the rays, croſ- 
ing one another in the hole at F, come out the 
more dilated, as the rays are further from the point 
of emergence z whilſt their centers, which are iilu- 
minated by rays from the ſun's center, moving in 
ay direction before refraction, after refraction pre- 
ſerve the ſame diſtances, and politions for ever. 
And hence it is, that the ſpace pr! illuminated by 
the ſolar light immitted into a dark room, is the 
more dilated by that, and drawn into an orbicular 
form, as its termination is further from the priſm ; 
and the greenneſs in the middle R, if there is any, 
8 gradually changed into whiteneſs ; but if there 
b none but by the narrowneſs of the priſm, or 
videneſs of the hole letting in the light, the white- 
neſs poſſeſſes the middle of the colours; the ſame 
whiteneſs is ſenſibly dilated. But yet the colours 
are not thereby dilated, nor drawn into a leſſer 
pace, however leſs luminous they appear by the 
ulatation of the image. 

If we view any viſible objects through this pa- 
allelopipedon, they are no otherwiſe tinged with 
colours, than as a triangular priſm, eſpecially if 
the parallelopipedon be oblique enough to the 
tranſient rays, that it may refract much, and that 
the objects be ſufficiently near. For if the objects 
ae far off, whether that diſtance lies Between the 
patallelopipedog and objects, or the parallelopipe- 
don and the eye; how great ſoever the refraction 
Þ, by the obliquity of the parallelopipedon, yet 
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Fig. no colours are produced. If X be a lucid point, 
91. ſending rays to the eye at 8, through the refracting 


planes AC and BD of the parallelopipedon; it is 
plain, that drawing SN the path of the red ray, 
and SpMX that of the purpie ray, theſe rays are 
equally refracted at both ſurfaces; and therefore 
the triangles pst, MXN are ſimilar ; the purple 
ray, by reaſon of the greater refrangibility on both 
ſides at p and M, deviating more from. the dire& 
path than the red; whence they muſt needs cut 
one another within the priſm, as a — * at O, 
making again the triangles pOr, Mc N, ſimilar, 
or. the trapezium SpOz7 ſimilar to the trapezium 
'XMON, and therefore they come to the eye, as if 
they had at firſt proceeded from the ſame point O, 
and had only been refracted at one of the ſurfaces; 
And hence it follows, not only that the colours 
will be generated, but allo that the angle pst, or 
the apparent breadth of the colours, and other cir- 
cumſtances, may. be determined for any poſition 
of the eye. And therefore it will be plainer, by 
making experiments, that objects deeply immerſed 
in water, will appear a little tinctured with colours, 
by the refraction of the upper ſurface, to an eye 
beholding them obliquely. For AC may repreſent 
the ſurface of the ſtagnant water, and O any ob- 
ject immerſed in it, which the ſpectator at 8 be- 
holds. And O is eaſily found by drawing the right 
line SX, cutting the refracting ſurfaces in K and 
L; and dividing it in O, fo that SK be to LX a 
SO to OX, or as KO to OL. 


A tranſlation of part f the laſt paper in the optical 
leflures, concerning the rainbow, p. 285, &c. 

There ſtill remains that wonderful ſpectacle of 
the celeſtial arch} to the explicatiog of which Carts 
has paved the way; for to him it is owing, that ve 
know that it is formed in the drops of falling rain 


whic 


* 


bie 


ing WM" rainy weather, where the fun illuminates the 
it i. MW falling rain; and appears ſometimes in places very 
near, as if it was not placed in the air, being fixt 


pc upon the walls of the oppoſite houles, or rather in 
ore WI the intermediate ſpace; that water by ſome ſort of 
ple anifice being thrown out in drops ſhows the rain- 
oth bos, and the graſs in a dewy morning, full of 


rea WI ſmall drops, gives the colours of the rainbow. 
To him is alſo owing the moſt ingenious invention 
0, er the refractions of a drop, and the limits thereof, 
or the phyſical cauſe he did not fo happily find 
out. That you may underſtand this, ſuppoſe a ray 


17 AN to fall upon the globe NFG at N, and be 
0, ence refracted towards F, where again it is either 
e. rfracted towards V, or perhaps reflected to G. 


Aud if it afterwards emerge, it is refracted again 
o R, or reflected to H, and ſo on; fo that fame 
of the rays entering the globe, as NFV preſently 
gp out, ſuffering no reflection; others as FGR, 
er one reflection; and others as GHS aftet two; 


b 

x/ chers after three, or even more. Now ſince the 
dps of rain, in regard to the diſtance from the 
jc e of the ſpectator, are exceeding ſmall; they 


may be taken for phyſical points; and therefare 
nere is no occaſion. far conſidering their magni- 
udes, but only the angles which the incident rays 
make with the emergent ones; for where theſe an- 
es are the greateſt or leaſt, the emergent rays are 
tach of them denſer z and becauſe for divers.ſorts 
of rays, there are alſo diyers of theſe greateſt or 
aſt angles; each of them thus denſe tending to 
different points, will prevail and exhibit their pro- 
per colours. Therefore we mult. determine theſe 
peateſt or leaſt angles, which the emerging rays 
of all forts, contain with the incident” rays, that 
ye may rightly perceive the reaſon of thele phcee 


lamega, | 
Bea ” x: I; 
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which is plain from this, that it is never ſeen but Fig. 


92. 


424 „„ 
Fig. It is ſhewn in Cor. 1. and 2. Prop. 35. (Part, 1, 
92. that the emergent ray GR is the leaſt. inclined tc 
the incident ray AN. when gRR: II — RR: 
CN* : ND*, And I: 2K: : ND: NE, putting 
to R as the ſine of incidence to the ſine of refrac 
tion; and ND and NE being thus found, GR vil 
be given in poſition. 1 
For example, in the moſt refrangible rays, the 
ſine of incidence is to the ſine of refraction, or [ 
to R, as 185 to 138, as is found the neareſt in ra 
water; and it will be, 57132 : £5181 : : (3RR 
II — RR ::) CN* : N D;. Therefore DN 
* CN = 2725 CN. Whence by the 
37132 10000 . 
table of ſines, there is given the arch NL 62 deg 
4 min. Further, ſince I: 2R: : ND: NE: : 16 
: 276 :: 5355 CN: NE, NE will be = 2 
10000 2 1000 
CN. And then by the table of ſines there is give 
the arch NF 100 deg. 32 min. Then ſubtrad 
twice the arch NF from the ſum of the arches NL 
and 180 deg. or a ſemi-circle, and there will re 
main 41 deg. o min. for the inclination of the ray 
RG and AN, or for the angle AX R; that is, pre 
ducing AN and NG to meet in X, and this is the 
angle under which the inner or blue border of this 
bow ought to appear, or its leaſt ſemi-diameter. 
After the ſame manner for the leaſt refrangible 
rays, putting the fine of incidence to the fide of 
refraction, as 182 to 138, as I meaſured them 


there will be found ND = 5223. CN, and 


Fea 


a | 10000 m1 
= 2533. CN, and thence by the table of ſine ©* 

10000 Tt 
NL will be 60 deg. 22 min. And the arch N de: 
98 deg. 38 min. And therefore the angle AM 21 
43 deg. 6 minutes; under which the external, «i die 


rec 
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d edge of the bow, will appear. Therefore its Fig, 
neateſt ſemi-diameter is 43 deg. 6 min, From 92. 
zhich take the leaſt ſemi-diameter 41 deg. o min. 
here remains the breadth of the bow about 2 deg, 
$min. Or rather, by adding the ſun's diameter 
(which is 31 min.) 2 deg. 37 min. But as the co- 

urs at both edges of the bow, are ſo weak as not 

vbe ſeen for the ſplendor of the adjoining clouds, 

ts breadth as to ſenſe, ſcarce exceeds 2 degrees. 

The dimenſions of the exterior bow are deter- 
mined in a manner no way different. For it is 
bewn in Cor. 1. and 2. Prop. 36. (Part. I.) that 
the inclination of the emergent and incident rays 
HS and AN, is the greateſt, when it is 8RR : II 
RR:: NC-: ND*,, And I: 3R: : ND: NE. 
Wherefore putting the numbers 185 and 138 for 
the fines of the moſt refrangible rays I and R, as 


before; we ſhall get ND = L CN, and NE 
brit X 10000 : 


= 2064 CN, whence, by the table of fines, the 


I | 
arch NL = 36 deg. 48 min. and the arch NF = 
bg deg. 53 min. And therefore the angle AIS 
52 deg. 51 min. which will be the greateſt ſemi- 
diameter of this bow. And likewiſe for the fines 
of the leaſt refrangible rays, I and R, putting the 
numbers 183 and 138, there comes out ND = 
£79. CN, and NE = £905 CN. Whence by 
10000 | 10000 
the table of ſines, we ſhall get the arch NL = 35 
deg. 52 min. And the arch NF = 88 deg. 18 
min. And therefore the angle AYS will be 49 
deg. 2 min. the leaſt ſemi-diameter of the bow. 
Therefore if from the greateſt ſemi-diameter 52 
deg. 51 min. there be ſubtracted the leaſt 49 deg. 
2 min. and to the remainder. be added the ſun's 
diameter, 31 min. The breadth of this bow will 

, | | come 


Fig. come out 4 deg. 20 min. But by reaſon of th 


426 9 ©. þ:S 2 


92, rome obſcurity of this than of the interior boy ning 
imagine the colours will ſcarce appear further tha 
the breadth of three, or three and a half degrees, 
That I may diſtinctly repreſent to view the re; 
ſon of theſe bows, let E, F, G, be the drops ar 
way thrown into the air. SE, SF, SG, the pM 
rallel rays of the ſun falling on theſe drops; EM or 
EN, EO, the different retrangible rays, coming 
out of the drop E, after one reflection; and FN 
FO, FP, and alſo GO, GP, G0, like rays com ce: 
ing out of the drops F and G; that is, EO, FP 
GQ, the moſt refrangible rays, and EM, FN 
GO, the leaſt refrangible, &c. Now if the che 
of the ſpectator be placed at O, it is plain from ii Neat 
hypotheſis, that among the rays which the drop Eee 
emits after one reflection, only the moſt refrangibe f fe. 
or blue, as EO fall upon the eye; the reſt as EN 
and EM, paſſing by from the leſſer refraction; ad em 
therefore the blue colour is ſeen at E. But among 
the rays which G emits after one reflection, the Wil 
moſt refrangible, as GQ, paſs by the eye, becaule Mncth 
they are 1 to the ray EO; and the rays of 
another ſort, ſuppoſe the leaſt refrangible, or ted 
rays as GO, fall upon it; whence the red appear 
at G; and by the like argument the drop F, in 
the middle between E and G, ſends the mean te- 
frangible rays, as FO to the eye; the reſt as EN, 
FP, paſſing by on each fide; and therefore the 
is ſeen at F. The reaſon is the fame for all 
drops placed at the ſame apparent diſtances from 
the axis OR, which paſſes through the ſun and the 
eye; and therefore the colours will every where 
appear at theſe diſtances, That is, this coloured 
bow, whoſe inner ſide is blue, and outer (ide red, 
and the middle parts of the middle colours, vill 
then appear, the angle OG or GOE * 


and the breadth of this bow will be about two de- 
ä grees, 


re, 


laces will appear as uſual. 


themat!1 


nethematics. The end. 


— © 
— . 
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s, as I have ſhewn before; and the like rea-Fig, 
ning holds good concerning the outer bow; ex- 92. 
xt that the order of the colours is contrary, by 
ion of the contrary inflection of the rays. But 
he drops which are fituated out of theſe bows on 
y ſide, can throw no rays at all upon the eye, 
frer one or two reflections, and two refractions; 
jr on the other ſide, they are all mixt together, 
ad become inſenſible; and therefore can exhibit 
 phznomena of that kind; but the {ky in theſe 


Belides the phœnomena of colours of which we 
ure been treating, there are {till many other things 
epecially about the colours of very thin tranſpa- 
it plates, ſuch as bubbles of water, and air com- 
relſed between two planes, and the very thin ſkins 
if ſeveral things), the cauſe and meaſure of which 
n hardly be accurately determined without ma- 

ol reaſoning ; but in theſe things I ſeem to 
ure enlarged too much, and therefore I now be- 
ne myſelf to the more abſtracted parts of the 
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# Col ion of eurious, uſeful, and Importan 
| t e 
P R O B. I 


Civen an equation of & and y, as 4% + xy Þ 
\ Lf +xty\ = 0; 10 find bow many ways it nah 
transformed; that there may always be one term with 
out x; and another without y. | 


1˙ tion is + Ke N ＋ xo =, 
which is one way where one term is without x. I 
like manner, divide all by , and the ſecond term 
wilt be without &; which js a ſecond way. Again 
divide all by x, and the third term will be without 
x, Alſo divide all by x*, and the fourth term will 
be without x. Hence the equation admits of as 
many different forms as there are terms, wherein 
there are always one term without x. 
2. Again, in the equation + x*—<y4 + x-fþ 
, letting aſide the firſt term y%, the equation 
. N- + x54 will admit of as many forms, 
where one term wants y, as there are terms left, as 
appears by proceeding as in Art. I. Therefore if 
be the number of terms in the given equation; the 
whole number of forms, where one term is without: 


and another without q, is =1 XI—t 


1. Dla all the terms by x-, then the eq 


Sen ol. 1 


This ſuppoſes that all the indices are different 
from one another ; but if ſeveral indices _ 
| me, 
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U XVIIL PROBLEMS.” 


Therefore in ſuch caſes, the number will never 
amount to f, — . 


PR OB. II. 


A and B have each a number of ſbillings; aud A's 
ber is to B's, in the ratio of 17. 801501501 &c, 
w infinitum, io 31.917171717 Cc. ad infinitum ; 
and they are the leaſt in that ratio: what are the 
ers? | 


By Prop. LVI. Chap. III. B. II. Arithmetic, the 
eireulating part 501 &c. = vulgar fraction — 
che circulating part 17 &c. = _ There- 


501 


e 17.50 1501 &c. = 17 — and 31.917 &c. 


= 319 = Therefore A's number is to B's, as 


[ 

of 17 col | 
Wm t 31.9 5 or a 153 + fr to 287.1 + 
F 
3 11 [| 
$507378, which in the leaſt numbers will be as 
$20540 to 584503. 


PR OB. III. 


A uſurer lends out 2000. which the borrower is to 
Liar off by quarterly payments, viz. Il. at the end of 
we firit quarter, 21. at the end of the ſecond, zl. at 
ive eng of the third, and ſo on. In what time will 


ibe debt be cleared, reckoning 5 per cent. comp. inter- 
fer all. 


as 2454 to — that is, as 1923240 to 


Let p = 2000 the principal, r = 2/. dad its in- 
lereſt at a quarter's end, e = intercſt alone, x = 
time 


nes the number of transformations will be leſs. Fig. 


—_ * & = ” - 
* * _ I i — 1 . — _ 
a+ 1 2 2 — _— > 2 
1 þ 4 = CY _ 
: = - © 
A 2 OI = = 


_— 
- _ & - — — — 
„ = pew — MH ·¹·¹0ãA eowy —— — 4 - o — 
= - 


— W 


n — 22 
. 4 2 E * — 7 
_ LY * 
Oy — * * 
- 


— 


nan. an. he 
_—_ 
ST — 


. — 


— * 7 
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Fig. time required ; then the money due at the end « 


COLLECTION OF 
the ſeveral quarters will be as follows. 


due.\ſtitution. reſtitution, 


2 — 1 

ZI —7 —2 

2 —7＋ — 21—3 

= — 27 — 37—4 

2 ＋ 99 — 21—37—47— 
&c. 

21070 co ins | 2 — 37 — 

— ** 


Then per queſt. H or -*p — — 2 — — 3. 
&c. — O, ; 


T* tO 


Hell na 


n $4 
r L 75 177 
do & terms = ©, 


But by Prop. 30. Increments (Schol.) the ſun 
of x terms of the ſeries . + * + 3. Ke. 
* 


© SED a 
17 2 X x : F 3 
1— 7 * 121 71 ce 
. Therefore pr x © 4 + Mi, 
eer* * rr _ | 
&c. = pr* — ar 2 — o, and peer* 
ee ce 
* + ex +r S o, reduced = 3 and x 
: * Pu 
+ ex 
log. - t the 
4b. dx = Paws = 
log 2 % r— Pee GOES log. r * 
log. 1.42 110 +.017233x PEP 
log. 1.47119 2 hich is eafily foun due 
565395 f 


b 
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01227, and x will come out 85.3; ſo that after 
j quarters the debt will be paid, that is in 21x 
Jears. | 

SCHOL, 


If the queſtion had been to find when the debt 
the greateſt poſſible z then the two ſucceeding 
yarters H and K are equal; that is, H=K = 
H—x + 1, whence _ =H=rFxp—LZL 
-2 - 3. &c.t0.x terms = pr — © + 


— And ex + e peer: — 1 Tex Tr, and 


1— 

1 pee 
; and x leg. — . 27.8 ; there- 
- pee | log. r 

hire in near 28 months, or 7 years, the debt is 
tte greateſt, | 


per x * = 7 — 6, whence * = 


ſun 


PROB. IV. 


A lens B 20008. at g per tent. fimple intereſt, and 
In pay it back, thus, 11. at 1 year's end, 21. at 2 
urg end, 31. at 3 years end, Sc. To find when the 

will be greateſt, when it will be 850. 155. and 

Wen all paid. (Lad. Diary, 1769.) 
Is | 
Put x = time, r = intereſt of 17. . og; then 
t the end of & years, he would owe 2000 + 2000 
if he paid nothing. But ſince he pays 1, 2, 3. 
*. pounds in x years, that with its intereſt muſt be 
ducted; which is 1 +7 Xx x—1 +2 + 27 X 
| X — 2 


1 


y trial and error. Here r = 1.012273, and e = Fig. | 
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Fig, <2 +3 ＋ r N - 3 &c. to # terms. But 
by arith. progreſſion, 


112143. «„ = 


x. And 


— —— 


Rx XXx—1 


11273. . to ͤ - I: X * rx, and 
14419. . 2 —1 (XI Za * — 0 


6 
10. diff. method. 
Therefore at the end of x yeats he owes 


& — Xx 


2000" 9000 ns LE om rx 4 
2 2 
. XX nw * 1 . — 
— 5 FL ,x; that is, putting 5 = 2000, an 


Lv + 1. 


reducing s + Irs . =t id 
debt at x years end. Therefore per queſt. 
1. r - max. | 7 
Fluxions, 
1. — * + o, whence r ind 
46 very near. : WES 
2. 5 + Tx = rx + 388 + 3—T1X = 486. 25 
And the roots extracted .x = ſomething leſs th 7 
94» in the firſt caſe; and ſomething more than Ben 
years, in the ſecond, TY for | 
3. K K 
3 
extracting the root, x = 94 years very near, vb 
all the debt is paid, , | 1. 


PRO 


* 
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Fig. 


P ROI F. 


fo find the value of </ a VIE 


Bc. ad infinitum, 


tos” = oh value, then xx = @ + 
err &c. and xx — 4 = 


J. TVN ＋ &c, = x the firſt va- 
ue, becauſe it teverts to the ſame quantity; then 
-* Z and —x +, 4 +3, and x- 


VJ, ands =3 +Va+i. 
P R O B. VI 


To find the value of i a x VbxVaxwv1b Ge 
id infinitum. > 


Let & = its value, then xx = @ x 
VixVaxVb Kc. and r N 
nd © = axVbxVaxwvb c. &, 


wes S & and x! = dab, and v 2 Y/a0F. 


SOG RB O1. 


Theſe two Problems and their ſolutions are J. 
Bernoull?'s ; but the ſolutions are certainly wrong 
for both the quantities are infinite. 


PRO B. VII. | 
To find the ſpecific gravity of a fluid: 


Take tre bodies A. B, of unequal ſpecific gra- 
F f vities, 


wh 


0 


- * 


* 
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Fig. vities, but both greater than that of the fluid; 
make them of equal weights in vacuo. Suſpend 
them by threads to a pair of ſcales as uſual, and 
immerſe them both in the fluid, and get the differ. 
ence of the weights. Then this difference of 
weight = weight of a quantity of the fluid, equal 
to the difference of the magnitudes of the bo- 
dies A, B. 

For let A he the bulk of that ſpecifically heavier, 
B that of the lighter; x = what A loſes in the 
fluid, y = what B loſes, And when they are im- 
merſed, (put w = weight of A or B, 4 = diff. 
weights in the fluid.) 
w—x = A's weight in the fluid. 
wy = B's weight in the fluid. 
Then ſince B is bigger, it loſes more than A, 
and A is heavier in the fluid; whence W — x — 


90 — 9, ory —x, or d = difference of the weights 
of the bulks of water A and B; that is, 4 = a 
bulk of water = B — A, 


Or thus. 


If two ſuch bodies be made in equilibrio in the le 
fluid; and weighing them in vacuo ; the differ un 
ence of the weights will be equal to the weight 0 
a quantity of the fluid, equal to the difference 0 
the bulks of the two bodies. © blk 

Note, the more unequal the ſpecific gravities 0 
A and B are, the more exactly that of the fluid ger 
will be found. Tr 

PR OB. VIII. 

Two known metals being mixt together, as gold and 
copper, to find the quantity of each. when 

Let magnitude of the mixture = A, ip. grav. = WM 4- 


wel 


of the copper = B, ſp. grav. 
of the gold A- B, ſp. grav. 2 
FROW = 1 The there 
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| Then the weights of Fig. 
the gold =gA —2B 
copper or allay = B 
mixture 4A 


Then gA — gB+bB=0A, reduced B = © 5A. 


g 
Here the magnitude is known, by the weight of - 
s much water, which is = abſolute weight — 
weight in water. 
Cor. Weight A : weight B:: (As: BG: :) 4 * 
10 p b X 2 — . 


Or thus. 


Let x = weight of gold, 
y = weight of copper, 
a = weight of the compound, 
þ = weight of the compound in water, 
c = ſpecific gravity of gold, 
d = ſpecific gravity of copper, 


hen e: 1222: — = weight of water of the 


wulk of x. 
46:97: 1 = weight of water of the 
bulk of y. 
then x — - = weight in water of the gold, 
* — 5 = weight in water of the copper. 
hence x — * 248 3 
* 5 Ty 7 „ Or 7 ＋ 
—. * 8 
=] 72 b 
Chet berefore 7 — 1. dx + d—1.cy = bed. but yx. 


F f 2 therefore 
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Fig. therefore c — 1. dx + 4 — i. c Xx a—x = bd, 


teduced x = bed — acd . ac 2 24 nn 


C—4 c— 4 
c. a — 6 — 4 | 

C—d 6 
Cor. Let g = ſpecific gravity of the mixture, thin 
422 7 and a — 5 = ©, therefore x= — 


—— 


and y 5 


{ — 


1 indy = ZE „. Whence c — dE: 
2 TS C _— 4 14 a f 
PREM — Ac: x. 6 
272.4: 5. F 
c 

PRO B. IX 

F a piece of ground is to be planted with tris, . 
Jo that they may be at a certain diſtance from one an. ; 
other. To find the order they muſt be planted in, o ;1 
have the moſt trees poſſible, ol 
Since there are only 3 regular figures which ca th 
fill a ſpace, viz, equilateral triangles, ſquares, anal qu 
hexagons ; therefore if the trees be planted in any te: 
regular order, it muſt be in the centers of ſome o hy 
theſe. Now let r = radius of a circle wherein 4 ( 
tree ſtands, and ſpreads itſelf to that diſtance ever the 
way. Now whatever figure a tree ſtands in, the gur 
inſcribed circle muſt be the ſame in all of them gle: 


whether a triangle, ſquare or hexagon. ThereforQi kl 
we muſt enquire what proportion each of theſe ii c 
gures have to the inſcribed circle. ts. 248 
An equilateral triangle being inſcribed in a circle 
the fide is = 14/3 (by Prop. XLI. B. IV. Gee 
metry), and (by Cor. 2.) the perpendicular =; 
and the ſides being 3, the area g X wv 


3-1/3. And fince the perp. to the fide ot U 
circu 
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eircumſcribing triangle is twice as much being r, Fig, 

therefore the area of the circumſcribing circle is 4 

times as great = 3774/3; and this is to contain 

ls one crete. | | 
The area of the circumſcribing ſquare, it is evi- + 

dent, is = 477, which alſo contains a tree. 


In the hexagon, the ſide of the inſcribed fi- 
pure being r, the perpendicular is Vrr — 4rr = 


"I Vs. and its area =6 x — 9 = Vz. 


But the perpendicular on a ſide of the circumſcrib- 
ing hexagon being v; it will be as {rr ; rr: : area 


inſcribed > I: 2rr/ 3, for the area of the 


arcumſcribing hexagon, which likewiſe contains a 
tree, Hence the areas of the triangle, ſquare, and 
hexagon, (that each may contain a tree) are as 
03, 4; and 24/3; and theſe are as the numbers 
3, 24 and 2 nearly. Hence the hexagons are moſt 
advantageous, as taking up leſs ground, the trian- 
ples leaſt proper. 

Hence for every 3 trees planted in hexagons, 
there will but be 2 planted in triangles, in a given 
quantity of ground. And for every 7 planted in 
texagons, there will but be about 6 planted in 
quares, in the ſame ground. 

Cor. By the above reaſoning it appears, that if 
the trees be placed at the angular points of the fi- 
pures, the advantage lies the contrary way ; trian- 
ges the beſt, ſquares the next, and 8 the 
aſt ; and in proportion as above. For a hexagon 
8 compoſed of equilateral triangles, whoſe angu- 
ar points meet in the center of it. And the an- 
cular points of hexagons may be conſidered as the 
enters of triangles ; the angular points of which 
Fangles meet in the centers of the hexagons. 


F f 3 
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Fig. And perhaps this is an eaſier way in the practice of 
planting. 
The ſame rules may be applied to any other 
things, which are to be placed at equal diſtances, 


FRE Xx; 


To place a number of faicll ſpherical bodies, in the 
leaſt ſolid ſpace, 


94. 1. If ſeveral of theſe ſpheres be ſo placed, that 
all their centers may be in the ſame plane, and all 
touch one another; then if the centers of any three 
touching ſpheres, be joined by right lines, they 
will form an equilateral triangle as abc. Now if 
upon this bed, or layer of bodies, another like 
layer be placed, ſo that the ſpheres may fall into 

the alternate ſpaces of the former layer, and ſo on he 
for more layers; then it is evident, that every 48M al 
ſpheres that touch one another, will have their cen-Wi or 
ters at the 4 angles of a tetrahedron z and this is in 
the conſtitution of a ſyſtem of ſpheres, diſpoſed i fyi 
after this manner. | 

95. 2. If the ſpheres are ſo diſpoſed in ſquares, ſo th 
that any 4 touching ſpheres, having their centers i pa 
joined by right lines, they will form a ſquare 64.8 the 
And if upon this layer or bed another ſuch layer 2. 
be placed, fo that the ſpheres may lie in the hol- n 
lows or ſpaces of the former, and ſo on for other 
layers. Then it will appear, that any 6 ſpheres e 
touching one another (and lying in 3 beds or layers) 
will have their centers at the 6 angles of the octae· I |. 
dron; or, which is the ſame thing, any 5 touch - ,.. 
ing ſpheres (in 2 layers) will have their centers in ] 
the 5 angles of a half octaedron. And this is the : 
conſtitution of a ſyſtem of ſpheres, diſpoſed after 

this manner, 2 3 
3. To find the ſolid ſpace taken up by any num, 


ber of theſe ſpheres, we muſt firſt find the * 


ur. XVIII. PROBLEMS. 429 


the baſe for containing two rows. When the length Fig, 
of the ſpace is given, the number of ſpheres in any 94. 
row is the ſame in both ſyſtems; but the breadth 95. 
of two rows will differ in the two ſyſtems. The 
breadth of the ſpace in the firſt ſyſtem = height of 

the equilateral triangle = 74/3, (r being the radius 

of a ſphere) ; and the breadth of two rows in the 
ſecond ſyſtem = ar, as appears by the figures; this 

s reckoning from the centers; but reckoning from 

the outſides of two rows, the breadth = 2r+ 1/3 

90 the firſt ſyſtem, and breadth = 4r in the ſecond 
ſyltem, 

Again for the height, the diſtance of the center 
of a ſphere, in a row of the ſecond layer = height 
of the regular pyramid = 274/5 in the firſt ſyſ- 
tem; and the diſtance in the ſecond ſyſtem = 
height of half the octaedron = V; but this is 
alſo reckoning from the centers, Therefore reck- 
oning from the outſides, the height of two rows, 
in the firſt ſyſtem = 2r + 27½ ji, and in the ſecond 
ſyſtem height = 2r + 11/2. 

4. Hence, taking two rows in each layer; and 
the 4 rows will be-included in a ſpace in form of a 
+ 20mg Ang whoſe length in both ſyſtems 1s 
the ſame, but the baſe in the firſt ſyſtem r x 
t+V/3Xrx2+24//;, and in the ſecond ſyſ- 
tem =4r X rX2 +1/2; therefore the ſpaces to 
contain'the ſame number of ſpheres in the firſt and 
ſecond ſyſtems, are as 13.557rr to rf X 13.655; 
therefore theſe ſpaces are as 137 to 138; being 
nearly equal, but the firſt ſyſtem has rather the ad- 
vantage. 

5. In equal ſpaces the denſity by the pyramidal 
method (Fig. 94.) is to the denſity by the octagonal 
vay (Fig. 95.) is as 138 to 137. For the denſity is 

reciprocally as the ſpace taken up by a given quan- 
lity of matter. 
Ff4 6, If 
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6. If the ſpheres are ſo diſpoſed that 8 of them 
94. having their centers connected with right lines, 
95. theſe lines will form a cube; then the baſe or ſec- 
tion of ſuch a ſyſtem will be 47 x 4r or 16rr, which 
give a ſpace greater than the former, in the ra- 
tio of 16 to 13.557 or 13.656, for the ſame num- 


ber of ſpheres. 

fe Denſity of ſolid ſpace : denſity ſyſt. art. 6: : 
cube of the diameter: to the ſphere, that is, as 
8a: $4 X 2.1416. 

And denſ. ſyſtem art. 6 : denſity pyram. ſyſtem 
: 13.357 : 16, therefore denſity of ſolid ſpace ; 
denſity of the pyramidal ſyſtem : : 8a? x 13.557 
16 X Ja x 3.1416: : 1 X 13.557 : 3.1416 :: 
5.084 : 3.1416. 

8. If a great heap of ſmall ſpheres be ſhaken to- 
gether in a box; they will diſpoſe of themſelves, 
according to one of the two firſt ſyſtems, and moſt 
probably according to the firſt or pyramidal one, 
where all their centers are at the angles of regular 
pyramids. 

9. If the ſpheres are ſo diſpoſed, that each ſphere 
in the upper layer lies between 2 ſpheres in the un- 
der one, ſo that all the three centers may be in a 
perp. plane, and make an equilateral triangle; 
then the breadth = 2r, and height = 71/2; and 
whole breadth = 4r, and whole height = 27 + 
7 3- Therefore the baſe = 47 Xx 2r + 14/3 = 
drr + 4714/3 =rr X 8 + 6.928 tr X 14.928; 
which is a greater ſpace than either of the firſt. 

10. Hence the denſities in the 4 ſyſtems art. 1, 2, 

6; are reſpectivel „„ 
9 * pect * as 13-557 I 3-656 14.928 
d and of ſolid ſpace — r —— 
"IE we het I X 3.1416 8.3776 
by Art. 7. 
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| Fig, 
PR OB. XI. 
ASB is a compound pendulum, made of the two 96. 
bodies A and B, moving about the center of motion 
$, and vibrating in a ſecond. To place them ſo that 
the contraction or expanſion of the rods Sa, Sb, (made 
of different metals) ſhail cauſe no difference in the time 
of vibration; if it be poſſible. 


It is plain, the bodies A, B, muſt be on differ- 
ent fides of S; for if they be on one fide; when 
one rod is expanded the other will be expanded, 
and the pendulum becomes longer, and the time 
of vibration longer. And the contrary when they 
both contract. 

Let 4 = diſtance of the center of Oſcillation 
from S= 39.2 a = SA, b = SB, 

Then by Mechanics, Age + BYY = 3 Now 

Ag — Bb 
let @ expand to 4, and 5. to “, both increaſing 


5 A + B 
their length; then to find whether I 


be ſtill = d, put A =pÞB, p being a fixt number; 


then we have, by the firſt equation, 72 - 71 


Sd, or _ + Y d, now ſince both à and þ are 
increaſed, the whole paa + bb is greater than be- 
fore, being increaſed as the ſquare of @ and 4. 
But pa — & cannot be increaſed in the ſame propor- 
tion, either of them being only increaſed as @ or 4. 


Let ga = , then 222 3.9992 = d, £294, = 


5 pa — a * 

. and LEE is greater than d, ſince 

g and g are fixt numbers. And the ſame thin 
w 
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—4 will follow in contractions, for then —£ 4 will 
5. 2 


be leſs than d. 

Hence it is impoſſible to make a compound pen- 
dulum of two bodies, and with two rods of any 
different metals, ſo as to keep time truly, when | 
they expand or contract. 


Otherwiſe thus. 
paa + bb 
pa—b 


b, be x andy; then pxo+# SITY S d, if 
PpNXKA＋TX—35—5 


Since | 
| 
| 
| 

it can be done ; that is, paaþ 2pax + bb +20y be. 
| 


S d, let the expanſion of à and 


pa + px —b —y 
pas o+ bb = d, therefore the re- 
pa—b 
mainder 229 +29 — d, let y = mx, then | 
& . non 4 t 
2pax + 2nbx __ 2pa + 2nb . or paa+bb _ 
Px — uu 752 74 — 5 


24 „ but no numbers can be found that 


d, but ſince 


— 


— 2 
will make them equal, for the latter will always 
212 
25 — 1 
which is greater than 25 +49 and if 5 be in- 
4 —4 

creaſed # will be increaſed, and p diminiſhed ; yet 
this quantity will always be the greater. 


be greater. For if =a, then will X 24, = d. 


we} — — 5 © — — 2 — — -_ 


PROB. 


Aar. XVIII. PROBLEMS. 
Fig. 


P R O.B; III. 


DF is a water barometer, wherein the water flands 97. 
at the height AO in the tube at the ſurface of the 
earth ;, then ſuppoſe it carried to the top of a hill, 
where the water riſes to B; to find the height 0 
the bill. | 


Suppoſe the veſſel DF and pipe BA, to be cy- 
linders; the diameter of the veſſel DF = D, dia- 
meter of the pipe = 4, and p = ED the height of 
the internal air, 2 = AO the height of the water 
in the pipe, x = OB the aſcent of the water, all 
in inches. And f = 34 feet the height of a co- 
lumn of water of equal weight with the atmoſ- 
phere; then 850f = height of a uniform atmoſ- 
phere, y = altitude of the hill. 

Suppoſe, in going to the top of the hill, it riſes 
from O to B in the pipe, and falls from E to C in 
the veſſel. Then the cylinders OB and CF are 
equal, therefore EC x DD = dd + EC x dd, and 


BL = —— 273 *. Now OB or x would be 
the height of the hill, if air was as heavy as water, 
850X _ 


therefore 850x = its height in air, and — = 


height in air; that is y = 71x in feet. But this is 
on ſuppoſition, that the preſſure at C is as great as 
at E, by which it is raiſed through the height x; 
but the preſſure at C being leſs; the height muſt 
be increaſed in the ratio of the preſſures at firſt 
and laſt, that is as DC to DE, and moreover in- 
creaſed by the addition of EC, by which the pipe 
of water is jncreaſed, Whence the height = 


= + EC x 71x = DE+E” +EC X 7Ix = 


1 + 
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Fig- 


1 +> + gx N= 12 4 X 71x; that 


iSy=1 += * 55 n 


height in feet. 
Cor. If D is very large, the quantity qx may be 
negletied, and then y = 71x, very near. 


PR O B. XIII. 


To. find to what diſtance a fowling piece will kill; 
_— ; = diſtance to which one of a given length 
will Kill. 


Let f = force of the powder, s = ſpace de- 
ſcribed, v = velocity generated, # = time, 4 = 
body moved, or the ſhot, Then (Prob. I. Sect. Ill. 


Fluxions,) vv is as 47 Then, 


1. Suppoſe f the force of the powder within the 
barrel to be uniform; then the _— will be 
uniformly accelerated to the mouth of the barrel; 


and F and 5 being given, = will be as 2 and v 


as # 4 Therefore put V =», P =f, L =, 
the length of the barrel; and S & the charge of 
ſhot, and we have V as . 2 And therefore 


P, S, being given, the velocity at the muzzle will 
be as the ſquare root of the length. 

Let x= diſtance the ſhot flies, V velocity at the 
gun's mouth, v= killing velocity. ones wh 


Se, III. Fluxions,) . 


FR one 
7 has 2.3025 log. - 


3Þsx 
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hat px 1 — 8dqX2.3025 Fig. 
—— = log. 5 z whence x= 35 


e [3 LA where d is the diam. of a pellet of ſhot, 
q = denſity of lead, = 10000, p = denſity of air 
be 


=1. Therefore x = 614024 x log. — fr 


5117d log. 2 in feet, d being inches. T herefore 


11. Wl \ and v being known x is had. 
th Since V the velocity at the muzzle is found to 


be as 582 let V 4 Ar. then x=5117d 


PL 
eg. « Jp or x = 25584 log. aa x 2 put- 


Il. ting v = 1. Then put P, L., S=1, for a gun 
that can kill F (x) feet; to be found by experience. 
Then f = 51174 x log. a, and 4 = number of the 


be WI logarithm 2 7 Then à being known, x will be 


l; known for any values of P, L, 8. | 

Note, if one ſort of powder be ſtronger than an- | 
other, P muſt be increaſed in that ratio, Note alſo, | 
the different diameters of the bores of guns, make 
„vo difference as to the killing diſtance. 


Ex AM. I. 
If f= go, d = , then log. a . 211, and a 
| PL 
1.63; whence x = 426 x log. 1.63 & . for 
the any values of P, L, S. 


ol EXAM 2. 


Let d 1, f = 9o, then 5117d = 640, and 
D* log. 
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Fig. log. 4 = «1907, 4 = 1.3825, and x = 640 

log. 1.382 ＋ 
2. If the force of the powder decreaſes to x 

certain diſtance, ſo as to be as the diſtance from 


the extremity. Put / = length of that ſpace or 
diſtance, y = diſtance from the breach, then the 


force will be as / —y, Then vd is as = or) 


= = — 2. and of as © 222, whence v 


is as 3 z and When y , then v is as 


2h when / is the length of the bore ; but if g 


length of the bore, then the velocity at the muzzle 


42 — — 2-2 
will be — & or Vai — gg, when 6 is 


given. 


Having got V Va —gg the velocity at the 
muzzle, then x = 51174 x log, A before, which 


determines the diſtance to kill, 3 this law of 
| 

. If the force of the powder within the gun, 
be reciprocally as the expanſion or ſpace, which at 
firing is S c, the ſpace taken up by the powder; 


let y = diſtance from the breach as before, then vv 
Is as 75 and v“ as log. , and corrected v* is as log. 


— and v as log. — Whence the diſtance 


x will be had as before. 
3 But 
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But as to the force, which of theſe laws obtains, Fig. 
's uncertain z and different ſuppoſitions, give differ- 
ent concluſions. And this is a matter that muſt be 
determined by experiments. But the law being 
a non, every thing elſe becomes known, 


Yr | WH HS 


2 To find the ſtrength of a gun barrel in every 
) point, The ſtrength muſt be as the force, and 
ime of acting. In the firſt caſe before laid down, 

the force is uniform, and therefore the ſtrength is 
s the time of acting, and that ſtrength is as the 

thickneſs of the metal, The time of deſcribing 
a3 WH the whole length of the barrel, to the time of de- 

cribing the length y is as // to Hy. Therefore 
be time of acting on a point at the diſtance y from 
be breach is //— H)); therefore the thickneſs of 
le the metal at the diſtance y from the breach is as 


: 7-H; upon the ſuppoſition of uniform force. 
And the force will be nearly ſo, if the powder don't 
fire all at once, but gradually. 


PROB. XIV. 


DCEB are two tubes or cylindric veſſels that com- g 
of Wi aunicate; DC is cloſe at top, FB open at top. Ma- 9” 
ter lands in both at the level CR, and DC contains © 
in, Wl incloſed air of the ſame denſity as the external air. 
at F the tube BF be filled with water as high as B, to 
r; WW nd the ſpace BO it will deſcend in BR. 


When the quantity of water BR 1s put into the 

28 WH tube BR, it will riſe to E in the tube DC. To 

ind BO or EC. Let BO = x, EC , EA=D, 

ce AE 4d. Then the cylinder — = cylinder CE. 
x 


Whence DDy = dds, and y = 55 = i Let the 
But horizontal 
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Fig. horizontal line EF be drawn. Let F = height of 
98. water 34 feet, the weight of the atmoſphere, p = 
DC, QR = 5. 
Then the preſſure at EA = preflure at AF, to 
preſerve an equilibrium. The preſſure on EA = 


55 7, by the compreſſing force of the air. The 
preſſure on AF = f + AO; therefore 55 f, of 
DE ＋ EC | EC , _ d 
D ft AO, or f + Hz =1+A0, | 
and — f = AO, and EC x f = DE X AO, or 
of =p—yxb—x—y, and . HS © 
65 7 6 
2 5— 7 — — 17 
and x =b —y a "oY a 
then the equation reduced is fq + bq + pr. = 
grax = pb, and y = gx. N 
pb b, 
Cor. In ſmall heights, x = —, nearly. 7 
#4 : 
3 


PROK XV. 


Fa common man 2 yards high can juſt bear 2615. 8 hi 
at arm's end, and the weight of bis arm, there be 4b. 
zo find the ſize of that man that can bear the greatth 
weight poſſible at arm's end, 


Let 4 = whole weight at arm's end = 3olb. and he 
the arm being = half the length of the body =4, 
the body = 2a, x = length of the ſtrong man's 
arm, y = the additional weight it can bear at arm's 
end, 6 = 4/6. 


The 


* 
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The weights of ſimilar ſolids, are as the cubes Fig: 


| 1 : 
bf the lengths, therefore a: :: 5: _ =weight 


of the ſtrong man's arm, at arm's end; to which 
add the additional weight y, which is-to be a maxi- 


IR a 
mum; then — +y = total weight at arm's end. 


The ſtreſs on the muſcles at the ſhoulder, is as 
the weight and length of the arm (or leaver); 
divided by the diſtance of the fulcrum ; therefore 
the ſtreſs is as the weight; becauſe the length of 
the arm, and diſtance of the fulcrum, is in a 
given ratio, 105 

And the ſtrength of the muſcles is but as the 
ſquare of the diameter; or as aa and xx, But the 
ſtreſs is as the ſtrength, therefore aa: xv: : d: 


þ ; 
7 + y, for the common man, and the ſtrong 


©. 8 TION | : | 
man; therefore — + aay = dxx, and aay=dxx —— 


by | bx 

— = max. Whence 2dxx — —.— = o, and 

3bx = 2ad, and x = 244 2 X 30 , — 00s 
35 3X4 I2 


ga; therefore the ſtrongeſt man will be 5 times 
higher than the common man. 


$cunot. 

In Prob. 187, Algebra, I have computed the 
height of a man that can lift nothing, to be 7 
= 734. Therefore the height of the common 
man, the ſtrong man, and the great man, will be 
4, 54, and 758, ED ESI 


G 2 PROB. 


- 
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P RO B. XVI. 


Two animals of the ſame kind being given, a greater 
and a leſſer ,, to find the proportion of the velocities they WM” 
can move with, in jumping, running, &c. 


Let M, m, be the matter or weight of the two 
bodies; L, i, their lengths or heights; V, v, the 
velocities of motion. 


By Mechanics (ſee Prob. I. Sect. III. Fluxions,) 


. Fs fs | 
vv is as ＋ and v as * Þ The force (f or) ſtrength 

of the muſcles, 1s. as the ſquares. of their diame- | 
ters, or as LI. to IJ. And (s or) the contraction 

of the muſcles, is as their lengths, or as L to]; [ 
and (+ or) the weight of the bodies are as M to 
m, that is as LI to . Therefore V: : 

. e i 2 I 

F. 2 that is as 1 to 13; therefore V =v. by 

Krit 


And the velocities generated are the ſame in both, 
by this law of motion, expreſſed by vv O ud 


Therefore the different fize of bodies make no 
difference in the degree of motion they are ca- 
pable of performing. 


P R O B. XVII 


F two 3 a and b, be ſuſpended at a rope g0- 
ing over à pulley, To find the ſpace through which tht 
greater body a deſcends, or the leſſer b aſcends, in 6 
ſecond of time, ; 


By Schol. Prop. VI. Mechanics, we find O 
Ft. : 8 1 
—, for uniformly accelerated motion. Let Y = 


1 
16.1 


— 


6.1 
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16.1 the feet deſcribed in a ſecond by one body Fig. 
vlling freely, as a, F = weight of that body = a, 99. 
g b. Ado in the two bodies x = ſpace deſcribed 
na ſecond, F = a — 6b, and b= @ +8, therefore 


we have 5: — 1 3 tt, whence x = 
a a2 ＋ 5 
. t being the ſame in both. 
170 
E x A M. 
2—3 1 
If 2 = 26, then * = 2g b = 4h. 
If a= 36, be — 3» = 8 = ab 
If 1 = mb, then x = 8 
mn 
SCHOL. 


If it was required to find the time of deſcribing 
my given ſpace 8S. Having found the ſpace x de- 
kribed in 1 ſecond, it will be x: 1*: : S: ſquare 


o the time = — and the time — =y 
* * 
/ F. 4a +6 
ba — 6 


PR OB. XVIII. 

In the fire engine, given the weight or ſtrength of f oo. 
be atmoſphere upon the piſton, and the length of (he 
proke ;, to find che water to be drawn at a ſtrote; ſo 
at the greateſt quantity ſhall be drawn in à given 
we; ſuppoſing the force uniform. 


Let a = weight of the atmoſphere, y = weight 

it the water, AB = BC, # = time of C's deſcend- 

g to gain a new ſtroke. 

Then the force by which the water is drawn up 

4 —3, and the weight y; and (by Schol. 
G g 2 Prop. 


Fig. Prop. VI. Mechanics), the time of raiſing y thro 


Senner N 0 
"Io ; body bs 
\ down. TP , _ 

a given height will be 1 ( & / 1 

* Y — © - 

= 4 then # + 7 : = time of raj 


ing y, or the whole time of making a ſtroke 
Then to find how much will be drawn up in th 


given time 1, 8 + 7 = 


7 . . 
— — the weight uired = max 
2 — gar req 


put & 2 then — 7 and 2xx 


is as 


(time) : y (weight): : 


(time) : 


2 75 and x = 0 = » Whence 
2— 5 8—=y X 292 
n, and == — od, and /y +4 
EE + x „ 


D So, that is, ) + y JL 
ayy 2 ayy 


= 1, mwWyxa—y 
2UVyXa—y" +2» Xa — y=ay, and 21V yxa— 
= 2 — A, and 411 X a—y = 2y —4 XJ3 2 
the root of this cubic equation will be the value 
y for the weight. 


If we conlider only the time of aſcent, then f 


— 
J 
whence 


ſet aſide, and then y 4 — mar. and 2 nie 
or ay — yy = , and ay — 2% = o, and a =1 Ar 
or y = 46. wh 


Ar. XVIII. PROBLEMS. 


P R O B. XIX. 


A pendulous body or door BE, whoſe weight is 
given; being ſhot at with a bullet, whoſe weight is 
given, and the arch the door deſcribes after the ftroke, 
being alſo given; to find the velocity of the bullet. 


Let weight of the pendulum BD=«u = 56.416. 
weight of the bullet = m = £16. 
the cord of the arch deſcribed by E = p = 

17+ inches. | / 

diſt. center of gravity BD = 6b = 52 inch. 
diſt. center of gyration BR =r =57.08 e. 
diſt. center of oſcillation BA = c = 623, 
diſt. center of the pendulum BC = 4 = 66. 
velocity bullet impinging at C = = x. 
BE =g = 713, f = 16.1 feet. 


4 2c: 7 = cord of the arch deſcribed by 


the center of oſcillation A, and PP__ — verſed 
12 X 2gg 


f 


line of that arch in feet; and 4 1 — = veloci- 
ty of A, by falling through that arch = v. 

By the, motion of the pendulum, _ = velocity 
of the point R. And (Cor. 5. Prop. 59. Mecha- 


nics), _ = momentum of the pendulum at R. 


And mx = momentum of the bullet againſt C, 
dm x 


where it impinges. And (Cor. 5. ib.) _ = 
force of the bullet againſt R, to give the ſame mo- 


453 
Fig. 


ION, 
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1672 feet in a ſecond. 

Note, I ſuppoſe the bullet to be at reſt after the 
ſtroke, tho? it really moves along with the door or 
pendulum. But this makes but a trifting difference. 


SCHOL 


To find the weight of a pendulum placed in C, on 
which the bullet impinging, . ſhall cauſe it to deſcribe 
the ſame angle about B. 


Let Z = weight ſought, then c: d:: v: vx 4 
= velocity of the hody Z, at the point C. 
And the momentum of Z at C, is = Zen 7 


2 * the momentum of the bullet. There- 


wh 


| whe 
fore Z = w7] — Fl BL 


PROB. XX, 


102. To find the center of gravity of the logarithmic 
ſpace ABC; AB being parallel to the aſymptote FE. 


Let GF = 1, AD=a, FD =, DE or AB=s, 
BC =y, = ſubtangent; then by nature of the 
curve, a + yX x =1y, and yx = iy — &, and fl. 
9X = ty — ax = area ABC. 

But yx = fluxion of the momentum of ABC 
=txy—axx, and fl, yxx or fl. 144% — axx = 1 — 


ax* ; f 
RIVA 3 * * * . * | . NY —_ 
S This in fluxions is #xy + 54 — 


= ty — a, therefore p = tyx = uy — lar, 
whence p = ity — tax. Therefore fl. * wy 


8 8 8 
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2 6% + tax — _ = momentum of ABC. Whence 102 


4 the diſtance of the center of gravity from A, is 


OT or | ty — ax 
ence X A x ar 
1 — ax x | 
„Cor. 1. When a=1, d LL IA X% 
ſcribe ; | ly — & 
Cor. 2. The diſtance of the center of gravity from 
LAN 
0 9 
4 For x — d X LEED ET = 
( — 
c h — fax — 4X Xx * Ax 
ond ly — ax 2 ty — ax © 
Again, to find the diſtance from the axis of ſuſ- 
penſion AB, The fluxion of the momentum = 3p 
XJX = 13 X 1y — ax = yy — Z = 2 — ta 
x iy —ax gf — 1 + 4aax. And the fluent 
2 2 = + 2 the momentum z therefore 
mie 3 8 
. zg T2 


= diſtance of the center of 


4 X ty — ax. 
gavity from AB. 


P RO B. XXI. 


To find the nature of the curve ADE, which lying 
with its plane parallel to the horizon, and ſuppoſed to 
b; of @ given thickneſs q ; and being fixt with its end 
in the wall ER; it ſhall be equally trong every where © 
9 ſupport its own weight, 5 | a 


Tze meaning of the queſtion is this, let C be the 
J Gg 4 center 


103, 
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Fig. center of gravity of the area ABD, in the axis 

103, AB. Then the area BAD x BC = BD x gg. 

Fw Let AB = x, BD =y, then area BAD = fl. yz, 
And by the nature of the center of gravity, AC = 


22 =; the point of ſuſpenſion being at A. There. 


"we <> *»% 2 in. 


fore BC = x — 7 == and therefore BAD x BC 


_—__u 


fl. yux 
or fl. * X x — 1 75 = Xqq; that is, x fl. yx 
. — fl. yxX = qgy. This in fluxions is & fl. * 
— yxx = gqy ; that is, x fl. yx = . This put 
into fluxions making x conſtant, will be yxx = 
700 multiply by y, then yyx* = gqyy, and the flu- 
ent is y*x* = ggy*, and yx.= gy, which is the pro- 
perty of the logarithmic curve, whoſe ſubtangent isg. 
But it is not any portion of the logarithmic 
curve which will anſwer the queſtion, but only a 
part at the very ſmall end, where the curve is inde- 
finitely near the aſſymptote, which ſuppoſe to be- 
gin at A; the weight of the reſt beyond, being 
ſuppoſed of no conſequence. But by Cor. 2. of 
the laſt Prob. when a is inconſiderable, the diſtance 
of the center of gravity from B, that is, BC = 
fon — =) t, and the area ABD Sh; 

ty — ax 
therefore 7 X ty, which is the ſtreſs at B, is as 94%, 
which is the ſtrength at B; that is, they are in a 
given ratio as required. And this is all the ſolu- 
tion the queſtion is capable of. 


| PROB. XXIL 
To conſtruct the ſolid of leaft reſiſtance, for the fgut 


. 


of a ſhip that will ſail the faſteſt poſſible. 


Let x = abſciſſa, y = ordinate, and z = curve; 


then (by Ex. 17, Prob. I. Sect. II. Fluxions), the 


equation 


the 
ion 
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equation of the curve generating (by its revolution Fig. 
about it axis) the ſolid of leaſt reſiſtance is 5% = 103. 


a2, that is, y = 4 X x* 2K % + 9+, Here 
x one of the variable quantities is wanting. There- 
fore by Rule VI. Sect. I. Fluxions, (ſee Ex. 39.) 


aſſume = = &, and expunging x, we have aasy 
= + 24a + 44. Whence = - + 25 + = 
| 4 


aas 


47 2 therefore 7 or & = 
S it 77 


and y = 


— + 265 — UA Whence the fluent is x = 
45 2 Ky 

- +S = — 4 X 2.30258 log. 5. Therefore y be- 
ing known 5 will be known (by the equation y = 
75 + 25 + . and conſequently x by the laſt 


equation, | 
Now for conſtructing the curve, ſuppoſe x = 30 


feet, the length of the midſhip, and y = 10 feet, 


half the greateſt breadth of the ſhip; then from 
the two equations, 


1 a X 2.3025 log, s 30 
40 7 3025 log. 5 = JO 


$3 aa 
and — + 25 + — = 10, 
aa $ 


we ſhall find 5s = ,519543, and @ = ,125311 ; for 


taking s at pleaſure, finds 4 = = I And 


by correcting the aſſumption, à and s are found by 
degrees, as above. Now the value of à being ſub- 
ſtituted in the equations above, gives theſe two fol- 
lowing equations, | 


1. 4 


COLLECTION OF 


3 45 
8. 2 I Jo .2885 log. 3. 
292 $3 + 25 + 2157, 
0157 s 


Inſtead of . 2885 log. 5s, you may take .1442 log, 
3s, When x or y is a minimum, we ſhall find 5 = 


4 a 
——» whence x =, 4 — 4 X 2.3025 log. —-; 


v3 | 3 
_ 169 

And y = z or x . 38123, and y . 385858. 

From the foregoing equations, the values of x, 5, 

and y, will be found as in the following Table; 

by the help of which numbers, the curve may be 


eaſily conſtructed. 

g |Xx|_2 44 E y BE - + IP, | 
03630 11 9040/15883 1104.869 l. 22393 [21 7.730 
1.05944] 201.485. 16643125. 17922948 [22 7.993 
. 07650 31.957 173721305.483/J.23489 23] 8.253 
-09057| 42.3900. 18071145. 780-2402024 8.510 
102900 8/2793 18747 15 6.072;|-24537 25 8.764 
11400 6|3.174||.19401 | 1616.360{[.25045 26 9.016 
.12420| 713-538||.20033 |17|6.641]||.25544 [27] 9.265 
.13363] 803.8860. 20643 186.917. 2603328 9.511 
14252 94.224 .21244 197.197.265 1429 9.756 
16080 104.552 . 21827 20. 40; l. 26986 30110. 


The proceſs is thus; for the given value of x, 
find s by the firſt equation, which would be a qua- 
dratic equation, if the logarithmic quantity was 
wanting. Therefore it will be the eaſieſt way to 
find 5 by trial and error. When s is had, y will 
be found directly. 


PR OB. 


1 
% 
1 
I 
E 
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PR OB. XXIII. 


If AA and BB be the poſition of the ſails of a wind- 104. 


mill, making an angle of 54 with the axis of the 
mill XC; the arms of the ſails being perp. to the bo- 
rizon at C. To determine the angle WCX of the 
winds direction WC, ſo as to bave the greateſt force 
on the ſails. | | 


Here we ſuppoſe BB to be the top of one fail, 
and AA the bottom of the other; and that BCA 
= an angle of twice 54%. The common ſituation 
of a windmill is that XC is the direction of the 
wind; here WC is the direction. 

Suppoſe r = CA = radius; and put s = AE or 
BE the S. ACE 4542. S. WCE = x = ON, CE 


2, CO gs. Thea (Irig. I. 5.) =+ =! 


An the 8. ACW, and (ib. 6.) — = BF. 


Then (Mechanics, CII.) An = force on the fail 
CA, and (ib. Cor. 2.) An' X þ = force of the 
wind on the fail SA, to move it in direction CH. 
Likewiſe BF* x þ = force an the ſail CB to move 
it in the ſame direction CH. But the ſum of theſe 


is a maximum, That is, — ptos 3 + 


2 þ=max. that is 
* z max. . 


rr rr 


25522 + 2bbxx 3 


max. and $522 + bbxx = max, or $577 — 558% + 


bbxx = max. (becauſe rr — xx = 22), therefore 
— 255xX + 2bbxx = o, and bbx = 55x, whence 
So, and therefore the wind has the greateſt force 
poſſible upon the ſails of a windmill, to turn them 
round when it blows in the ſame direction with the 
axis of the mill XC, 


ScHoOL 


Fig- 


460 COLLECTION OF 
Fig. 
104. S HO. 


If AE = CE, (that is, if the ſail makes an an. 


gle of 45 with the axis), then the ſum of the forces 


$522 + bbxx, will be $522 + 55xx, becauſe þ = x. 
Therefore 5522 + 55xx = max. and zz+xx = max, 
that is, r — xx + xx = max. = rr, whoſe fluxion 
is o, and rr the ſum of the forces is a ſtanding 
quantity. And therefore the force will be the ſame 


in all directions, between AC and BC, 


PROB. XXIV. 


Having given the angle of the ſails of a windmill 
with the axis 34, the velocity of the wind 14 feet 
in @ ſecond, and the time of one revolution of the ſails 
6 ſeconds. To find that point of the arm or ſail, which 
is not at all afted on by the wind, | 


105, Let AB be the top of the fail, draw AD for the 


way of the wind, perp. to BD the way of the ſail, 
and let AB = 5, the breadth of the ſail. S. DAB, 
54% = 5, its coline = p, velocity of the wind = 


o=14, and time of the ſails revolution = =, 


x = CA, A being the point required, © = 3.1416. 

Now that the wind may not act on the ſail, the 
point B muſt move through BD, in the ſame time 
the wind moves through AD. For then the ſame 
particle of air will flide along AB without acting 
on it. Now if AB=6, BD = 5, and AD = p; 
then 2c = circumference deſcribed by A or B in 


one revolution. And v: uw”: : pb (AD): 2 = 


time of deſcribing AD by the wind. Alſo 2cx:# 


(% : (BD): _ = time of deſcribing BD by 
1 the 


— 


0B 


_— 


=— a WW 5 5 0 WT. 
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tsb Fig. 


. Wh 22 2 — = 
the motion ence 7 2 and 2cpbx =tsbv, 10g. 


t 
whencex = — = 18. 
275 7 4+ 


Cor. Hence the ſails of a windmill hould never be 
made longer than Xx; for if they be, what is beyond 
will ſtrike the back wind, and retard their motion. 
Nor ſhould they be made quite ſo long; for a part near 
the end will be in a manner uſeleſs, 


PROB. XXV. 


To find the weight of a pillar of marble infinitely 
bigh, whoſe baſe is B. 


Let r= radius of the earth, x = any height 
above it, and à any ſmall height, and B = weight 
of a ſmall part of the cylinder or pillar, at 23 


earth's ſurface. And by the laws of gravity 57 


1 LM the weight of the part 


2 — 
r + x rf +X& 
By, at the height x, T herefore the fluxion of the 
— =rrBx Xr ＋r ; and the flu- 
r+x 


weight is 


— 7B 
r +x 


the true FRO is rrB WL... „for the weight of 
r 1 + x 


the pillar whoſe height is x. That is, the weight 


ent is —rrBxxr TY 0 and corrected, 


- x 
S Xx — — —=z7rB X — =7B X 
r r+x PX IT 


3 2 
=p or ſpec. gravity of marble, 


Therefore 


4 COLLECTION OF 
Fig. Therefore when x is infinite, the weight of the 


> infinite pillar of marble is = 7B x — =7B x ſpec. 


gravity. 


Cor. The weight of an injinite pillar of any matter 
is = weight of the ſolid byperboloid, generated by an 
hyperbola revolving about the aſymptate z whoſe baſe it 

B, and inſcribed parallelogram is rd, where d ra- 
dius of the baſe of the pillar, and the gravity un- 
diminiſhed. | 

By Ex. 9g. Prob. XIV. Sect. II. Fluxions. 


PRO B. XXVI. 


To find the ſtrength of a piece of iron and a piece of 
wood, of the fame length, and of equal weight. Alſo 
10 find the weights, when the ſtrengub is the ſame. 


106. 1. We ſhall ſuppole theſe to be two ſquare pieces 
of equal length. Let A be a beam of iron, Ba 
beam of wood of the ſame bignefs, C a beam of 
iron of the fame weight as B. Let y ſide of the 
ſquare of A and B, x = that of C, w = the ſtrength 
wood, 7 = ftrength of iron, s and # = ſpecific 
gravities of wood and iron, Now that B and C 
may have the ſame weight, y tax; and ſtrength 

of the wood B : ſtrength iron A::w:mn; and 
ſtrength of iron A: ſtrength of iron C:: „: x, 
Whence ſtrength of wood B :- ſtrength of iron 


baet 43 Li — tux) winx , int 

C ::myi: Ax :: (becauſe y = = 1 

2 :: = * — n:: Met: . That is, 

ſtrength of the wood B: to the ſtrength of the iron 
C, of the ſame weight : : = : £ 


SYS t. 
Suppoſe 


Aar. XVII. PROBLEMS, 


Suppoſe elm or aſh whoſe ſpecific gravity is. 8, Fig. 
1nd iron is 7.6. Alſo 84 and 4107 are the ſtrength . 


of this wood and iron. Therefore w = 82, „ = 


107, and s . 8, £ = 7.6. Therefore ſtrength of 


the wood: ſtrength of iron of the ſame weight; as 


to 2 or as 11.8 to 5.1 therefore 


$8.8 7.69.6 
this wood is twice as ſtrong for the weight as iron. 


2. Suppoſe B and C of the ſame ſtrength, in 
3 
which caſe wy3 = nx, and y = x 3 But weight 


. 3 nn w-_ 
5 :: SW: xx :: — * 
of B: weight of C:: S: /xx : : xx _—_ txx 


. 
wow Vou Vas 
Suppoſe the wood to be oak, then 5 = .8, 7 = 


1.6, and w = 11, # = 107. Therefore the weight 
of oak: to the weight of iron of the ſame ſtrength 


had et: $0 2 : : that is, as 16 to 34 
7411 * Vio) 
therefore a piece of iron of the ſame ſtrength as a 
piece of oak, weighs as much more. 


PR O B. XXVII. N 
Suppoſe a ſtream of water to run down the plane 


AC, whoſe elevation above the horizon GCH is 30* ; 107, 


and the perp. BC be 8 feet. 

To find the radius of the water tobeel DBF, /o that 
the effet of the wheel, driven by this ſtream of water, 
Hall be a maximum. 


Let E be the center of the wheel, and draw EB, 
ED, perpendicular to AC, CG, and draw CE. 
Since the angles at D and B are right, the angle 
DEB = ACH = CAP, ſuppoſing APF a horizon- 


ul line; and the angle CEB = +CAP = 155. 5 
; | et 


- — — 


1 
of 
By 
4 
ab 
| 
. 
{ 
| 
1 
| 


- * 
A 


— _— — — I 
CY 


* —— ˖ — — — Oo — 
- — 8 —_— : 


\ 
4 
i 


— 


108. The time of its falling will be the ſame as the 
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Fig. Let EB=x, f = tan. BEC = tan, 15%, AC 
107. = 4, PC =p, S. PAC =S; then radius (1): EB 


(x): : tan. BEC (:): tx = CB; and AB = @— xx, 
Alſo AC (a) : CB (D) : AB (a — &) — = 
= the depth at B. But the effect of the wheel, 


will be as the velocity of the water on the floats at 
B, and as the radius of the wheel EB, or as x N 


* 2 z therefore x VP = = max. and xx 


X @a— 1x or axx - tx = max. In fluxions 2axx 


— 31x*X = 0," or 24 = gix, whence & = — 5 
3 
=, becauſe @ = 2 therefore x = 39.8 feet. 
3# he, 
Cor. If PAC be a right angle, or the water di- 
ſeend perpendicularly down PC; then t= tan, 45*=1, 
s=PC=p; ibnx=3s=xÞC= 1 fed. 


PR OB. XXVIII. 


Given the length of a cylinder CB, and its incl. 
nation to the horizon; to find the time of its falling 
to the ground CE. 


time of a body's falling through the arch DE of z 
circle, whoſe radius CD = + CB, D being the cen- 
ter of oſcillation, Therefore to find the time of 
deſcent of D through the arch DE. 

Draw DF, gl, perp. and Db parallel to AC, 
where AC is perp. to the horizon; and let CD=7, 
AP ga, FC =s, Db x, gl =y, DI =z, 5 
r +5, t = time of deſcending through DI, d = 
16.1 feet; then 2d = velocity acquired by a falling 


body in 1“. Alſo Vd (height): 24 , | 
| * 


© 


S* 114 
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V (height): Had = velocity at 5 2 I, Alſo, Fig. 


C 

« 2d (pace) : Þ (time) 22% x (ſpace) : - * = time ab: 109, 

* deſcribing x. But (Fluxions, Prob. I. Sect. III.) 

{ OC =, and therefore — (time): LA ( (pace 
* 24 


24 - vel. 
. t; (time): 2 therefore i = ＋ But 
* N rx h 
W=z:* r 
* 
ä . rx 
— 2X. h 3 — 
— * 1 erefore 4 WV os 
TX 4 IK 
nm — ——— 
VE atxx box” * f NN 


lo. | K 1K 1 
0 29 * ITT par" And the fluent 
bund t by infinite ſeries, will give #. | 
And if 7 be given, then by reverſion of ſeries, 
x may, be foun 


PROB. XXIX. 


Suppofing a ſbip without lee way; por WS be the , 109. 
direction of the wind, SA the poſition of the ſail; SD 
tbe poſition of the keel, or ſhip's way. Any one of the 
angles WSA, ASD, or WSD, being given; to find 
the reſt, ſo that the ſip may gain the moſt poſſible to 
ard in a given time. 


Let the S. WSA =5, its coſ. ASG rc, S. ASD 
= x, coſ. WSD or S. DSG = 2, ſuppoſing SGP 
=perp. to WS; r = radius. 
= Then (by Cor. 5. Prop. CVI. Mechanics,) the 
ing velocity of the ſhip to windward is as S. WSA x 


:: VS. ASD x coſ. WSD; that is, as 5x3z. Then, 
/x H h 1. Sup- 


COLLECTION OF 
1. Suppoſe WSA or q to be given; then xlr, or xxx 
109, =a maximum. Whence x22 + 22 =0,and zx + 


2x%Z = ©. But (by Prop. VI. B. I. Trigonometry,) 
83 — (XX — 


r ry/rr—&x * 
| D XxX 3 
therefore 2x + 2x X 280 
Yr V rr AM 
2cxx 2 — — 5x 
== : — = — 
| Meru 1 r 


3 Tr —XX = CI — cxx, or gx Vrr—xxX = cr 
— 3cx%#, involved is asrrxx — gi — Gccrrxr 
+ gcex+*, Which reduced (putting rr = & + >), 
then gx! — gssxx — Gccæx + carr = o; which 
equation contains 4 roots, two affirmative and two 
negative. And the angle DSG will be about double 
to ASD, or their ſines. 

Hence if WSA g= o, 30, 45, 60, 90; then 
ASD will be = 35, 22, 16, 10, o, reſpectively. 

2. Suppoſe x or the angle ASD to be given; 
then 5z = max. and 52 +25 = o, or 25 = . 
Let d = cof. ASD = Vn x, and c = Vrr—1 
= cof. ASW = S. ASG. Therefore inſtead of 


D 25 ve have . r 
7 r 
— Xs 1 
and Z = = — — = o, whence 27 
| 7244 r . 


dsss «XF$ 455 x5 
— + T, and 2 + — 2 
TY T1 —sSsS r 2 pommary 7 


GA TI —SS — 
| 7 


=, and du + 2 H= = der — du, and 
. 14 F 0 2 


5x 405 
=" — 244 — 
„therefore — + 25 
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2%/rr—ss = drr — 255, and 455rrxx = A 18 | 
8d X rr—25s, and puting rr — xx for dd, and re- * 
ducing, we have 4rr5+ — 4 — 1+x* +75 =0, 

and 4 — 4rrss + 7+ =rrxx, and extracting the 

root, 255 — r = fx, or rr —255 = 7x, But (by 


Trigonometry) — = is the coſine of 2WSA; 


and ſince x = S.DSA = cof. WSA + 550, there- 
fore 2WSA = WSA + DSG, therefore WSA 
= DSG; and either of them = + comp. of 
ASD, | | 


3. If WSD or 2 be given, then put S. WSD. 
Then x or 55x = max. and 2558 + 55% = o, and 
GETS 

r 


235= K. But (by Trigonometry) 


— 115 2 
2x, whence 2xs = 


=x, and 
Mrr—ss Tt 


"IT g | 115 24 
r ade += = 
Vrr— r 2 Vr 27 


: ad Taz == 
r OO #V/ rrmmss * 
and nss + gz Vr — 55 = 2nrr — 2, and 
SEV rr—55 = ꝛzurr — 3155, and 22 X grrss5 — 95+ 
= 417+ — 12#*r*ss + 9, and putting rr — un 
for zz, and reducing 95+ — grrss + rn = o, 
| — 3nn 
from which equation 5 will be found. 


If WSD be between 45 and 60 degrees, then 
WSA is nearly twice ASD. b 


10 b p RO B. 
2x 
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F . 


1 lo, There is a river EKD runs due eaſt, N — 


the ſwimmers. motion, and d = BC the currents 
motion, AE = x, EB =y. Then the ſwimmer 
going off in direction AB, by the compound mo- 


Ec (4 - Y:: AD (3): DH-= * 7e 


min. and 


So, and — = A= x &, but xx + Y =, 


| Jy 
= dx — yx, and xx = dy y = bb — yy, there- 


COLLECTION OP 
-—£ ROB. XXX. 


F Ser ee nn ae 9 


ſimmers of equal ſwiftneſs, ſet "off from a point A 
in the north fide ; and move in all direfiions, or all 


degrees MF the arch KBD. To find which Swimmer 
wal lang on the oppoſite ſide, the furtheſt up the river, 


Led þ = breadth AD or AB, and let þ repreſent 


tion, goes in the line AC, and lands at H, fo that 
HD} is a minimum, by ſimilar triangles, AE (ﬆ): 


NX 


='min. whence 


d—y 
* 


& * xx 
and xx = , or —5 = ; therefore 


fore 4 = bb, and y = > 


Cor. 1. The direction AC will touch the cirde 
GCH, equal to the circle KBD ; for all the lines GK, 
CB, <, Cc. are equal ; d being greater than b. 


Cor. 2. If b is equal or greater than d, the fwin- 
mers direction is 48 fn near AK. 


Cor. 4. If ihe time of paſſing through AB be 1. 
1 . " 
the time of arriving at H will be TE 

Fot 


1 


mn 
MI 


= 
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Fig. 


For x (v/#b— 7 11:15: time ſought. 


8e . 


The river will be croſſed in the leaſt time, by 
moving in the perpendicular direction AD. 


PR O B. XXXI. 


Let CD ze an exponential curve, whoſe equation is 11 1. 
gz, putting AB = x, BD . To find the area, 
and the leaſt ordinate. . 


1. Let X = hyp. log. x, Y = hyp. log. y. Then 
ſince y = x, therefore Y =xX ; and by the na- 
ture of logarithms (ſee Schol. 2. Prob. II. Sect. II. 
e 5 =1+Y+ = + = + = & 

uxions,) y =1 + TTL mn C. 

222 3 
=1+aX + — + =_ &c. and the fluxion 
of the area yx or * = x + Xxx + == + 
X] m N.Nπν 


— ———mmmm—— 


6 
= 12 + — &c, — 5, And proceed- 


2 6 24 : = 
z x 


ing by Rule 8, Se&. I. Fluxions, s = _ — _ 


+ — &c, - 7. And? = Ea — ee» 
32 27 43 


And u = > and ſo on; therefore fluent * = 


7 | 
— — + 25 and — $5 + tf —# &c, 


&c, And the fluent = x + 


, 2 H h 3 = 


wu 
þ 

| 

. 


—— — —— — — 
— — — 


- — — 


- 


450 COLLECTION OP 
„ KX , ax'R* RK X. 
. 


171. = X + — + "=" + =" &c, | 
CNET JED. 
4 18 32 | 
x3 KX | 
TIFF 
— ** ; 
4 | 
Sxn+ 2328 +2 on; | 
: 6 24 
* 2K K * * 
4 18 32 
4x3 xY a 
+ —— — | 
27 4 . 
* 
4* | 
| 


But when x =o, the area = o, and X = — 
infinity, but X, „X., MX, &c. are each = o. 
Therefore the area above is correct. 

Cor. When x = 1, then X=0o, and the area =s 

I I I 


| HOT — _ &c. 
9 33 4+ 5 5 

2. For the leaſt ordinate, when y or x* is a mi- 
pimum, then y or xX minimum; whence xX + 


— ww 1 


— 


Xx =o, that is, * + Xx S o, and X = — 1, 


the hyp. log. x; and the common log. x = —— 


= 434294 = — 1.565706, and x . 36788, and 
IJ = +6922. 

i PRO LAX ; 

If two bodies p, q, be ſuſpended by ropes on the axis 

in peritrocbio; to find the preſſure on the axis, when 

the budes are ft at erty to defend, 1 


2 +> } Whew . 2 HY . on *” 


Ar. XVIII. PROBLEMS. 


Let rad, wheel Ab = a, rad, of the axis CB=3, Fig. 
þ = 16.1, the height deſcended in a ſecond by gra- 112. 


vity ; and ſuppoſe p outweighs q on the machine, 
divide the weight p into two parts # and r, ſo that 


b 
CA or C xr CB & , or 7 —, then Þ = 


1 + 1 and hence it is plain the weight r acting 
at A, and the weight r acting at & (or q acting at 
B) will keep the machine in equilibrio, and it will 
remain at'reſt, Suppoſe then (inſtead of g) that 
the weight » + r hangs at A, and r at; the force 
that gives motion to the wheel is the part u acting 
at A, Now to find the ſpace x through which theſe 
bodies are drawn in a ſecond, by that force. 
When the time is given, the ſpace is as the force 
divided by the body (by. Mechanics); therefore 


1 force n fforce 
el: > (1 13 _— K* 2 
> (ho (Pace) :: 5 (body/ © © 
— eee b, the ſpace through which r is 
n 

raiſed upwards. But when the time is given, the 
ſpace is as the force that generates it, h (ſpace): 7 
(force) : : x (ſpace) : = = force acting at A and 
b, that drives r up, But the force acting at B to 


drive q up, is 5 * >; and both theſe forces 
muſt be ſupported by the axis at C, or elſe they 


could not act againſt one another; therefore + — 


arr. a 5 
7 the preſſure upon the axis by the motion of 
the machine; to which we muſt add the dead 


weight which the machine ſupported when it was 
Hh 4 | at 


Ws 
„ 
* 
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Fig, at reſt ; and this additional weight is 9 + , be; 
112.cauſe r (ſuſpended at A) balances C (ſuſpended at 
ag © rg che whole preſſure upon the axis is 
4 + rX — +6 p—r 
r 3 
by 


+r = +2 r X — +9 +7, where 1 


b 2+r, 2 
Ex AM. 


Suppoſe a=5, 5 = 2, p 4, 4 = q, then 
, 0 25.2 4 — 3.6 
——= 2 d nm Ha 
1 = 3.6; and the weight 2 3 
9 ＋ 3.6 .q 66 ＋ 9 ＋ 3.6 2 13.26. 


PR OB. XXXIII. 


113. In the log. ſpiral Af B, if the ordinates CA, CB, 
be given, and the angle ACB. To find the angle of 
the ſpiral, or angle 


Draw the arch of the circle Apg; and let there i 
be an indefinite number (n — 1) of mean propor- 
tionals Ce, Cd, Ce, &c. between AC and BC. And / 
let AC S a, BC I, Cc = x, arch Apg = H; 


e; i" 
ea ew a TT» 60 
whence Ce is the firſt of » — 1 mean proportion- B 


als, between AC and CB: and the arch Ar = — 


* 
5 56 x 
of the arch Apg. Then 7 =D and log. *| ſp 


= log. 2 = log. 5 — log. a = BA, (putting 


B, A, for theſe lags.) that is x log. — —=B Il #4 
ww A, 
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| * B -A x Fig. 
A, and log. — = —— = L; wh —113 
of th L 22+ 5 44 | 

| = num. e log, L = wy * 


- a &c. by the nature of logarithms : where , 
m g 
for the hyp. logarithms, or m = .43429 for the 


common logarithms. Whence x 244 * + 


} z | 
2 &c. but as # is exceeding great, x 4 + = 
and x — 4 = wg and Ar = oy Let » = 
m n 
1000 000, then will re = = x — 1 
m 1000 000 
ö 2 z and the triangle Arc, may be 


1000 000 
looked on as a right angled plain triangle. And 


it will be, as cr: Ar: : rad. (1): = = tan. 


[- 
b mH 
Acr or < B required = ——=> 


j Cor. When the angle at B is found, it will be, as 
f cf. B: BC : : rad. (1) : length of the ſpiral 


rad. 
For r = ungent at B, and (Prop. IV. 


£20. Spiral, ) that tangent = whole length of the 


b 
PRO B. XXXIV. 

To find a point P within a parallelogram; through 114. 
which, if two lines AB, CD, be drawn parallel to 
the fides, the ſegments ſhall be in continual proportion, 
AP ; CP: PB: PD. | 2 
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Fig. | 
— Let AP = xs, PC , then PB = =, PD = 


z | 
2 AB=a, CD=5. Thenx + 2Z S4, or 
* & ä x 


** ＋ yy = ax. And y +. , ory X xx+y 
= bxx. Hence y X ax = bxx, and ay = by, and 
== therefore ax = xx + yy = ax + —, 
and a = aaxx + bbxx, or aax + bbs = @, and 


a® : 
r 


PRO B. XXXV. 


A ſhip ſailed direłily ſouth, with a uniform motion, 
from lat. 37, to lat. 37* 48", in 22 hours; while 
the vane all the while was kept in the ſame poſition, 
N. E. by E. by à wind which moved 20 miles, or mi- 
nutes an hour. I demand the true point of the wind. 


F A 
115. EA — the ſhip's motion 
in an hour, w = 20, the wind's motion in an hour. 
Let AB be the ſhip's way, AC the poſition of the 
vane, AD the direction of the wind. Draw CD 
parallel to AB, and DB parallel to AC. Becauſe 
the vane is at reſt as it moves through the wind, 
it acts upon neither fide; and — 4 the parti- 
cles of wind that were in contact with the vane at 
A, in the poſition CA; will alſo be in contact with 
the vane at D, in the poſition DB; becauſe theſe 
particles neither approach nor recede from the 
vane ;z otherwiſe they would move the vane one way 


or other .. : 
| Tho 


* 


Aar. XVIII. PROBLEMS. 3155 


The angle CAB is given, and therefore DBA is Fig. 
given, and in the triangle ADB, AD (w) : AB (5)115, 
:: S. ABD (5 points or 56* 15!) : S. ADB or CAD 
= 3: 12. From CAB, 123 45 take 5* 12/ = 
CAD, then DAB = 118 33% the point of the 
wind. | 

Cor. Hence this rule, as the velocity of the wind 
AD: to the velocity of the ſhip AB : : ſo the fine of 
the angle between the ſhip's way and the poſition of the 
vane : to the fine of the difference between the true and 
apparent place of the wind. | 


PROB. XXXVI. 

The circumference of the circle ABQ is 213 416. 
firing is put about it, and knotted at P, whoſe length 
is 26, To find the area deſcribed by drawing the knot 
P round about, | 


It is plain that P will deſcribe a circle, whoſe 

center is C, the center of the firſt, Draw CD 

to ACP, and CB perp. to BP the tangent at 
Then AD is a quadrant = 55» Radius o 


n aTB=i= _ Let arch DB = a, then 
14 

b DBP = ſum of the arch and cotangent = 74 =#; 

dor the cotan. BE = E 2 
ſe 7 4 : 3 4.577 94577 5 
d, —— &c. Therefore — 42 a— ©, — 

ry 472510 "i 45 

at 1 =#. And by reverſion. 4 = 


ch 9457% 472577 | 
ſe 1.8493 ; then 21: 360: : 1.849: 31.7 degrees = 
he 31* 4 = < DCB, or BPC. Then S.BPC (31* 
ay 42") : CB (3.3422) : : rad. : CP = 6.551, the ras 
dius of the circle deſcribed by P. Then CP* x 
3.1416 = 134-82 the area of that circle. 
| PR OB. 


* 


* 

* 
% COLLECTION OF 
Fig. | 
« PROB. XXXVII 


117. F ADF be the arch of a circle, and ſuppoſing the 
| arch AD continually evolves, beginning at A, the 
point A deſcribing the curve ABG. To find the length 

AG, and area FAG. 


Let the radius CA r, arch AD z. Take 
Dad infinitely ſmall, and draw the tangents DB, 4h; 


and make AB = v, Bb=v, Dd = 2, then DB = 
arch DA, and the angle BDS = DC4, and the ſec- { 
tors DC4 and BD4 are ſimilar ; whence CD (i); | 


DB (z): : Dd (2) : Bb (v) = — and v or AB = 
ADF 


== and AG = | . 
27 27 3 
Again, DB being perp. to AB, the fluxion of i 


the area ABD is = = = = and the area ABD 


23 \AF3 
= , and are =” DD. 
7 and area AGF "_- 


PR O B. XXXVIIL 


Suppoſe the value of a moor to be 41. 8s. an aker; 

and walling will coſt 6s. a rod, or 7 yards in length. 

To find the quantity of ground (in form of a ſquare,) 

$ to be taken in, ſo that the walling may be juſt equal i 
its value. 


Let x = ſide of the ſquare in yards, r = 1 rod, 
or 7 yards long, p = price of walling a rod, 4 = 
an acre, m = value of it. Thenr:p: : circum- 


ference 4x : — = whole price of walling. And 
\ | | | | a ; 


Ax r. XVIII. PROBLEMS. 
4: :: xx: — = whole value of the ground; Fig 


* — 


then, per queſt, — = , and x = KE = 


a r rm 
„ 4542 — 188.6 yards, And 188.6| 
20X 7 4.4 4840 


= 7.35 Acres. 


PROB. XXXIX. 


To find a number (x), by which multiplying the dif- 
ference of the bung and head diameters of @ ſpheroidal 
caſk, and then added to the leſſer will be the mean dia- 
meter, or the diameter of a cylinder equal to the caſh. 


Let D = bung diameter, 4 = head diameter, 
then D— 4 x x + d = mean diameter. Then the 


ſolidity of the caſk = —= * 7854b = 


5—4 X Xx +4 X .7845x, and D- x x+4 = 


22. and D—4d.x +4 = /Z3DD + 344, 


3 
and D—d.x = /4DD ＋ dd — d, whence x = 


vViDD + 34d —4 
D— 4 
{ Cor. 4/4DD + dd is the mean diameter ſought. 
And x is always between 1 and Va, or between. 666 
So O1. 
d, After the ſame manner 4 D. DAA. 
* mean diameter for the fruſtum of a cone. And x : 
10 always between z and V, or between , 5 and. 378. 


PR OB. 


/ 
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PROB. XL. 


w © x 
118, To find the ſurface of the ſolid generated by a cycluid 
AMG revolving about its ſhorter axis AR. 


Let AR =a, AP = x, arch AB=s, PB =y 
Var —xx, PM=y, S = ſurface required, 
AM = z. By the nature of the cycloid, zz =4ax, 
and 22Z = 44x, or 22 = 2ax, whence 2 = > a 
| 2 


aa - a 
= — 1 d 72 \ 
= x / 7 and y=wv+y Then 


—— + 5cx = S Na XN V -N 


X I. And the fluent S = cy/a K x 
2 — 1 + fl. N =—Zy/axa—sr 
＋ X 25x: N i - ; becauſe 5 = 


2X. And the fluent corrected, or S a x into: 
2 


— — Va—x +25/x: and the whole ſurface 
= 2ca Xx ABR 4. 


ä nin  XLL 

119. Tt ABE be a ſemicircle whoſe center is C; MD, 
DO, two fides of a /quare. And let the ſquare re- 
volve about the circle, ſo that the fide DM may al- 
ways paſs through the point E at the end of the dia- 
meter, whilſt the other fide DQ always touches the cir. 
cle. To find the locus of the angular point D. 


PR a Hh FTm_c ”—— or 


2 


Upon the radius CE of the given circle, de. 


ſcribe the ſemicircle CHE ; and from the * C 
raw 


draw CB to the point of contact B, which will be F; 
perp. to the tan. DB; and D being a right angle, 119. 
CB and ED are parallel. Through the center O, © 
draw OH parallel to ED or CB; then the angle 
EOH = ECB; and drawing HF perp. to EF; 
HF and BD will be tangents to the two circles, 
and parallel to one another. Therefore the figures 
EOHF, ECBD, are ſimilar. And ſince EO = Z 
EC, EF = ED = FD, and EH = DH, Make 
HP = HO, and draw DP. | 

The triangles EHO, DHP, are ſimilar and 
equal; for DH = EH, and PH = OH, and <=, 
DHP = EHO, (they being. the complements of 
the equal angles DHF, EHF), therefore PD = 
EO = PH. Whence if the circle DHNB be de- 
ſcribed with the radius PH or PD; the arches 
DH, EH, will be equal, becauſe their cords are 
equal. And conſequently if the arch DH revolves 
upon the equal arch EH, it will deſcribe an epi- 
cycloid paſſing through D; or the point D in the 
ſquare, will deſcribe the ſame epicycloid, which 
will be the locus of all the points D. 


11 Qs .- = 


PROB. XLII. 
e To find the length of the curve of the epicycloid VD. 120. 


Let AB = J, Ac =, AV = &, VB = 2r, 

arch WD or GE, or BE =s. Sine Dm = v, 

), verſ. Wm = x, AD=y, Do = Ee = Ef =, arch 
Ex VD S , then d=b + 2r, and a + xr. 


* With the radius Ad, deſcribe the arch nod. Then 
* whilſt the point of contact E is carried through the 
* arch Ee, the line Ao is carried through the arch 


Ff = Ee, and therefore AD through the angle 
DAd. Draw CP perp. to AD. By the nature of 
de- the circle vv = 27x — xx, and yy =d4— #* + vv 


7 


4860 COLLECTION OF 
Fig. = dd — 2102,” And vs = r#. The triangles ADm 
120. and ACP axe fimilar, alſo CDP and Duo: there- 
fore AD (9): Am ( — x): : AC (a) : AP = 
= „ Aud DP 27 — = 22 5 

J | 7 

1 F d — M N. t 
Again, CD (r): DP ( - ) 1: Do (or — 
20 2 cn K. Alſo AF (5) : Ao (9) :: Ef 


4 


- rx . 3 y þ 2 : 
(or — 0d = = . Then d=— + 


rd — 1x - ryy + brd — bnx k 271— X a 
5 968 Xx = dux. 
5 boy buy 


Alſo D =5 = ZZ; whence D# or # = 


a—x diu 4 1K 2 2r — .dd— bbvv 17 
Su = b*v*'y* 
Wa. 27 — x.4d + bbx 1 2r dd a 
* bbyy x e bbyyx 2 n 
dd — 2A 4 F arn x* . — 
% = Cs Therefore Z = 
hy X 21x = ” ore * 
nx ar 2 — 26 + 2 „ 
＋ . and 3 — * 8 7 C 
cord WD. 
PROS. XIII. = 


121. To find the place of a planet in its orbit, or the an- 
gle at the other focus F, having the diſtance FN given. 


Let S be the ſun, AC = a, CE =, CF =», 
SN = y, FN = v, M = mean motion, F = mo- 
tion round F, N the planet's place, x = perp. 
from # upon SN, and FN, ſi 


Then 


N 
* 


AzT. XVIII. PROBLEM S. 


Then (by Prop II. Sect. V. Aſtronomy,) M = 1 


25 and F 2 5 And M = area ASD, To 


4 the fluent of =, draw FD perp. to the tan- 
gent NT; then (by Cor. 2. Prop. XXXVI. Ellip- 


ſi (2: v: FD = <<; and the triangles 
is,) V WF 8 


Nen, NDF, are ſimilar, and ND (V8) 
: 7 


c 
* 0 R 
ac 1: 


——— and For ©* ax — Nec 
. 5 24 ce 
put 2 for v, to 

76 — — 2a — (cy? 


agree with the forms, then F = 
— ——» Which comes under the 


— — 


V = 1 + 242”) — cc2— 


27th Form, where i 


cc cc 


— — 2 „ 
33 2 cc 

SY oe —— n 
0 cc n 


comes under the 8 Form. Put 2 again for Vz 


then 4 2 0 by Form 1oth, 9 = 


1 the arch 
n 


ſtoring ODOR won __ (fine = v). But becauſe 


whoſe ſine is z, radius 2. And re- 


Sg V Was 
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FS. was = 42 5 reſtore this, and o Sa = 
Sine = a— = And reſtoring the firſt v, F = 
— „arch, fine = a— T, rad. =». But in A, 

n v ; 
where Fo, v=a—n, and fine =a— © 
a—y 


= —f, and the arch is a (negative) quadrant; 


therefore by correction, F = — * arch, whoſe 


1 
coſine is — a, and rad. n. 


PRO B. XLIV. 


121. Having given the diſtance FN of a planet from the 
upper focus F; to find the time of moving from the 
aphelion, from A to N, and the angle at F, | 


Let AC=s, CE e, CF =, SN =, IN 
v. Then (by Prop. J. Sect. V. Aftronomy,) 


the area PSN = — — — — v 2ay—yy—( 


where D = degrees in the arch whoſe coſine 1s 
m_ 


„rad. = 1. But half the area of the ellip- 


N 
ſis, PEA = 180ca K. 1745; therefore the area 
SAN = — 201745 — 2 e + < 


Vi- c = —— * 180—D + — 


Viggo dt . 


where d = degrees in the arch, whoſe coſine ' 
Ja 


Ar. XVIII. PROBLEMS. 


54 2 — Fig. 
- or — But area AEPB (180caX.0174);,;. 


; periodical time (t) :: area SAN (= 2 
2 


+ Mee time of deſcribing SAN. 


Or 360: 1: d + ä : 


6 X 8174 * 
14 V 2ay—yy—cc er Dec, 


0174534 360 017453 
— = time of deſcribing SAN. 


0 | 
Again, If z = cof. PSN, then (Aſtron. 7b.) y or 


, from whence z= D = * 


2h 24 —VXN 


And (by Trigonometry) NF (v): S. FSN 
(V/1—2z) : : NS (24—v) : S. angle SFN or AFN 


—— iz. 
Hence if v be given, the time of deſcribing AN 
from the aphelion will be found. 
And from v being given, 2 is found; and then 
the angle at the upper focus F. 


24— 9 — 


Cor. if you ſay as t the periodic time: 360: : ſo 
the time in SAN, before found: to the angle AFN; 
then it will appear how much this value of AFN, 


differs from the true value before found. 


PRO B. XLV. 


Given the two fides of the triangle ACB, AC=16, ,,, 
AB = 25. To find CB ſo that à body may deſcend 
through it, is the leaſt time poſſible. 


1i 2 


Let 
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Fig. Let AB =, AC = d, AB being parallel to 
122, the horizon, draw COD perp. to AB, x S. CAB, 
S its coſine. Then rad. (1): AC 4): 28 ACB 
O: AU = dy. And rad. (1): AC (4): : S. CAB 


(x): CO = dx. Then CB = V + dd — 264, 
let BD be perp. to BC, then CD = 


a” 
bb +dd—2b 
+ 0 2 2 Now a body will deſcend through ] 


CD in the ſame time it deſcends through CB; 
bb + Bs — 2000 


therefore CD is a minimum, or 


= n, in Fluxions, — dx * 2bdy — * X 
bb +dd—2bdy o, or — 2bdxy = bb+ dd — 200 
* * e e xx ＋ yy = o, and 


2bdx*x 

58 : = bb +dd—2bdy x A, 8 

and 2bdxx = bb + dd — 2bdy X y, or or 2bdxy = = | 

bb + dd) 1 — - 2bd X 26d X 1 - * = bb + ddy— y 

2bd + 2bdxx, and 35 bb + dd. y = 26d, and y = 7 

ow a1 * col. 24 4600. And the angle C will Is 
be obtuſe. . 


PROB. XLVI. 


123. There is given the baſe AB of the iſoceles triangie 
ADB, ana the part DG as far as the perp. AG. 7. 
find the ſides AD, DB. | 


Let AD or DB = x, AE or EB = hb, DE be- 
ing perp. to AB, and GD = a. Then AB: = 
AD! + DB* + 2GDB, or 4hh = 2xx ＋ 2ax, and fa 
xx + ax = 2bh. And x + 1a =V 2bb+1aa, ot tu 


x VN. 


P ROB. D 


„ 


— + 


Ar. XVIII PROBLEMS. 
PR OB. XLVII. 


f y X . "xx 
To find the fluent 1 yy — a 


Multiply by *, then yam — 2 — X. 


x a 
Aſſume the fluent 2 2 ”_ this in Fluxions is 
x” ap 


e * 
7 2 tiply this by 7 


OR — Sxp+r—1x 
| then * ** 1 ; 
compare this with * — 2 by _ 


| r 
to make them the ſame, then — =10r7 =, 


n laſtly, p + r —1 = m, and 


n 
p=m—r+1i=mn—iz+1i. Whence the fluent 


is S 2 a — a ay* 2 nx m- τ 1 
* 29 & m— 1 71 
m— 1 ＋ 1 
And when x and y = a, then à = — % or 
3 — m— 1 ＋ 1 
= = . 


PR OB. XLVIII. 


If the curve RDB be of ſuch à nature, that the 124. 
tangent DT revolving uniformly about the curve, the 
particle of the curve, at any place D, may be as the 
ſquare of the fine of the angle ADt. To find the na- 
lure of the curve. 


Let RA = x, AD =, RD g Zz. Then ſince 


DT is ſuppoſed to change its direction uniformly, 
11 3 there- 
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Fig. therefore the angle of contact is given, and there- 
124 fore 2 is as the radius of curvature. But S8. S 


K 


— 


=” xXx 
AD! = =; therefore 2 oC == whence 
2 VS 


CC rad, curvature = (Z being given). Whence 


(aſſuming the given quantity 4) ( = 2 „ and 


3 3 
the fluent is _— 2 2 which is correct, for in R, 


So, and x So, whence # 7 SV. For 
brevity's ſake put _ = 1, then & = 93s. But 
Ty = 52" i + 339", and 1 - X * =, 


therefore x = = _ Put v = y;, and vi, 
then & = ED and the fluent is x = 2— 
Lo—UY 


_ * ub, for the nature of the curve RDB, 


Reduced 4x — xx 3. + 95 = 394 + 400. 
Cor. 1. If C be the center of the curve, then CR 

= 2CB. For when ) is greateſt, & , and thert- 

fore * (2) = yi2, and yl = 1, or y = 1. Whent 


vV=1, and Vi — vo g o, therefore x = 2 that 
SS 231, CREE 
Cor. 21 CB = 34 


- Cor. 3. To conſtru#t the curve, take any angle, find 
its fine LY or y u. Then we bavey = vn, and 


244 


Viv; and finding theſe for 
an) 


Hag mn D 
A 
— 2 
5 
is 
15 B 


Fs. 


An XVIII. "PROBLEMS * 1% 
any ſeries of angles, a table may be made of x and y Fig · 
from theſe angles, and the curve conſtructed. 
Otberwiſe aſſuming am value for y finds v, and 
&. 5 
PR OB. XLIX. 8 

Suppoſe AC, Ac, to be curves of the ſame kind, 125. 
whoſe vertices are in A, and their axes AF. To find © 
the nature of the curve FCE, that ſhall cut all theſe 
curves AC, Ac, Cc. at right angles, 


Let two curves AC, Ac, be infinitely near, Cc 
a particle of the curve FC, between them. Draw 
the ordinates BC, bc; and alſo DC, dc. 

Let AB or DC x, BC or AD , ED = d, 


AE S d, oC =v, oc g K. Draw the tangent CT 
to the curve CF, and the tangent CQ to the curve 
AC. Then the triangles Coc, CBQ are ſimilar, 


and ſubtangent QB (T) BC O or d - v) :: Co 


(v) : oc (X), whence , = Z=w x v, and dv 
—Toy = fl, of — 
= 

ExXAM. 1. : 

Let AC, Ac, be parabola'ss Then BQ = 7 


= 2x, and dv tv = fluent of 2xx = xx, or 


*x = | X 24v — vo, an equation to an ellipſis, 
therefore FCE is an ellipſis. And if AE = 10, 
10 | 
8 = J nearly. | * 
Ex AM. 2. | 
Let AC, Ac, be ellipſes, whoſe tranſverſe is 
given = za, then 24 — xx = byy, and ax — #x 
114 => 
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—_ yxx _ ax Xx by ,_ byx *_ 
125. . e 7 2 © a—=s © 


20% =* >= — *— ax + xX, and the flu- 
ent is dv— {vv = 2.302544 X log. - a > 8 


++ xxx, for the equation of the 3 
1 __ 2ax + xx 


In the h bo] — —— 6X 
n the hyper ah > 22 * ax + 


E aax vv 5 
** — py and the fluent, du 15 ax + 


zur — 2. 302 gaa X log. = K 


P R O B. L. 
To find the ſum of the ſeries 2 += 
27 
7 


Here ſome value muſt be put for z, as ſuppoſe 


1. Then the ſeries is 1 — 4 + es toe; 
3 5 7 


that is, (collecting two terms inito one) _ * 


25 5 * n Gora K inte — + — + — 
11 9.11 


ee. But by Prob. XXVII. e the _ 
of the ſeries — + — 1 K. 11. — 


AT 22 B 3:54 C &c, where T 
75 8.49 5 7 53 = 
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the ſum of 10 terms . 38644, v 41, 9 45, Fig 
v = 49, &c. and the whole ſum . 39270. a 


2X- 39270 . 7854, the ſum of the given ſeries. 


PROB. LL. 


To find the ſum of the ſeries 2d X into 1 + 


IA+33B+ £22 C + E3.D, 6c. being 
2.5 4-9 6.13 8.17 

the fluent of dd—xx—* Xdx—*x,wbenx =d ; which is 
the time of deſcent of a body in a quadrant, whoſe ra- 
dius is d. . 


* 


Here the 2 term is 2. — x E=7 5 = 
22 — 2 422 —3 
ZH 8 
- - — 2 pity =2==1, or 2 = 
39+ 1, then Z = „ i. And the equation is now 
CES 3 x I<=s 5, s being 
y y5+3 * b 1 
the 2 + 1 term; according to the directions in 
"> XV. Increments. a 
o find the integral, compare this with Ex. 26. 
Prop. XIII. Increments, and we have m = +, #=23, 
zZ=y=1, And we ſhall have the integral 


z— i 4 + &c. Now 
q m m + 1 | 

this ſeries being negative, does not give the ſum of 
the ſeries to the 2 term, but the ſum of all the 
terms, ad inſinitum, beyond the zu term. For the 
reater 2 is, the leſs the ſum will be. Therefore 

um up 4 terms of the ſeries = 1.16570, and the 
3 term will be. 01608; and writing y for z, we 
ſhall have for 4 terms 1.16570, and the reſt ad in- 
finitum 


490 
Fig. 


125. finitum SY I NX =. 2" l + 


f * 
n 
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Mm Mm +1 
n= + 2 


R 
+ Kc. that is (putting y=5) 4* x .01608 


m 
3 7 11 15 
WD tb 1 8 . nk + 5 
o I 21 34 43 
&c. 
P = 06834 2P = 13668 
Q = ,01025 © = 
= =- | 299 1 
117 932 33 
"= 55 2 = I2 
U= 29 * r 5 
CS „ 3 
2 10: 2 2 
ſum = 14525 
: ſeries .14525 
add the firſt 4 terms 1.10570 | 
total ſum 1.31095 
multiply by 24/4 | 
2.62 190% for the ſum of all, 


Otherwiſe. 


It may likewiſe be ſolved by Sterling's Series, 
Prop. VIII. Here the equation of the ſeries is 


2 —.— X = T, and the ſucceſſive va- 
+* 


ſues of z are 1, 2, 3, 4 &c. and 6 = , # = 5 
ſum up the 4 firſt terms of the ſeries = 1.16570, 
and the fifth term or T = .o1609, and z = 5. 


3 7 
Then A=4T,B=— A Ca 8D 
en 47 3 3 
11 
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21 — D, &c. and S = 2A+2B+ 20 8 


4. 4. 
250 ＋ E, &c. which brings out the ſame an- 
ſwer as before, 


PR OB. LIL. 


Suppoſe the bob of a pendulum ABC to be in the l 26. 
form of a paraboloid, whoſe axis is BD. To find the 
center of oſcillation, 


Let BD = x, AD =y, 2rx g y. And ſuppoſe 
BD parallel to the axis of motion XV. Allo let 
c=23-1416, Df = z. Then (by Prob. XVIII. 
Sect. II. Fluxions,) in the circle DA the fluxion of 
the figure is 2c x Df x DH = 2c232, and the fluent 
es = 255, at laſt, = 4c N and G = 
zcrrxxx, and G = 4crrs*%, Bur the ſolidity of the 


paraboloid A3C = — 


G r 2. Fx * . 
8 —==X— = =. And the diſtance 
1 4 th d 34 

ba 


I 
from the axis of motion = d+ 7 * 77 


B = crxx; therefore 


PRO B. LEL 


To find the denſity of the ſun, compared with that 
of the earth. 


Let D = denſity of the ſun, d = denſity of the 
earth, P = earth's parallax as ſeen from the ſun 
= ſun's apparent diameter ſeen from the earth, 
p moon's mean horizontal parallax, T = a year, 
or the earth's periodical time, # = moon's periodi- 
cal time, Then (by Prop. XIX. Centriperal 
Forces) the denſities of central bodies are recipro- 
cally as the cubes of the parallaxes, and ſquares - 

tne 
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PIE the periodical times; that is, D: 4 ps 


126, 


: a4: 4D = P 
vn * PIT 


Cor. Hence the denſity of the ſun is had, without 
either the ſun's diſtance or his parallax. 


PROB. LIV. 
The latitude of the place being given; to find the 
time of ſhorteſt twilight. * 


It is found by obſervation, that the time of day- 
break is when the ſun is 18 degrees below the 
horizon. 


127. Let ZHNO be the meridian, HO the horizon, 


EQ the equinoctial, BD the parallel of day-break, 
Pp the earth's axis, Z the zenith, N the nadir, vs 
the ſun's parallel of declination when twilight is 
ſhorteſt, Draw the parallel rv infinitely near or, 
and draw the hour circles op, rap, tp, vp. Now 
when the portion of the parallel os, comprehended 
between HO and BD is the ſhorteſt, it will be equal 
to the portion v; becauſe when it is the leaſt, it 
neither increaſes nor decreaſes; therefore oa the 
decreaſe at o, is equal to t the increaſe at 5s, But 
in the triangles oar, iv, ar = $f, and oa = tv, and 
the angles at &@ and ? are right, therefore the angle 
roa = angle tvs, But by Trigonometry the angle 
poN of the ſpherical triangle poN is = roa. And 
the angle pvN, of the ſpherical triangle pVN is 
= #vs. Therefore to find the angles of theſe ſphe- 
rical triangles. Let rad. = 1, x = . declination 
= col. po, or pv, y = . po, or pv, I . latitude 
=, = 5. 18 = col. NM ce = & Nw 


Then (by Caſe 114, Spherical Trigonometry) col. 
20N (or roa) = => becauſe the coſine of No 
- (being 
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(being a quadrant) is o. Alſo the coſ. pvN (or tvs) Fig. 
— 2, therefore . = —. and I=, 127. 


9 9 
therefore 5x -c, and x = . J; but 1—c 


s 
is the verſed fine of 189, Therefore as 5. 18: 
verſ. 180: : 5. latitude : s. declination of the ſun 
ſouth, when twilight is the ſhorteſt, 


Cor Hence, as radius: tan. 9: : s. latitude : 
3. ſun's declination ſouth, when twilight is ſhorteſs. 

For (by Cor. 1, Prop. II. Trigonometry) radius 
: tangent of anarch : : fine of 2 arch: verſ. twice 
the arch; that is, rad. : tan. 9: : 3. 18: verſ. 180 
1: 6. latitude : s. declination. | 

It is ſaid J. Bernoulli was 5 years in ſolving this 
Problem, and did it but very audwardly at laſt, 


PROB LV. 


To find the proportional beat of the ſun in all lati- 
tiudes, for any day. | 


The action of the ſun's rays is, as all other im- 
pulſes or ſtrokes, more or leſs forcible, according 
to the ſines of the angles of incidence; whence the 
vertical ray (giving the greateſt heat) being put 
equal to radius, the force of any other ray, upon 
the horizon, will always be as the ſine of the ſun's 
altitude. This being granted, it will follow, that 
the time of continuance of the ſun's ſhining being 
taken for a baſis, and the fines of the ſun's altitudes 
erected thereon as perpendiculars, and a curve 
drawn through their extremities; the area of that 
curve will be proportional to the heat of the ſun in 
that time. | 


— 


Let AB be the length of a winter day, EQ the 128. 


length of an equinoctial day, CD the length of a 
ſummer day. Or we may ſuppoſe CD the diurnal 


arch, 
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Fig. arch, reckoned on the equinoctial, to repreſent the 
128.time, 
Let I, m = ſine and coſine of latitude; 4, c = 
the fine and coſine of the ſun's declination ; > =: 
PF the arch from noon, y, x = fine and coline of 
PF; rad. = 1. Then by Aſtronomy, rad. : tan. 
latitude : : tan. declination- : . aſcenſional dilter. 
ence EA (or EC); then AF the ſemidiurna! arch is 
known = EF — EA, (or EF + EC) let z = 
Ss. AF, or CF. a 
Then GF is the ſine of the meridian altitude. 
And to find MP the ſine of the altitude, at the 
diſtance of time FP from noon, we have two ſides 
and the included angle of a ſpherical triangle, to 
find the third fide, therefore (by Caſe 8h, Spheri. 
cal Trigonometry) mcx + Id = coſ. zenith diſtance 
=. altitude MP. Then MP x S or mcxZ + Id x 
flux. of the area GFPM. But by the nature of 
the circle x2 = ry = y; whence the flux. area = 
mcy + dx, and mcy + dx = area FGMP. And 


men + ld x AF = area AGF; and nc n - 
d x AP = area AMP, the heat generated in the 
time AP, uſing + for ſummer, and — for winter. 
Hence the heat generated in the whole day is = 
2mcn + d x CD, for ſummer; and 2mcen — /4 x 
AB for winter, 


Cor. 1. Under the equinoctial the beat is 2crr ; and 
when the ſun has no declination, the heat is 271. 
Cor. 2. Under ihe pole the heat of a ſummer day is 
rdx2EQ. 

„ Cor. 3. Under the frigid zones, where the ſun ſels 
not, the beat is Id x 2EQ ; and therefore is 2EQ X 
fine of the ſun's altitude at 6. p 

Cor. 4. In any latitude when the ſun is in the equi- 
noftial, the beat is 2mrr, 


Cor, 5. The greateſt heat under the eguinoctial, 10 
the greateſt heat under the poles; is as 2r* to rd X 


2AE, 


AzT. XVIII. PROBLEMS. 495. 


2AE, or as r io d X 3.1416; or as 110. 3987 x Fig. 
3.1416; that is, as 4 10 5. 128. 


Cor. 6. In the latitude of London, the beat of the 
longeſt ſummer”s day, to that of the ſhorteſt winter day, 
is as 6 10 1. 

SCH OL. 


Dr. Halley, in ſolving this Problem, remarks, 
that ſince the nature of heat is to remain in the ſub- 
jet, after the cauſe that heated it is removed; and 
particularly in the air under the equinoctial, the 
12 hours abſence of the ſun, does very little ſtill 
the motion impreſſed, by the paſt action of the 
rays wherein heat conſiſts, before he ariſe again. 
But under the pole, the long abſence of the ſun 
for 6 months, wherein the extremity of cold does 
obtain, has ſo chilled the air, that it is as it were 
frozen, and cannot, before the ſun has got far to- 
wards it, be any way ſenſible of his preſence ; his 
beams being obſtructed by the thick clouds, and 
perpetual fogs and miſts, and by that atmoſphere of 
cold, as the late honourable Mr. Boyle was pleaſed 
to term it, Proceeding from the everlaſting zce, 
which in immenſe quantities does chill the neigh- 
bouring air, and which the too ſoon retreat of the fun 
leaves unthawed, to encreaſe again during the long 
winter that follows this ſhort interval of ſummer. 

But the different degrees of heat and cold in 
different places, depend in a great meaſure upon 
the accidents of the neighbourhood of high moun- 
tains, whoſe height exceedingly chills the air brought 
by the winds over them; and of the nature of the 
ſoil, which variouſly retains the heat; particularly the 
ſandy, which in Africa, Arabia, and generally where 
ſuch ſandy deſarts are found, do make the heat of 
the ſummer incredible to thoſe that have not felt it. 

To which I may add, that the ſine of the angle 

of incidence, or obliquity of the rays, 1s not oe 
ole 
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Fig. ſole cauſe of the proportion of heat. But the 
128. quantity of atmoſphere through which the light 
paſſes, has got a great effect upon it; for the more 
atmoſphere it comes through the more light will be 
deſtroyed, and conſequently the heat diminiſhed 
upon that account, though the angle of incidence 
was to remain the ſame. Therefore it will follow 
that the quantity of heat will be leſs, when the 
ſun is lower than in the ratio of the ſine of in- 
cidence, as ſuppoſed in this calculation. See 
Prop. XVIII. B. I. Optics. 


RO B. Li. 


To find the proportional heat of the fun for a year 
in any latitude, as London. 


Take a ſummer and a winter day where the ſun's 
declination is the ſame; then by the laſt Prob. the 
heat of the ; 
128, ſummer day = 2mcn + 1d x CD 
winter day = 2men — ld x AB 
| ſum -4mcn + 1d x 4AE, or taking a 
quarter thereof, the heat for theſe two days is = 
mt X coſ. AE + AN AE, where AE is the aſcen- 
| ſional difference. And if this be done every day 
from the equinox to the ſolſtice, the ſum of all is 
the heat, for half a year. 
Now to approximate to the ſum of theſe, find 
the aſcenſional difference for every 10 or 15 degrees 
of the ecliptic thus; let # = tan. latitude, s = 
s. ſun's longitude, p = 5.234 the obliquity of the 
ecliptic z then rad. (1): 5: : Pp: ps d the g. decli- 


nation, and rad. (1): :: tan. decl, (=) : 7 : 
c 


5.aſcen, difference, which gives AE and its coſine. 
Thus for o, 15, 30, 45, &c. degrees of the eclip- 
tic, the declination, © and aſcenſ. difference, 2 

| t e 
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PROBLEMS. 
the other requiſites will be as in the following Fig. 
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Table. | 128. 
Olon-decli-aſcen. I col. decl. S. decl. 
gitude, | nation, | differ, | x col. acf. | X aſe. 

o „ ,| © 1. ooo 0 
15 | 5 55 7-483] 9862 7723 
30 11 30[14.816] .9473 | 2:9537 
45 |16 23[21.68 8915 | 0.1128 
60 20 1227.85 8321 | 9.5138 
75 22 3931.63 7857 12.1827 
nnn, 2107 
Then by the rule for 7 ordinates (Cor. 1. — 
IX. Differential Method) we have, 
A= 1.7306) and A =13.2107 
B = 1.7719 B =12.9550 
C 51-7794 ** & 212.4675 XIX. 7745 
= 8915 N= 6.1128 


And the ſum of the firſt ſeries = 50.14 1 where L 
And ſum of the ſecond ſeries = 7.99J g1 days. 


total 38. 13, and this x8, 


for the reaſons before given, gives 465.04 the heat 
in a whole year in lat. 3152. 


Cor. 1. Under the eguinoctial, I = o, m r, and 


coſ. AE r. Therefore wn the ſum of all the crr 
muſt be calculated. | 
| © lon. | Odecl. | col. dec), 
—2.2S : j; oO? -*. |; doen 
15 5 55 | 9946 
go.* | 30% 9799% 
45 16 23 | 9594 
60 20 12 | .9385 
75 22 39 | .9229 
go | 23 30 | .9170 
Kk Then 
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Fig. Then A = 1.9170 
dean 
D= 99594 


Then by the foreſaid rule, the ſum of all is 88.48, 
which x by 8, gives 697.8 for the equinoctial 
heat in a year. And hence the heat under the 
equinoctial, to that at London, is as 3 to 2. 


Cor. 2. Under the poles, m = o, and I r, and 
AE muſt be ſuppoſed 4 quadrant = q = 3416 
2 
Therefore we muſt find the ſum of all the rqd, 


© lon. | Odecl. S. declin. 
| o | © "Es 

1 15 5 551 „1031 

eee 

45 16 23 2821 

| 60 20 1213453 

| 75 22 393851 

922399327 

Then A = 3987 

B = 4882 

C = .5446 

D = .2821 

And by the ſaid Rule the ſum of all = 67.375 

X 4 = 269.5, for the polar heat in a year; or if 
ou will in half a year; for in the other half year, 

it gets none. And therefore the heat at London, to 

that under the Pole, is nearly as 12 to 7. 
Cor. 3. And hence the equinoctial beat is to the polar 


X7qX8. 


Beat, as 13 to 5; nearly, 


PROB. LVIL 


In the ſtereograpbic projection of the ſphere, to draw 

4 leſſer circle perpendicular to the plane of projetiion, 
which lies very near its parallel great circle, Wh 

| en 
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When the ſcheme is large, as in the drawing of Fig. 
maps, and the circle lies very near its primitive 
great circle, it is not practicable to draw ſuch a 
circle with a pair of compaſſes, as directed by the 
rules of that projection. And therefore it mult be 
done after ſome other manner, as follows. 

1 Way. 

Let ADBE be the primitive, DCE the parallel 129. 
great circle, GHI the circle to be drawn. Draw 
GN, Iz perp. to DE. It is plain by the nature of 
this projection, that NG or Al is the fine of DG, 
the circle's diſtance from its parallel great circle 
DE; alſo CH is the tangent of half DG; and theſe 
being ſet off from DE will give the three points G, 
H, I, through which deſcribe the portion of the 
circle GHI with a bow, as directed in the Scholium 
to Prop. XII. of the Projection. 

2 Way. ; 

But when more exactneſs is required, ſeveral points 
muſt be found, through which to draw the circle. 

Let s = nat. fine, # = tangent, / = ſecant of 
the arch GA, rad. = 1. Then rad. FH = t, FC 
=, by Prop. V. Projection. And in the triangle 
FGC, FG (f): S. GA or < C ():: GC(1): 
S. GF C or arch HG in degrees. Then let z= line, 
v = verſed ſine, of any arch Hg leſs than HG; 
then 42 = ſine, and vz = verſed ſine of Hp to the 
radius t, let #2 = tan. of half DG. Then make 
Ci = tx, and perp. thereto make {8 =m + iv, and 
g will be in the curve. And thus find as many 
points g as you will, and draw a curve line thro? 
them. | 


3 Way. 

Draw the tangent HO, and put Hp= u, pg x. 
and diameter 2F H = 27, then by the property of 
the circle Hy“ = pg x 2F H—pg, that is, an =x X 
21 — x, Or 21x — Xx = nn, and it — 2% + xx = 

K k 2 tt -n; 
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Fig. * 24 1 
it — un; whence x -V = ＋t. X 
129. 5 77 * = 


* . 7 © n+ 
- = pg, and g is in the curve; in moſt caſes dy may 


be left out. And thus any number of points may 
be found, thro' which the curve muſt be drawn. 


| | 4 Way. 

130. This may be performed mechanically thus. Hav- 
ing found as before, the 3 points G, H, I, take a 
thin plane, as a ſtrong paper or paſteboard, PQR, 
whole edge PR is very ſtreight, lay that edge to the 
three points IHD, and {ſuppoſing the lines DH, 
HG, drawn) make the nm. PST = DHG, and 
cut off the part PST. Then apply the fide ST 
(of the inſtrument TSRQ) to the point G, and the 
ſide SR to the point I, and where the angle S falls, 
make a point g. Then ſhifting the inſtrument, ſtill 
keeping the points G, I, in the ſides ST, SR; 
the angle S will find another point g; and by this 
means you may find as many points as you will, 
throvgh which to draw the curve. 

Note, the curve may be drawn by a continued 
motion, thus, Stick up two pins at G and I, and 
move the inſtrument about, ſo that the ſide ST may 
continually ſlide by the pin G, and the fide SR by 
the pin I; then the point > will deſcribe the curve 
required, 

By this method there will be required a new in- 
ſtrument to be made for every parallel. And this 
method will deſcribe any parallel, whether near to 
the parallel great circle, or far off, 


PRO B. LVIII. 


Having given the curve Z FO, by the revolution of 
which about its axis ZH, a dome er cupolo is formed. 


To find the exterior curve Sog, ſo that all 9 
n ones 


Ak r. XVIII. PROBLEMS. 


ſtones lying aſiope, the joints may be perpendicular to the Fig. 
inner curve ZF; and the whole may ſtand in eguilibrio. 13 1. 


Let HZFO, HZ Lo, be two plains intercepting 
a portion of the cupolo, which is conſtructed upon 
this ſuppoſition, that the arch ſtones, as IF, run 
quite through the thickneſs of the arch; in that po- 
ſition, and may freely ſlide up or down upon the joint. 
1. When the joints meet in one point H, the 
curve ZF being a circle. Suppoſe the plane NDB 
drawn parallel to the horizon. The weight of the 
arch ſtone FG, by its weight tends in a line pa- 
rallel to ZH ; and the preſſures againſt the joints 
FH, fH, are perpendicular to theſe joints. There- 
fore theſe three forces, the weight and two preſſures, 
will be as three lines drawn perpendicular to their 
directions; that is, as Dd, DH, dH. And this 
would be ſo every where, if the depth FL was 
every where the ſame, but it grows leſs towards Z 
in proportion to FM, or DB, or nd, which is the 
depth of the pyramid HF/ at d. Therefore if the 
curve SGg be ſuch, that the ſolid or arch ſtone 
FGrzf be always equal to the correſpondent pyramid 
HDan; then G will be. in the curve required. But 
the three pyramids HD, HF., and HG, are as 
HD3, HF, and HG; whence HD: HG? — 
HF; : pyramid HD: ſolid FGr/f, Therefore if 
HD = HG? — HF; (or HG = J/HDs3 + Hy», 
then the pyramid HD = arch ſtone F. Conle- 
quently taking FG-= HDH HF, then 
G will be in the curve; and if ZS=3/HB'+HZ23 
— 2, then S is in the curve. Or if the point 8 
be given, then taking HB = H — HZ, then 
the point B is given, thro? which BN is to be crawn 
parallel to the horizon, by which the points G, g, 
&c. will be fouad. 


2. Let Z FO be any curve, FH the radius of 32. 


curvature at F; draw BN parallel to the horizon, 


and 
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Fig. and PD, Pd, En, parallel to HF, Hf, HJ, And 


132, 


if Dd expreſs the weight of the arch ſtone FGrzf, 
then PD, Pd, will be the preſſure of the joints FH, 

Therefore by reaſoning as before, if the py- 
ramid PDz be equal to the arch ſtone FG#f, then 
G will be in the curve. Whence if PD = HG 
— HF, or HG = /PD*+ HE}, then G is in the 
curve. Therefore if the point S be given, take PB 
= HSi— HZ,, HZ being the radius of curva- 
ture in Z. Then BN being drawn parallel to the 


horizon ; from this all the points G will be found, 
as before mentioned, 


EXAM. 1. 


133. Let 20 he a circle, HZ = 1, ZS = &, then 
v 


I 
HB = .69; then if ZF = 3odeg. then FG =.14. 


It ZF = 60 deg. then FG = 4.55, &c. for deſcrib- 
ing the curve SGG. 


EXAM. 2. 


134. Let ZFf be a parabola, ZA=AO =1, ZS=;, 


M the focus, ZM = 2, Zm = +, rad. curvature at 
C=mnitF=iu=sfi,oaf= $6 = f. 
Then (PB or) AB = | — = 49; then HG = 
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 VADi+HF'= 1.47, and FG =.06; and by = 


Ad = 2.63, and fg = .03 ; through which 
points, the curve SGp is to be deſcribed, 


FaEDOBR: LIT. 
To find the fluent of cx + yx = ay. 


This reduced is j = = + =, and the fluent 
is eaſily found by Sir J. Newtsn's method (Prob. 
II. Caſe II.) as follows. | 


£x*x 


Ax r. XVIII. PROBLEMS. 


| 


. 


cx 
= 7 
. — 2 22 
4 346 — 4.54 4 
7 2 —— 8 
NS. 3aa 
1 [= Ou cx cx ex® &c. 
| 24 3.444 3-4-5484 3.4.8. Ua 


y = 248 X 6 

2. 34 2.3.44 2.34.55 

* x? x? * * 

= 2c4aX1+ 3 + 8 mw" Ba 234.5 
3 xXx 

— 2000 X 214 — + — 

i a 244 


* 
=2caaXx numb. of hyp. log , aur 


* 0 
— 2caa X MZ — 2caa — 2cax — cx. 


Where M = 2.91828, the number whoſe hpy. 
log. is 1. 


Pell 


To find the line of the firſt ſatellite of Jupiters 
moving through the penumbra of Fupiter. , 


The apparent diameter of the ſun is 32! 12“ at 
the earth, and at Jupiter it is reciprocally as the 
diſtance, But Jupiter's mean diſtance 1s to the 
earth's mean diſtance from the ſun, as 5.2 to 1. 
Therefore as 5.2 : 1 : : 32! 12! or 1932": 371.5; 
and this is the angle that the penumbra makes at 
Jupiter, 

The periodic time of the firſt ſatellite is 14 185 
27 34% and that is = 152854 ſeconds. And the 
angle of the penumbra being 371.5 ſeconds, 

There- 
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Fig. Therefore as 360 deg, or 1296000 the whole cir- 

134,cumference ; to 152854" the whole time of revo- 
lution : : ſo is 371”.5 the angle of the penumbra: 
to 447 of time nearly. And therefore all the time 
the ſatellite ſtays in the penumbra, amounts only to 
44 ſeconds of time, i 


Cor. The difference of time, between the ſatellite 
appearing after its emerging out of Fupiter's ſhadow, 
when objerved by the beſt and the worſt teleſcopes, can 
Mever amount to 44 ſeconds z and very probably not to 
* as much, 2 

his matter is cally tried with two teleſcopes of 
different goodneſs, But there may be as much dif- 
ference in the goodneſs of eyes, as in the goodneſs 
of teleſcopes and reaſon tells us not to apply bad 
ones of either ſort, 


— — — — 4 
. 
In page 430, 
inſtead of read 
0| þ 0 
1 22483 117 —1]=A|= 
6-2 2 [Ai] =B|= 
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